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Abstract

In this thesis we give an exposition of the theory of duality involutions, and within
this context we present the results of two different research projects.

Loosely speaking, a duality involution on a category C is a self-adjoint contravariant
endofunctor of C. A prototypical example of such is the usual notion of duality for finite
dimensional vector spaces. We also consider duality involutions for bicategories, as defined
by Shulman.

The first project concerns classification problems in symplectic linear algebra. In this
part, we discuss results regarding the symplectic group and its Lie algebra, as well as work
on systems of subspaces in symplectic vector spaces. In the language of duality involutions,
symplectic structures are encoded as fixed point structures.

The second project is about the Morita bicategory of finite-dimensional k-algebras and
bimodules, and the representation pseudofunctor which sends an algebra to its category
of representations. We show that this representation pseudofunctor is equivariant in a
natural manner with respect to duality involutions which we define on its source and
target.
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To the reader

I hope you find your way! For confusing or lacking exposition, I apologize. This
thesis is a patchwork of various kinds of work, each having a different focus and flavor.
In particular, substantial portions of pre-existing text have been inserted, rearranged,
and welded together. These portions have been complemented by additional material
in the form of expository background, further examples, and general results which serve
to tie parts together. Although I should not call it a work in progress, this text is a
static representation of a dynamic process of understanding. Despite this (inevitable)
incompleteness, I hope that the general themes and ideas, and their direction, are visible.

Original work

The main original research contributions presented in this thesis are the results of
Chapters [7] and [§ as well as the results in Part [3] This material is taken, in a copy-
paste manner, from the two papers [HLW19] and [LV19]; these paper are original work
by myself and my co-authors, Christian Herrmann and Alan Weinstein, and Alessandro
Valentino, respectively. We share the credit (and responsibility) equally. The exposition
in Chapter [6] is my own adaptation of ideas, results, and techniques used in [HLW19].
The classification results themselves are mainly known, although perhaps not quite in this
form. Some of Part[I] was worked out in collaboration with A. Valentino, and some is taken
or inspired from the references [QSS79], [Knu91], [Shi12], [Jac12], [FH16], though I
am unaware of a reference for a general theory of duality involutions.

Self-plagiarism

As mentioned above, parts of this thesis are copies of parts of the papers [HLW19] and
[LV19]. Specifically, Chapters [7] and [§] are copied (with minor changes) from [HLW19],
while Chapters [9] and [11| are copied (with minor changes) from [LV19].



INTRODUCTION 9

Introduction

The loose theme of this thesis is how “duality” relates to notions of geometry on the
one hand, and of representation theory on the other.

The concept of duality that we use is formulated in the language of category theory,
and we work with several related formalizations. The core basic notion is as follows: given
a category C, a “duality involution” is encoded as the data of an adjoint equivalence

é
(1) C _L’C7,

sop
where if 7 : 1c = §°P4 is the unit of the adjunction, then n° : §0°? = 1¢ is the co—unitﬂ
We write this data as (C,d,n). The prototypical example for this definition is the case
where C = vecty, the category of finite-dimensional vector spaces over a field k, and where
6 : C — C° is the usual duality for vector spaces: on objects,

(2) §V = V* = Hom(V, k),
and given a morphism f: V — W, its dual is the usual adjoint §f = f*: W* — V*, i.e.
(3) (f*O) =&(fv)  for EeWH, veV.

This functor forms an adjoint equivalence of the kind , the unit of which has components
(4) vV — VY o (§ = £(2).

The relation between duality and “geometry” appears in this text via the notion of a
symmetric or skew-symmetric bilinear form on a vector space V. Such a form is a bilinear

map
(5) B:VxV—k

for which

(6) B(z,y) = B(y,z) Ve,yeV

(in the symmetric case), or

(7) B(z,y) = —B(y,x) Ve,yeV

(in the skew-symmetric case). To any bilinear map we have associated maps
(8) b:V—V* x+— (y— B(x,y))

and

(9) bV IS v S vt o (y e By, x).

We will take the point of view that the maps and @ are fundamental, rather than
. This allows for the following generalization from vector spaces to any category with
duality involution (C,d,7n). Given an object x € C, a bilinear form on x is a morphism
(10) b:x — (0x)P,

where (0x)°P denotes the object dx viewed as an object in C. Note that (0x)°P = §°Pz°P.
Later we will often omit the superscript “op” on objects, leaving the reader to infer,
from the context, which category a given object lives in. For the moment we include this
notation for extra clarity.

IThe notation of 1) means that § 4 °P, i.e. § is the left adjoint and §°7 is the right adjoint.
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We call a bilinear form ((10)) symmetric if the following diagram commutes,

LN (0x)°P

(11) N Jaer
0°Pox

where 7, is the component at z of the unit n of the duality involution. Note that
(0b)°P denotes the morphism db, viewed as a morphism in C. Recall that, by definition,
homcer (2°P, y°P) = homc(y, 2); thus, since

0b: dx — §((dx)P),

(0b)°P is a morphism with domain (§((0x)°))%? = §°Pdx and with codomain (§z)P.

Given a bilinear form b : x — (d2)°, we call the map
(12) bt := (6b)P o,

the transpose of b. This is precisely the composition of the lower path through the
diagram . Thus a bilinear form b is symmetric if and only if b = b*. In particular, in
the example where C is the category of vector spaces (over some fixed field), a bilinear
form b: V — V* which is symmetric corresponds to a bilinear map for which

(13) B(z,y) = B(y,x) Vaz,yeV.

In general, we follow the philosophy that a morphism b : z — (0x)° satisfying ([11)) is
a kind of fixed point of the duality involution: morally, x and dz are “the same” up to
the data of the morphism b, and we view as a coherence condition. Thus, pairs (x,b)
satisfying will be called fixed points.

Skew-symmetric bilinear forms, in the traditional sense (7)), may also be encoded
as fixed points. Working with the category vecty, we may take the unit of our duality
involution to be given in components by the negatives of the maps . Then the condition
means that b corresponds to a skew-symmetric form in the sense of . In particular,
we will treat symplectic structures, which are non-degenerate, skew-symmetric bilinear
forms, in this manner. Questions of linear algebra related to symplectic geometry are the
main focus of Part [2] of this thesis.

The study of bilinear forms in the above category-theoretic sense goes back (to the
best of the author’s knowledge) to the work of Scharlau and collaborators [QSSS76]
[QSS79] [Sch75] in the 1970’s, as well as to work of Serheichuk [Ser87] from 1987.
Other references which treat bilinear forms (and related structures) in a similar style
include [Jac12] [Shil2| [FH16].

The frameworks of Scharlau et al. and Sergeichuk are focused on settings where we
have an additive category equipped with an additive duality involution. Their results give
tools for solving the following type of problem. Suppose we are given an additive category
C in which every object decomposes in an essentially unique way as the direct sum of
indecomposable objects, i.e. a version of the Krull-Schmidt theorem holds. If C is equipped
with an additive duality involution, then the fixed points form a category of their own, and
correspond to objects of C equipped with additional geometric structure. For example, if
C is the category of finite-dimensional vector spaces, equipped with the duality involution
defined by and , then fixed points are vector spaces equipped with a symmetric
bilinear form, and morphisms are isometries. A typical geometric classification problem
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is to classify such fixed points up to isometry. A first step is to classify indecomposable
fixed points.

A minimum of necessary material for the Scharlau/Sergeichuk approach is developed
in Chapter [4] on additive categories with duality, and in Chapter [6] we apply this to the
examples of classifying indecomposable linear Hamiltonian vector fields and classifying
indecomposable linear symplectomorphisms (in each case “up to isometry”). Although
these classification results are well-known in the symplectic geometry literature (at least
over the complex and real number fields), the analysis via duality involutions gives cer-
tain conceptual insights of its own. We also apply the Scharlau/Sergeichuk approach in
studying symplectic poset representations, which are a major protagonist of Part

The mention of poset representations brings us to the other side of the “loose theme” of
this thesis, namely to interactions between duality involutions and representation theory.
The representation theoretic thread continues further in Part [3] where we consider Morita
bicategories of algebras and the representation pseudofunctor which assigns to each algebra
its category of representations.

But let us first spend a moment with poset representations. These are useful in that
they serve to encode, in a single formalism, various classification problems in linear algebra,
upon which one may then often bring general representation-theoretic results to bear. To
use these techniques for linear symplectic geometry, we develop the theory of symplectic
poset representations in Chapter [7] and we apply this in Chapter [§] for the classification
of triples of isotropic subspaces in symplectic vector spaces. This material is essentially
that of the paper [HLW19].

An “ordinary” representation of a finite poset P on a (finite-dimensional) vector
space V' is an order-preserving map

(14) ¢ P — Sub(V)

from P to the poset of linear subspaces of V', ordered by inclusion. To move to a symplectic-
geometric setting, we equip P with an order-reversing involution “(—)*”, and we equip V'
with a symplectic form w. Then, a symplectic poset representation of (P, (—)")
(V,w) is a poset representation ¢ of P on V which satisfies the relation

(15) P(at) = v(x)*t

where on the right-hand side “(—)%” denotes the operation of taking the symplectic or-
thogonal subspace. That is, if U C V, then U+ = {v € V | w(v,u) = 0 Vu € U}. If we
think of the posets P and Sub(V') as categories, then a representation is nothing but
a functor. The two operations “(—)*" are (very simple) examples of duality involutions,
and the condition is an equivariance condition.

We can also shift a level and consider the category Rep(P) of all representations of
)J_

on

a fixed poset P. If P is equipped with an order-reversing involution (—)—, we obtain an
induced duality involution on Rep(P) by defining the dual of a representation ¢ on V' to

be the representation ¢¥* on V* given by

(16) V() = (ar)°

where (—)° denotes the operation of taking the annihilator of a subspace. That is, if
UCV,then U°={{ € V*|&(u) =0 Vu € U}. Using this duality involution on Rep(P),
symplectic poset representations may be encoded as fixed-points.
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In the third, and last, part of this thesis we work with a notion of duality involution
which is a “lift” or “categorification” of the definition from the level of “ordinary”
categories to the level of bicategories. The definition of a (weak) duality involution on a
bicategory was given by M. Schulman in the paper [Shul8], in which he also proves a
strictification theorem for such structures. While an “ordinary” duality involution involves
a functor § : C — C from a category C to its opposite, a weak duality involution on a
bicategory B involves a pseudofunctor (—)° : B — B, where B denotes the bicategory
obtained from B by reversing the direction of only the 2-cells. B is just one possible
generalization of the notion of the opposite category: one may also consider reversing only
the 1-cells of B, or reversing both 1-cells and 2-cells. The rationale for working with B is
that the notion of weak duality involution is meant to generalize the operation of taking
the opposite of a category, which is an example of a duality involution on the bicategory
of categories.

We note that “taking the opposite” is a strict duality involution in the sense that
taking the opposite twice gives back the original category on the nose. In [Shul8], Shul-
man proves a strictification theorem which states that any bicategory with weak duality
involution is biequivalent equivariantly to a bicategory with strict duality involution.

In Part (3] which is essentially a reproduction of the paper [LV19], we study the
bicategory Alg, of finite-dimensional k-algebras and their bimodules. Our main result is
that the representation pseudofunctor Rep which assigns to each k-algebra its category
of representations is in fact equivariant in a natural manner with respect to weak duality
involutions which we define on its source and target. Specifically, as source category we
take the fully dualisable part of Alg,, whose objects are semi-simple finite-dimensional
k-algebras, and as target category we take the fully dualisable part of the bicategory of
k-linear categories and right-exact functors. On the latter, a strict duality involution is
defined by taking opposite categories, while on k-algebras the duality involution we use is
slightly more involved, and its construction is part of our results. A nice feature of this
duality involution is that the data required is supplied wholly by the coherence data coming
from the definition of Alg,, and is in this sense “natural”. That Rep is equivariant may
be interpreted as saying that it gives an explicit strictification of this duality involution
on Alg,.

In a last chapter of the thesis, we sketch a generalisation of our results on the repre-
sentation pseudofunctor. Since k-algebras are monoids in the category of k-vector spaces,
we generalize Alg, by considering a bicategory whose objects are monoids in a symmet-
ric fusion category, and we define a representatation pseudofunctor which sends such a
monoid to an associated module category.

One shortcoming of this thesis is the absence of “geometry” in the bicategorical setting.
Ideally there would be a part defining a notion of fixed point for duality involutions on
bicategories, which would be an analogue of the fixed point notion encoding bilinear forms
above. As a special case of this bicategorical definition we should recover the 1-categorical
notion of duality involution on a category, i.e. we would have that is a bicategorical
fixed point of the duality involution of “taking the opposite category”. More generally, we
would obtain a definition of what it means for an object of a bicategory be equipped with
a duality involution. In keeping with the “microcosm principle” [BD98|, equipping an
object with this structure is possible when the ambient bicategory carries a weak duality
involution. Tying things together in this way would be beautiful; we must however leave
this to future work.



CHAPTER 1

Category theory preliminaries

We assume of the reader a certain familiarity with category theory. Nevertheless, we
review some fundamental definitions in order to fix notation and to provide a reminder
on aspects which play a role in the following. We also give a quick introduction to topics
which are beyond basic category theory, in particular regarding bicategories and enriched
categories.

1.1. Basic notions

We recall that a category C is specified by the following data:

a class of objects ob(C);
a class of morphisms Homc(z,y) for every pair of objects (z,y);
a specified identity morphism 1, € Homc(z, x) for every object z;

a composition operation o, . : Homc(y,z) x Homc(z,y) — Homc(z, z) for
every triple of objects (z,v, 2)

and subject to axioms which express that the composition operations work together asso-
ciatively, and such that the identity morphisms act neutrally for composition.

The word “class” is used to emphasize that in category theory there are foundational,
set-theoretic subtleties involved, due to the fact that, often enough, the objects of a cate-
gory which “appears in nature” (such as the category Set of all sets) may not form a “set”.
The meaning of the word “set” here depends on one’s choice of axiomatic foundations; to
my knowledge however, there are currently no axiomatics which allow one to avoid “size
issues”, i.e. the fact that some collections of objects are so big that they do not behave as
“sets”. In the following we will, on the whole, brush over such set-theoretic aspects; we
tacitly assume that some choice of axiomatics has been made which gives us a notion of
“set” and “class” (whereby a set is a distinguished kind of class, i.e. more axioms hold for
sets than for classes), and we will often even forget this distinction. If we use the word
“collection”, it is meant as a synonym for “class”.

In general, we adhere to the convention that the adjective “small” is used to indicate
when some class is in fact a set. For example, we say that a category C is small if ob(C)
is a set; and a category is essentially small if it is equivalent to a small category. A
category C is called locally small if, for each pair of objects, Homc(x,y) is a set. As
used in the previous sentence, a property of a category C holds “locally” if it holds for
each Homc(z,y). Sometime we refer to the Homc(x,y) as “hom-sets”, even if they might
not always technically be “sets”. To denote hom-sets, we also use the notation C(z,y) or
Hom(z,y), assuming, in the latter case, that the category in question is clear. To denote
objects, we sometimes write x € C instead of x € ob(C).

1.1.1. Opposities. We recall a few details about the operation of taking the opposite
of a category, functor, or natural transformation. Opposites play an important role in the

13



14 1. CATEGORY THEORY PRELIMINARIES

first parts of this thesis, and these operations form a key motivating example for the
bicategorical definition of a duality involution, which underlies the latter parts.

DEFINITION 1.1.1. Let C be a category, and let ob(C) be its class of objects. The
opposite category of C, usually denoted C°P, is the category whose class of objects is the
same as that of C, i.e. ob(C) := ob(C), whose morphisms are defined by

(17) Homcor (z,y) := Hom¢(y, x),
and whose composition operations
(18) og;Z : Homeor (y, 2) x Homeor (2, y) — Homeor (z, 2),

are defined by

Homeer (y, z) x Homeor (z,y) Homcor (z, 2)

H o€ ‘

Hom¢(z,y) x Homc(y, z) —2— Homc(y, z) x Home(z,y) —=— Homc(z, x)

“o

where “o” is the symmetry map associated to the cartesian product.

REMARK 1.1.2. From the above definition it is easily seen that (C?)? = C. In
particular,

(19) ol =1(ogy2) 00l 00 = (oF

C
Z,Y,2 T,Y,% xvva) © [0- o U] =0

x7y7Z’

abusing notation slightly by denoting the two different (mutually inverse) symmetry maps
by the same symbol “o”.

NOTATION 1.1.3. We will use the notation C° = C° for the opposite of a category, in
order to de-clutter diagrams and formulas. We will also use this notation for the opposites
of functors and natural transformations.

Furthermore, it will sometimes be helpful to keep track of whether we are viewing a
given object as an element of ob(C) or as an element of ob(C?), even though, by definition,
these two classes are “identical”. To do this, given x € ob(C), we write z° to indicate the
corresponding object in ob(C°), and vice versa, i.e. if y € ob(C®), then y° € ob(C). In
particular, (z°)° = z for any object z in either C or C°. We also use this same notation
for morphisms: given f € Homc(x,y), the corresponding morphism in Homco (y°, z°) is
denoted f°.

DEFINITION 1.1.4. Given a functor F': C— D, the opposite functor
F°:C —D°
is defined as follows: given an object x° € C°,
(20) Fo(a®) i= (F ()",
and given a morphism f°:y° — x° in C°,
(21) Fo(f°) = (F(f))".

REMARK 1.1.5. The above definition implies that (F°)° = F.
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DEFINITION 1.1.6. Let F,G : C— D be functors, and
(22) C |« D

a natural transformation, with components {ax}xeob(C)' The opposite natural trans-
formation is the natural transformation

/F‘N
(23) oo D°
A
GO
defined in components by
(24) agoe 1= (ag)°, x° € ob(C°).

1.1.2. Special kinds of objects and morphisms. A morphism f : x — y in a
category C is a monomorphism if, for all objects z,

(25) fog=fog =g=¢

is true for all morphisms g,¢’ € C(z,z). Similarly, f is an epimorphism if it has the
analogous cancellation property

(26) gof=gof =g9=4.

Monomorphisms are als called “monos” or “monic”; epimorphisms “epis” or “epic”. An
isomorphism is always both an epi and a mono, but the converse statement does not
hold in general. The properties of being “monic” or “epic”, respectively, are closed under
composition, and they are dual to each other in the sense that if f is monic in C, then f°

is epic in C°, and vice versa.
If a composite gf is monic, then f is necessarily monic. If f: xz — y is an equalizerﬂ

h
(27) xLﬂyh:Q;z
1

then f is necessarily monic. Dually, if gf is epic, then g is necessarily epic, and if f is a
coequalizer, then f is epic. A number of further properties could be mentioned, but we
refrain from making a longer list.

Given an object x € C, the slice category over z, denoted C/z, is the category
where objects are morphisms in C having x as codomain, and where a morphism ¢ from
f:y—>xtog:z— xisamorphismt:y — 2z in C such that

¢
y—— 2
28
(28) N Y
x
commutes.
An object f : y — x of C/x such that f is monic is called a subobject of z, and
morphisms of subobjects are morphisms in C/z which are monic in C. Sometimes, for
convenience, it will happen that we identify a subobject with its isomorphism class.

If f and g in are monic, then in fact ¢ is necessarily also monic (since gt = f is
monic). Also note that if ¢ : y — z is another morphism satisfying , the cancellation

IThat is, if f is such that in hif = haf holds.
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property of the mono g implies that ¢ = ¢/. Thus there is at most one morphism in C/x
between any two monomorphisms of C having codomain x. Given monomorphisms f and
g as above, we define

(29) f<g % 3tsuch that (28) holds.

In this manner, the collection of subobjects of x forms a thirﬂ category Sub(z). In partic-
ular, if the subobjects of x form a setﬂ then Sub(z) is a preorder. Note that the category
Sub(z) always has a terminal object: the trivial subobject 1, : z — x. We sometimes
denote this special subobject by “1” and call it the “top subobject”.

Given subobjects f : v — z and ¢ : w — =z, if they have a product then we denote
any such by f A g, and if f and g have a coproduct then we denote any such by f V g.
Since products and coproducts are unique up to unique isomorphism, we speak of 'the’
product or ’the’ coproduct. We use similar notation for the product or coproduct of any
finite number of subobjects.

Dual to the construction of C/x there is the notion of the coslice category under z,
which we denote by x/C. Here objects are morphisms in C which have x as their domain,
and a morphism s : f — g between two objects of 2/C is a morphism s in C such that

@ 2N

Yy——— %

commutes. We define a quotient object of x to be an object in x/C which is an epimor-
phism in C. Comments analogous to the ones above for slice categories and subobjects
apply here in dual form.

A zero object in C is an object which is both initial and terminal. If z € C is a zero
object, given any objects x and y, the zero arrow 0 : x — y is the composite z — z — y
of the unique maps into and out of z; it is independent of the choice of zero object z.
Note that the unique map from a zero object is always a mono, and the unique map to
a zero object is always an epi. Thus, if C has a zero object z, every object x has the
subobject z — x, and the quotient z/z. The (unique) zero subobject will be denoted “0”
and sometimes called the “bottom subobject”.

Assume C has a zero object. Given a morphism f : z — y, a kernel of f is an equalizer

of z :i:% y , i.e. an object k and a morphism ¢ : k — x such that f oi = 0, and such

that for any other morphism 4’ : ¥ — z with f o4 = 0, there exists a unique h : ¥ — k
with & = kh. In particular, a kernel of f is unique up to isomorphism in C/z. As an
equalizer, a kernel of f is monic, so in particular it defines a subobject of x.

The notion of cokernel of a morphism f : z — y is dual to the notion of kernel: it is

. f : . . .
a coequalizer of =z :0$ y . As a coequalizer, a cokernel is in particular epic, and hence

defines a quotient object.
Given a morphism f : x — z in C, a factorization of f is an object y and morphisms
e:x — yand m :y — z such that f = me. Given two factorizations (m,y,e) and

2A category is thin if for any two objects « and y there is at most one morphism x — y. The intuition
is that, in this case, the category is like a preordered set, except that the collection of objects may not be
a set.

3If this is the case for every object x, then the category C is called “well-powered”.
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(m/,y',€') of f, a morphism (m,y,e) — (m',y/,€’) is a morphism & : y — 3/ in C such that

(31) x k z

commutes. Factorisations of f form a category fact(f).

Consider the full subcategory facty(f) of factorizations (m,y,e) of f such that m is
monic. The image of f : x — z, if it exists, is a factorization (e,y,m) of f which is an
initial object in facta(f). In particular, the image of a morphism f defines a subobject
of the target of f. The coimage of f is the dual notion, i.e. it is a terminal object in the
subcategory factg(f) of factorizations (m,y, e) of f such that e is an epimorphism.

A factorization system on a category C is a pair of subclasses (£, R) of the class of
morphisms of C such that

e £ and R are closed under composition, and each contain all isomorphisms;
e cach morphism f in C has a factorization f = me, with m € £ and e € R, and
such factorizations are unique up to unique isomorphism.
The archetypical example of a factorization system is the one given in Set by taking £ to
be the class of injective functions (the monos), and R the class of surjective functions (the

epis).
1.2. Monoidal categories
Beyond “ordinary” categories, we will also work with categories which are equipped
with additional structure. An important example of this is the notion of monoidal category,

which is a category equipped with a “product” operation, usually called the monoidal
product or tensor product.

DEFINITION 1.2.1. A monoidal category is specified by the following data, subject
to certain azrioms:

a category C;
a functor @ : Cx C— C, called the monoidal product (we use infix notation

x®y and f ® g, for objects x,y and morphisms f,g);
a monoidal unit I € Ob(C);
coherence data: natural isomorphisms «, X\, p (called associator, left-unitor,

right-unitor), whose respective components are morphisms
Qpy- (TRY) 2z —2@ (Y 2),
A I ®r — 1,
Pr Tz — .

The azioms required to hold are the commutativity of two families of diagrams, one of
pentagonal form and another of triangular form. The former encodes compatibility between
left and right unitors and the associator, while the latter encodes a coherence property of
the associator.

We may equip monoidal categories with further structures and/or require further prop-
erties.
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DEFINITION 1.2.2. A braided monoidal category is a monoidal category (C,®,1)
equipped with a natural isomorphism 8 whose components are morphisms

(32) Bry: TRY — Yy 2.

The braiding ( is required to satisfy an axiom encoded in hexagonal diagrams which
ensure compatibility with the underlying monoidal cagtegory.

DEFINITION 1.2.3. A symmetric monoidal category is a braided monoidal category
(C,®,1,8) such that

(33) /Bac,y o Bac,y = 1z®y Vx,y€ Ob(C)

1.3. Bicategories

Loosely speaking, a bicategory is a higher-dimensional analogue of the notion of an
“ordinary” category. We may think of an ordinary category as being built from “objects”
and “morphisms”, the former being “O-dimensional” and the latter being “1-dimensional”.
In this sense, ordinary categories have two layers: one layer of 0-dimensional constituents
and one layer of 1-dimensional constituents.

Bicategories have three layers of structure, made up of 0-dimensional, 1-dimensional,
and 2-dimensional constituents, respectively. We call these constituents 0-cells, 1-cells,
and 2-cells (though sometimes they are called objects, 1-morphisms and 2-morphisms). In
an ordinary category, the morphisms are organized into “hom-sets”, i.e. we have a class
Hom(z,y) for every ordered pair of objects (z,y), and for every triple (x,y, z) of objects
there is an operation

Hom(y, z) x Hom(z,y) — Hom(z, 2)

for composing morphisms. The situation is similar for bicategories, but with “hom-
categories” in place of hom-sets.

Another remark that is helpful in parsing the definition below is that a monoidal
category may be viewed as a very special case of a bicategory, namely one which has only
one 0O-cell. From this perspective, the monoidal product generalizes to the the composition
operation of a bicategory. Also the unit object and coherence data for monoidal categories
have generalizations in the definition below.

DEeFINITION 1.3.1. A bicategory C is specified by the following data, subject to certain
azrioms:

e a collection ob(C) of 0-cells;

e a category C(x,y) for every ordered pair (z,y) of 0O-cells (the objects of these
categories are the 1-cells and the morphisms are the 2-cells of C. We call C(z,vy)
a “hom-category”);

e a composition functor

Cay,z t Cy, 2) x Cz,y) — C(x, 2)

for every ordered triple of 0-cells (x,y,z). For the composition of 1-cells, we use
the notation

(34) Cay(9,f) =90 f=gf

and for the composition of 2-cells,

(35) Coyz(B,a) = B*a.
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The composition of 2-cells is usually called “horizontal composition” of 2-cells
in order to distinguish it from a different sort of composition of 2-cells which is
possible: namely the composition given within a given hom-category C(x,y) (this
composition is called “vertical composition” of 2-cells). See @ and below
for illustrations of these two types of composition of 2-cells.

e a unit functor I, : 1 — C(x,x) for every 0-cell x, where 1 denotes the category
which has a single object and a single morphism. Effectively, the unit functor
picks out, for each 0-cell x, a “unit” 1-cell 1, in C(x,x).

e coherence data:

— for each triple (h, g, f) of composable 1-cells, an invertible “associator” 2-cell
gt (hg)f — h(gf);

— for each 1-cell f, a “left unitor” invertible 2-cell Ay : 1of — f;

— for each 1-cell f, a “right unitor” invertible 2-cell p : f14, — f.

The axioms that this data must satisfy are, briefly, that

e the associator 2-cells must assemble into a natural isomorphism, and similarly so
for the left- and right-unitor 2-cells, respectively;
e the diagram

Qg 1y, f

(91y) f » g(1yf)
p

gm AAf
qf

must commute for all 1-cells g € C(y, z), f € C(z,y);

e the associator 2-cells must satisfy a compatibility with the unit 1-cells which is
encoded as the commutativity of a certain “pentagram diagram” (see |Lei98| for
the full diagram).

REMARK 1.3.2. If the coherence data in the above definition are all identities, then the
axioms hold automatically, and the bicategory in question is called a strict bicategory
or a 2-category.

REMARK 1.3.3. Often we use “globular” diagrams to visualize situations in bicate-
gories: if x and y are O-cells, f and g 1-cells from z to y, and m a 2-cell from f to g, then
we draw this as so:

Horizontal and vertical composition of 2-cells may be illustrated, respectively, as follows:

/ 7 fof
(36) x /ﬂm\‘ Y /> z  -----e- » o /H\‘
\g/
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f
o PN
W \h—/

REMARK 1.3.4. Let C be a bicategory, let x,y, z € C be 0O-cells, let f,g,h: 2z — y and
fl,g 0 iy — zbelcells,andleta: f =g, b:g=h,ad : f = ¢ ,and b : ¢ = h' be
2-cells, as such:

g q'
/_\ /_\
b Yy T
\/‘ \/‘
h h'
Then the functoriality of the composition functor ¢, , . of C implies in particular that

(38) (b OC(y,2) b,) * (CL OC(z,y) a,) = (b * b/) OC(z,z) (a * CL,).

In other words, in the globular diagram above, it does not matter if we first horizontally
compose along the top and bottom rows respectively, and then vertically compose, or if we
first vertically compose along the left and right columns respectively, and then horizontally
compose. The equation is often called the “interchange law”.

ExaAMPLE 1.3.5. There is a bicategory CAT which has the following data:

e (-cells are categories;
e 1-cells are functors between categories;
e 2-cells are natural transformations between functors.

Composition of 1-cells is the usual composition of functors. Horizontal composition of
2-cells is defined as follows: given 2-cells @ and 3 as such

F F’
SN T
(39) A |« B [pC
N~ " ~__ "
G (el
the horizontal composition § * « is the natural transformation

(40) A pra  C

defined in components by
(/8 * a)a: = /BG({L‘) o Fl(ax)
for x € Ob(A). A
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REMARK 1.3.6. In the previous example, if in a horizontal composition 8 x o we have
F = G and a = idp, then sometimes this is written 8 F' instead of Sxidg. The resulting
composite natural transformation is called the “left-whiskering” of 8 by F. There is also
an analogous notion of “right-whiskering”. The name comes from the fact that in the
globular diagram , if F'=_G and o = idp, then we may replace the arrows in the left-
hand “globule” by a single horizontal arrow for F'; this horizontal arrow is like a whisker
attached to the left side of the other globule in the diagram.

We use the notation Cat to denote the bicategory defined as above, but such that
0-cells are only locally small categories; similarly, we use cat when only considering small
categories.

ExaAMPLE 1.3.7. There is a strict bicategory linRel which has the following data:

e (-cells are finite-dimensional vector spaces over a fixed ground field k;

e 1-cells are linear relations between vector spaces;

e 2-cells are inclusion relations between linear relations: in other words, given linear
relations f: V — W and g : V. — W, there is a (single, unique) 2-cell f — g if
and only if f C g.

A

Just as ordinary categories assemble naturally into the “2-dimensional” structure of a
bicategory (which has three levels of stucture)ﬁ there are also “3-dimensional” structures
which describe the totality of bicategories. The corresponding four levels of structure for
bicategories are:

0-cells: bicategories;

1-cells: bifunctors;

2-cells: transformations between bifunctors;
3-cells: modifications between transformations.

We briefly discuss these notions, as these will be used in the last part of the thesis.
In particular, we wish to fix terminologies, since these are not always consistent in the
literature. For further details regarding bicategories, we refer to [Lei98], which is a clear
and concise exposition of the essential definitions.

DEFINITION 1.3.8. Let C and D be bicategories. A bifunctor F : C — D is defined
by the following data, subject to certain axioms:
e a function F': Ob(C) — Ob(D);
e a functor Fyp, : C(x,y) — D(Fx, Fy) for every pair of 0-cells (x,y) of C;
e coherence data:
— for every O-cell x of C, a 2-cell ¢F : 1p, => F1, in D which “witnesses”
the preservation of units by F;
— for every pair (g, f) of composable 1-cells in C, a 2-cell qbgf cFgoFf =
F(go f) in D which “witnesses” the compositionality of F.

The axioms required for this data are encoded in three commutative diagrams which encode
compatibilities between the data of F' and the bicategories C and D; c.f. [Lei98].

ict. Example
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Given bifunctors F': C— D and G : D — E, their composition GF is given as follows:
on the level of objects it is the composition of functions; on the level of morphism-categories
it is the composition of functors; and the coherence data is

o o077 = G(or) 0 OF,;
GF ._ F G
° Oy =G(Pp) 0 rgcy-

REMARK 1.3.9. If, in the above definition, the coherence data are given by invertible
2-cells, then we speak of a strong bifunctor or, synonymously, of a pseudofunctor.
If in fact all the coherence 2-cells are equalities, then we speak of a strict bifunctor.
Thus, our “baseline notion” of morphism of bicategories is the “weakest” notion (this is
what we call a bifunctor), and all other variants are “stronger”. This corresponds to the
approach taken in [Lei98]. Other authors however, e.g. [Gurl2], take their baseline
notion of morphism of bicategories to be what we here are calling a strong bifunctor or
a pseudofunctor (and they variously call this notion a “functor”, a “weak functor”, or
a “pseudofunctor”). In their cases, the adjective “lax” is added to indicate the weaker
notion (i.e. what we call a bifunctor), and the adjective “strict” is added to indicate the
stronger notion (i.e. what we call a strict bifunctor).

DEFINITION 1.3.10. Let F': C— D and G : C — D be pseudofunctors between bicate-
gories. A transformation 7 : F — G is defined by the following data, subject to certain
azioms:

o for every O-cell x € C, a I-cell T, : Fx — Gz in D;
o for every I-cell f :x —y in C, a 2-cell ¢ : Gf o, = 1y o F'f.
The axioms required are encoded in two commutative diagrams; c.f. [Lei98].
Given transformations 7 : F — G and 7 : G — H, their composition T is defined by
o (TT)y := 7y 07, for O-cells x € C;
o (n7)s:= (Br *x1a,) 0 (1, xay) for I-cells f:x —y in C.

REMARK 1.3.11. If, in the above definition, the 2-cells are invertible, then we speak of
a strong transformation or, synonymously, of a pseudonatural transformation. If
in fact all the coherence 2-cells are equalities, then we speak of a strict transformation.

DEFINITION 1.3.12. Let 7 : F — G and k : F — G be transformations between
pseudofunctors C — D. A modification I' : 7 — & is defined by the following data,
subject to one axiom:

o for every O-cell x of C, a 2-cell Ty : 7 = Ky.

The axiom required is that the following diagram commutes for every 1-cell f : x — y in
C:

Gfory =22 Gfory

(1) o’ s

Tyo Ff :>Fy*1 kg o Ff.

Given modifications T : 7 — k and I : k — m, their composition I'T : 7 — 7 is given
in components by (I'T), := I\ T, where the right-hand side is simply vertical composition

of 2-cells.

REMARK 1.3.13. If all the 2-cell in the above definition are invertible, then the modi-
fication I' is called invertible.
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REMARK 1.3.14. Given bicategories C and D there is a bicategory [C, D] where

e (-cells are bifunctors C — D;
e 1-cells are transformations between pseudofunctors;
e 2-cells are modifications between transformations.

This is analogous to the fact that, given ordinary categories C and D, there is a category
[C, D] where objects are functor C — D and morphisms are natural transformation.

REMARK 1.3.15. There are also variants to [C,D] from the previous remark. For
example, given bicategories C and D there is in fact the bicategory [C, D]y o, where objects
are taken to be strong bifunctors and 1-cells are transformations; and [C,D]o,1, where
objects are bifunctors while 1-cells are assumed to be strong transformations; and [C, D] 1,
where both bifunctors and transformations are assumed to be strong. (Our notation is
non-standard here). We reserve the notation [C, D] for the weakest variant.

REMARK 1.3.16. In [GurQ7], a definition of tricategory is given. In a tricategory
T, there is in particular a bicategory T(z,y) for every pair of 0-cells (z,y). In order to
have a tricategory Bicat of bicategories, given 0-cells C and D (which are bicategories),
one must take Bicat(C,D) = [C, D]y 1; the weaker options do not work in the sense that
that the definition of a tricategory is not satisfied. This is related to the fact that only
if one works with strong bifunctors and strong transformations does there seem to be a
clear and well-behaved notion of “horizontal composition of transformations”.

To illustrate the previous remark and to lead into the full definition of horizontal com-
position of transformations, let us first define left- and right-whiskering of a transformation
by a bifunctor. That is, we consider the situation

F F’
TN
(42) A \U; B \Hﬂj( C
G G’
where « and 8 are transformations, and where either
(1) Left-whiskering: F'= G and a = 1, or
(2) Right-whiskering: F’ = G’ and = 1p.
In the first case, we define the horizontal composition 8 x 1z by
(43) (Bx1p)y = Bpy : F'Fr — G'Fuz,
for O-cells z € A. Given a 1-cell f:x — y in A, we define the 2-cell
(Bx1p)y: F'FfofBp,; — Bry oG'Ff,

to be

(44) (Bx1p)s = Bry-

In the second case, to define the horizontal composition 1p % «, let
(45) (1pr x ), := F'(ay) : F'Fz — F'Gz,

for O-cells z € C. To define
(I xa)f: F'Ffo(lpxa)y = (1p *a), o F'GY,
given a 1-cell f:x — y in A, the natural choice is to let (1 x )¢ be the composite

/ / (75;},&1 / Fllag) (¢§z//va)71 / /
(46) F'FfoF(a,) =" F(Ffoa,) = Fl(ayoGf) = F'(ay)oFGf,
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which requires that qﬁg; py is invertible.
We keep the above definitions for left- and right-whiskering and use them to define
general horizontal composition of transformations between strong bifunctors.

DEFINITION 1.3.17. Let A, B, C be bicategories, F, F',G, G’ strong bifunctors, and o, 3
strong transformations such that

F F’
T R
47 A a B C.
4 AR
G/

(48) A Bra  C

defined as follows.
o Given a O-cell x in A, let
(49) (ﬁ*()&)z = (ﬁ*lF/)mo(lg*Oé)w :ﬁp/mOG(Oéx);
this is a 1-cell F'Fxz — G'Gz.
e Gliven a I-cell f:x —y in A, let
(50) (/B * a)f = ((ﬁ * 1F’)f * 1(1G*a)z) ¢} (1(5*1F’)y * (1G * O[)f)
(51) = ((Brrs * Lo(as)) © (Lgg, * (05, prp) " 0 Glag) 0 6F10.));

this is a 2-cell F'Ff o (B* &)y = (B* )y 0 G'Gf.

1.4. Adjunctions

We discuss adjunctions in a bicategory C, following the exposition in [Gurl2]. The
most important special case is, of course, when C is the bicategory of categories, in which
case we recover the ‘classical’ notion of adjoint functors.

Fix a bicategory C, with coherence data «, A, p.

DEFINITION 1.4.1. Let f:x — y and g : y — x be 1-cells in C. An adjunction f g
1s the data of 2-cells

n:ly=gf and e: fg=1,
making the following diagrams commute (unlabeled arrows are obvious coherence mor-

phisms):

F—— 1o 20 fgf) —— (fo)f

l&*l !

(52) 1, f

|

f
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g — g 22 (9f)g — 9(f9)

llg*a

1g gly

|

g

We say that f is left-adjoint to g, and g is right-adjoint to f. The 2-cells n and € are
called, respectively, the unit and the co-unit of the adjunction. We bundle the data of an
adjunction as a quadruple (f,g,n,¢€).

An adjunction is an adjoint equivalence if the unit and co-unit are invertible.

REMARK 1.4.2. The identities encoded by and are often called the triangle
identities.

REMARK 1.4.3. If C = Cat, then in particular the coherence data of C is trivial. Given
functors ' : X — Y, G : Y — X and natural transformations n : 1x = GF and
€: GF = ly, in terms of components the diagram reads, for each x € Ob(X), as

(54) 1% fF(z)

and a similar collection of diagrams corresponds to 1)
PROPOSITION 1.4.4. If (f,g,7n,€) is an adjoint equivalence, then so is (g, f,e~',n71).
PRrROOF. This is Proposition A.1.14 in [Gur07]. O

DEFINITION 1.4.5. A I-cell f : x — y is an equivalence if there exits a 1-cell g : y — x
such that gf ~ 1, and fg ~1,. We call such a 1-cell g a pseudoinverse of f.

DEFINITION 1.4.6. Let C and D be bicategories, and let F,G : C — D be pseudofunc-
tors. A pseudonatural transformation o : F — G is called a pseudonatural isomor-
phism if « is an isomorphism between the F and G in the bicategory [C, D]. The notions
of pseudonatural equivalence, pseudonatural adjunction, and pseudonatural ad-
joint equivalence are defined similarly.

The following follows from Section 1 in [Gurl2], see in particular Theorem 1.9 and
Remark 1.10 there.

THEOREM 1.4.7. Let f : x — y be an equivalence in C, let g be a pseudoinverse of f,
and let o : 1, = gf be invertible. Then there exists a unique adjoint equivalence f - g
with unit n = a.

Beside the notion of an equivalence “internal” to a bicategory, as in Definition
there is also a notion whichmay be considered the appropriate notion of “equivalence
between bicategories”. We include this definition here for later reference.

DEFINITION 1.4.8. Let C and D be bicategories. A bifunctor F: C — D is a biequiv-
alence if there exists a bifunctor G : C — D and transformations n : 1¢ — GF and
e: FG — 1p such that n is an equivalence in the bicategory [C, C] and € is an equivalence
in the bicategory [D, DJ.
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REMARK 1.4.9. To say that 7 is an equivalence in the bicategory [C, C] means that
there is a transformation n~ : GF — 1¢ and invertible modifications a : 1;. — 1~ o7 and
aPinont = 1gp.

Similarly, to say that ¢ is an equivalence in the bicategory [D, D] means that there
is a transformation €7 : 1p — FG and invertible modifications 8 : 1pg — 1 o n and
B inon =1y,

1.5. Enriched, additive, and abelian categories

In this section we briefly recall the notion of enriched category, and give some basic
definitions related to additive and abelian categories. For the former our main reference
is [Kel05]; for the latter, see [ML98§].

1.5.1. Enriched categories. The basic idea is as follows. In an ordinary (locally
small) category C, for each pair of objects (x,y), there is a hom-set of morphims C(z,y),
and the collection of all such hom-sets is woven together by composition functions

Cly, z) x C(z,y) — C(z, 2).

To build an enriched category C, we choose some monoidal category V, and we replace
the hom-sets with “hom-objects” C(x,y) € V (one for each pair of objects (x,y) of C),
and the collection of all these “hom-objects” is linked together by composition morphisms
(morphisms in V)

Cy, z) @ C(z,y) — C(z, 2),
where “®” here is the monoidal product in V. The resulting structure is called a V-
enriched category or a V-category.

In an ordinary category C, each hom-set C(z,z) has an identity element; in a V-
category C, each hom-object C(x,z) € V has an identity “element” encoded as a morphism
I — C(x, ), where I is the monoidal unit of V.

The remainder of the formal definition of a V-category consists of axioms which encode
the associativity of the composition operations and the unitality of the identity “elements”;
we omit the full details and refer to [Kel05].

ExAMPLE 1.5.1. Consider the monoidal category V = (Set, X, {x}). A V-category
then amounts exactly to an ordinary (locally small) category. In this sense, the theory of
enriched categories generalizes the theory of ordinary categories.

ExAMPLE 1.5.2. Let V = (Cat, x, I), where Cat is the category of categories and I is
the category with only one morphism. Then a V-category is the same thing as a 2-category.

REMARK 1.5.3. If the enriching category V has a forgetful functor U : V — Set,
we may think of a V-category C as having an “underlying” ordinary category which has
hom-sets UC(z,y). In this case, the distinction between C and its “underlying” category,
call it Cy, can be important to keep in mind. For instance, an endomorphism of Cg is
any ordinary functor Co — Cp, while an endomorphism of C, as a V-category, must, by
definition, be a V-functor (see the definition below). Sometimes, however, it is convenient
to blur the distinction between C and Cg, and to think of C rather as an ordinary category
equipped with extra structure.

Given V-categories C and D, a V-functor F' : C — D consists of a function

ob(C) — ob(D)
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and a collection of morphisms
Fx,y : C(‘T’y) — D(Fﬂj‘,Fy)

for each pair of objects (x,y) in C, satisfying the usual kind of compatibility with the
composition operations and identity morphisms.

Given V-functors F,G : C — D, a V-natural transformation « : F' = G consists
of a collection of components

ag : I — D(Fz,Gx) x € ob(C)

which satisfy the commutativity of diagrams which generalize the usual naturality squares
for ordinary natural transformations.

V-categories, V-functors, and V-natural transformations assemble into a 2-category V-
Cat of V-enriched categories. We also note that given V-categories C and D, and assuming
that C is essentially small, the category of V-functors [C, D]y is itself a V-category in a
natural manner.

In the following, we will be interested in enriching categories V which are symmetric
monoidal, because for such V we may define the opposite C° of a V-category, and this will
again be a V-category. To see how this works, let V = (V,®, I, o) be symmetric monoidal,
and C a V-category. The opposite C° of C has the same objects as C, and its hom-objects
are defined by

C(z,y) = C(y, ) x,y € ob(C?) = ob(C).
The composition morphisms for C°
C(y,2) ® C°(z,y) — C°(z, 2)
are defined by
C(z,y) ® C(y,x) = C(y,r) ® C(z,y) — C(z,2)
(the second arrow being composition in C), and the identity morphisms

I — C°(z,x) = C(x, ) x € obC® = obC.

are the same ones as for C.

In a similar fashion as with ordinary categories, we may also define the opposites of
V-functors and V-natural transformations. Given a V-functor F : C — D, its opposite
F° . C° — D° is identical with F' on objects, and its component morphisms are defined
by Fy, := Fy.. The opposite of a V-natural transformation o : F' = G is the V-natural
transformation a° : G° = F° defined in components by

(%) =0y : I — D°(G°z, F°z) = D(Fz,Gx).

Thus, as with ordinary categories, the operation “op” on V-Cat (for V symmetric monoidal)
inverts the direction of 2-cells, but not of 1-cells.

1.5.2. Additive categories. Let Ab denote the (symmetric monoidal) category of
abelian groups. We consider here a special kind of Ab-enriched category. Since there is a
forgetful functor U : Ab — Set, in the following we often view Ab-enriched categories as
ordinary categories which happen to have extra structure (see Remark .

An additive category is an Ab-enriched category C which has a zero object (an
object which is both initial and terminal) and all binary biproducts.
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Recall that a biproduct of a pair of objects (x,y) is an object z, together with mor-
phisms

(55) U —
™ Ty

such that
Driz = 1z, pyiy = 1ya lzPg + iypy = L.

These equation imply in particular that i, i, are monic, and p;, p, are epic. For a
biproduct of (z,y) we use the symbol “z @ y” and we will often speak of a “direct sum”.
We may think of & as a functor C x C — C if we choose, for each pair of objects, a specific
biproduct. The notion of biproduct also extends, in an obvious manner, to any finite
number of objects.

REMARK 1.5.4. In an Ab-enriched category, an initial object is automatically also
terminal (and vice versa), a (binary) coproduct is automatically also a product (and vice
versa), and (co)products are in fact biproducts (see [ML98] VIII.2 )E| In particular,
biproducts are thus unique up to unique isomorphism.

REMARK 1.5.5. Both x @ y and y @ = will be “the” (co)product of z and y, so we
always have a canonical isomorphism

(56) Ozy  TOY — yDuw,

and there are similar maps for biproducts with more summands. Sometimes we will wish
to keep track of the ordering in a biproduct, in which case such “symmetry maps” will be
useful.

REMARK 1.5.6. If C is additive, the abelian group structures (“+”) on the hom-sets
are related to the biproduct operation @: given morphisms f,¢ : *+ — y in an additive
category C,

f+g=Vo(fegoA

where A : ¢ — z X z ~ x @ z is the diagonal map (i.e. built from the pairing (1,,1,) :
x = xzxzx),and V:y®dy ~ y[[y — y the codiagonal (i.e. built from the copairing

[1y’1y] cylly = ).

f
REMARK 1.5.7. In an additive category, the equalizer of =z ?g y, if it exists, is

Ker (f — g). In particular, if this kernel is zero, then the maps are equal.

REMARK 1.5.8. In an additive category, for any object z, the set Hom(z, z) = End(x)
naturally carries the structure of a (unital) ring, with addition coming from the Ab-
enrichment, and multiplication given by composition. The unit is the identity morphism
1. If n € N is an integer, the notation n € End(x) denotes the n-fold sum of 1, with
itself. We write 1/n € End(z) if n € End(x) is an isomorphism (with inverse denoted by
1/n). A useful fact is that End(z) is the zero ring if and only if = is a zero object, and
this is the case if and only if 1, = 0,.

5Thus an additive category may in fact alternatively be defined as an Ab-enriched category which has
all finite coproducts, say.
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We define an additive functor F' : C — D between additive categories to be sim-
ply an Ab-enriched functor. It turns out that this is equivalent to saying that F' is an
ordinary functor which preserves biproducts. For any additive functor we have canonical
isomorphisms cpiy :F(x ®y) — F(x) ® F(y) natural in (z,y). The morphism gof,y is the
one guaranteed by the universal property of F'(z) @ F(y) as a product: it is the unique
morphism such that

xEBy

(57) F@/ J#t N

o F(@) © F(y) 5 F()

commutes. The inverse morphism (cpglgp y)_l, on the other hand, is the morphism guaranteed
by the universal property of F(z) @ F(y) as a coproduct: it is the unique morphism such
that

P (x)

F(z) /=2 F(z )@F()&F()

58
) o 100

F(z®vy)

commutes. These facts are useful when proving various statements involving additive
functors and biproducts.

REMARK 1.5.9. For instance, goiy and 9057:5 are related by

F —1 F
(59) me,y = O-Fg;,Fy ° Soy,x © F(Ux,y)a
where the “c” maps are the respective symmetry isomorphisms for the biproduct. This
may be proved by noting that both sides of the equation are morphisms satisfying the

universal property of the unique canonical map F(z @ y) — F(x) ® F(x).

REMARK 1.5.10. We also note here that additive functors map zero objects to zero
objects.

Together with the usual notion of natural transformation, additive categories and ad-
ditive functors form a sub-2-category of Ab-enriched categories. In other words, a natural
transformation between additive functors is defined to be simply an ordinary natural trans-
formation between functors. Although we do not impose any conditions in this definition,
natural isomorphisms between additive functors will necessarily satisfy a certain additivity
property. Namely, let F,G : C — D be additive functors, with corresponding coherence
maps

cpf,y:F(x@y)%F(a:)@F(y) and gogy:G(w@y)%G(x)@G(y),

and let « : F' = G be a natural isomorphism. Then

(60) 0 Doy = gofy O Qpgy © (801;,3,)_1

holds, since both ©§ 'y and ag @ayocpz yoax®y satisfy a universal property of the coherence
map cpx,y :G(x®y) — G(r) ® G(y). For similar reasons, if F: C — D and G : D — E are
additive functors, with respective coherence binatural isomorphisms ¢ and ¢, then the
coherence binatural isomorphism ¢ satisfies

GF G F
(61) Pry = PFa,Fy © G(px,y
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for every pair of objects (x,y) in C.

REMARK 1.5.11. Several basic constructions used to build new categories from old
ones also work well within the “additive setting”.

For instance, let D be an additive category, and let C be an essentially small category,
not necessarily additive. Then the category [C,D] of all functors from C to D is again
additive. This is because we may define an “addition operation” component-wise (using
the addition in D) for natural transformations having the same source and target. In other
words, if o, 8 : F' = G, then we set

(a'i‘ﬁ)m = az+6z

for each object x € C. This gives an Ab-enrichment on [C, D]. Zero objects and biproducts
in [C, D] are inherited “pointwise” from zero objects and biproducts in D. For example,
given a zero object z in D, a zero object Z in [C, D] is defined by setting Z(z) = z for
all objects z € C (and to any morphism, Z assigns the zero morphism z — z.) Similarly,
given additive functors F'; G : C — D, define their biproduct by choosing, for every object
z € C, a biproduct (F @ G)(z) := F(z) ® G(z) in D, and for every morphism f : z — 2/
in C, set (& G)(f) :=F(f) ® G(f).

If both C and D are additive categories, then the category [C, D]aqq of additive functors
from C to D is also again additive.

As a final remark, we will also make use of the fact that if C is additive, then so is the
category End(C) (recall that objects in this category are pairs (x, f), where z € ob(C) and
f € End(x)). To see this, it is sufficient to note that End(C) corresponds to the functor
category [N, C], where N denotes here the category with one object and with hom-set given
by the natural numbers (with addition as composition). If we replace N with Z, then [Z, C]
corresponds to Aut(C).

1.5.3. Additive categories and opposites. Since opposites play an important role
throughout this thesis, we discuss here some details related to taking opposites in the
additive setting.

First of all, the opposite category of an additive category C is, in a natural manner,
again additive. To see this, first note that Ab is symmetric monoidal in an obvious way,
and so the opposite of C is also Ab-enriched (as discussed in Section . In particular,
given f, g € Homg(x,y), we have, by definition,

(62) ff+g°=(f+9)°

in Homge (y°, 2°). Then, note that the definitions of a zero object and of a binary biproduct
are self-dual. Indeed, z € C is initial/terminal if and only if 2° € C° is terminal/initial,
and given a binary biproduct

Pz Py
TS rdy Ty
x y

in C, we have an associated biproduct

in C°, since

(i2)°(P2)° = (Pata)® = (12)° = Lao,  (iy)°(py)° = (Pyiy)® = (1) = Lye
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and

(pz)o(ix)o + (py)o(iy)o = (i:pp:v)o + (iypy)o = (ixpz + iypy)o = 12;@3; = 1(£U®y)°'

For simplicity, we will always assume z°®y° = (zDy)°, even though, technically, these two
biproducts need only be canonically isomorphic. So we have (iz)° = pgo and (pg)° = izo,
and similarly for y and y°.

Now we turn to functors. If F': C — D is additive, then F° : C° — D° is also additive
(this follows quite directly from the definition of F°). In particular F*° comes endowed
with coherence isomorphisms

(63) Pl e PO ©y°) — F(a°) © F(4°).

LEMMA 1.5.12. Let F : C — D be an additive functor. Then the coherence isomor-
phisms (@) for F° are related to the ones for F via

(64) (ks yo)° = ()"

PRrROOF. The morphism gofooyo is the universal morphism for a certain diagram, of
the type , for which the corresponding opposite diagram (which is of type ) is
precisely the one for which (gof y)*1 is the corresponding universal morphism. Therefore,
in the latter diagram, by the uniqueness of such universal morphisms, (cpgoovyo)o must
coincide with (gpf y)*l. O

1.5.4. Decompositions, Subobjects, Idempotents. We fix an additive category
C and let = € ob(C).

By a decomposition of x we mean an isomorphism = ~ z1 ® - - - @ x,,, for some finite
number m of objects, which we call the summands of the decomposition. We say that a
decomposition is non-trivial if none of the summands are the zero object. In the following
we will focus mainly on binary decompositions, i.e. those with two summands, and how
these relate to idempotents in the endomorphism ring End(z). The object z is called
indecomposable if it admits no non-trivial decomposition x ~ u ® w. In other words,
for indecomposable z, if x ~ u @ w, then necessarily u or w is a zero object.

Note that any decomposition  ~ u @ w induces an associated “representation” (i.e.
instantiation) of x as a biproduct

Pu Pw
(65) ((p— i m—

u Tw

and vice versa. Given another representation

, P Py ,
(66) u S ——

-/ -/
lu Z'LU

we say that the two representations (and the associated decompositions) are equivalent
if there exists isomorphisms ¢ : v — ' and v : w — w’ such that

Pu Pw
U ST — W

(67) of ™ w |

L, P p ,
ZU 7'11)

commutes. To say that two decomposition z ~ u @ w and z ~ v’ ® w’ are equivalent, we
write u @ w = u' ®w'.
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LEMMA 1.5.13. Let x ~ u ® w, and suppose u L' and w g w’ in C for some objects
u',w' € C. Then x ~u' ®w' in an obvious manner, and this decomposition is equivalent
tox ~udw.

Proor. Given , it is straightforward to check that py = ©py, ity = iup ',
P’ = VPw, G = 1P~ " exhibits = as the biproduct v’ @ w'. O

LEMMA 1.5.14. Let x ~u®w and x ~ v’ ®w' be decompositions. They are equivalent

if and only if u Lo and w b9 w’ as subobjects of x.

Proor. If the decompositions are equivalent, then from the definition is follows that
the respective summands are isomorphic as subobjects. For the converse statement, we
know that because the decomposition z ~ « @ w' is already given, it comes with the
maps Py, bu, Puw', b for the biproduct already specified, i.e. we are not free to choose
them as we did in the proof of the previous lemma. However, the assumption that the two
decompositions are equivalent guarantees that the equations which were defining equations
there are equations which are true here. O

REMARK 1.5.15. The pedantry in the two above lemmas is due to the fact that two
subobjects v/, w’ < x may be isomorphic to u and w, respectively, in C, but not isomorphic
as subobjects of x.

A morphism e € End(z) in the endomorphism ring of an object x is an idempotent
if eoe = e. Note that the ring End(x) always has the idempotents 1, and 0, (and these
coincide if and only if = is a zero object). We call an idempotent non-trivial if it is
neither 1, nor 0,. If an idempotent e is invertible, it is necessarily 1,, since eoe™ =1,

l—eoe l=1,.

implies e =eoeoe”
If e is an idempotent, then 1, — e is one too; we call it the conjugate idempotent
of e (note that also e is the conjugate of 1, — e). In particular, 1, and 0, are a pair of
conjugate idempotents. For any idempotent, e(1 —e) = e —eoe = 0.
Let Idem(z) denote the set of idempotents in End(z). It may be endowed with a
partial order by defining

(68) e<f Cégef:e:fe.

The operation e — 1 — e defines a strict duality involution on the poset Idem(x). Indeed,
e=1—(1—e),and if e < f, then

I-fl-e)=1-f—-e+fe=1-f=(1-¢)(1-f),
ie.(1-f)<(1—e).

LEMMA 1.5.16. To any decompostion x ~ u @ w there is an associated pair of con-
jugate idempotents e, and e, of x. If the decomposition is non-trivial, then so are the
idempotents.

PrROOF. If ¢ is an isomorphism x — u @ w, let e, := go_liupucp and ey, 1= go_liwpwgo.
These are idempotents in End(x) since i,p,, and i,,p,, are idempotents in End(u® w), and
they are conjugate (all this follows from the properties of the biproduct). Furthermore,
if neither w nor w are the zero object, then i,p, and i,p, (and hence also e, and e,)
are non-trivial: if i,p, = Ougw were the case, say, then 0y, = pyiupy = lupPu = Pu,
and so 1, = pyiyu = 0,, which implies that u is a zero object, a contradiction. And if
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tuPy = lugw, then iypy = lugw — tuPu = Ougw, and the same reasoning as before implies
that w is a zero object, again a contradiction. ([l

COROLLARY 1.5.17. If End(z) is a local ring, then x is indecomposable.

PROOF. Suppose x were to have an non-trivial decomposition. Then by the above
Lemma, there would exist a non-trivial idempotent e € End(x). We may write 1, =
e + (1; — e), which, since End(z) is local, implies that either e or 1 — e is invertible. But
this implies that either e = 1, or 1, — e, = 1, (so e; = 0,). Either way, this contradicts
the non-triviality of e. O

LEMMA 1.5.18. Let x ~u@®w and x ~ u' @ w' be decompositions with associated pairs
of conjugate idempotents (ey, ew) and (e, ey ). If the decompositions are equivalent, then
ey = €y and ey = €.

PROOF. If the decompositions are equivalent, there are isomorphisms ¢ : v — ' and
Y 1w — w' such as in . In particular then
Cu = TuPu = i PPy = Dt = Cur-
And, of course, e, = e,y implies e, =1 — e, =1 — ey = €. O
An idempotent e splits if there exists y € ob(C) and morphisms
(69) 2y A

such that p,i, = 1, and iyp, = e. In this case, such i, and p, are monic and epic,
respectively, and y is “the” image of e.

We say that “all idempotents of C split” if for every object x, every idempotent e €
End(z) splits.

LEMMA 1.5.19. Suppose e : x Pouw s pande x T u 1 x are split idempotents
in End(z). If e < €, then u < u' as subobjects of x.

PROOF. If e < ¢, then in particular i'p'ip = ¢’e = e = ip. Using the right-cancellation
property of the epic p, we find that i'p’t = 4, which shows that p’i : © — «’ is a morphism
of subobjects. O

LEMMA 1.5.20. Let e € End(z) be an idempotent. Suppose that both e and 1, — e split,
with associated objects and maps

(70) 2y Y and w2z
Then x ~y @ z.
ProOOF. We have pyi,+p.i, = e+(1,—e) = 1,. And from the definition of “splitting”,

it follows that the other equations in the definition of the biproduct x @y are also satisfied
by the maps iy, py,7, and p.. ]

REMARK 1.5.21. Suppose that, for the idempotents e and 1, —e of the previous lemma,
there exists another pair of splittings

2/ ;!

y2wi Vo, P
(71) x>y 5z and z-57 Sx

which are, respectively, isomorphic to the splittings , in the sense of factorizations.
Then it is easy to see that the corresponding decomposition x ~ 3’ @ 2’ will be equivalent
to the one r ~ y @ z.
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LEMMA 1.5.22. Suppose e is an idempotent of x which splits as x LN Y N If py

has a kernel k — x, then the conjugate idempotent 1 — e has a splitting x LN LN
In particular, we have x ~ im(e) @ ker(e).

PRrROOF. Observe that
1—e Py
r—x—Yy

is the zero arrow, since p,(1—e) = p, (1 —iypy) = py — (pyiy)py = 0. Therefore there exists
a unique map t : £ — x such that

commutes. In particular, kt = 1 — e. To see that tk = 1,, note that
ktk = (1 —iypy)k =k —iy(pyk) = k
and use the left-cancellation property given by the fact that & is a monomorphism. O

DEFINITION 1.5.23. An additive category C is idempotent complete if for every
idempotent e € End(x) there exists a decomposition

x ~ im(e) ® ker(e)

o~ 10
~ 1 ol
LEMMA 1.5.24. An additive category is idempotent complete if, and only if, every
idempotent has a kernel.

such that

PROOF. See [Buel0, Section 6. O

1.5.5. Abelian categories. The prototypical example for the following definition is
the category Ab of abelian groups. An abelian category is an additive category C for
which

(1) every morphism has a kernel and a cokernel,
(2) every monomorphism is a kernel, and every epimorphism is a cokernel.

One consequence of this definition is that any abelian category C has all finite limits and
colimits, since C has all finite (co)products and all (co)equalizers: (co)products because C is
additive, and (co)equalizers because, for given parallel morphisms f, g, their (co)equalizer
is the (co)kernel of f — g.

Other basic, useful facts are that a morphism in abelian C which is both monic and
epi is necessarily an isomorphism, and that any morphism f has a factorization

(72) f=me

with m monic and e epi, and this factorization is unique in an appropriate sense.

Besides the category Ab, another important example of an abelian category is the
category R-Mod of left R-modules for any ring R. Similarly, also the category Mod-R of
right R-modules is abelian. Kernels and cokernels correspond here to the usual notions.
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A simple (albeit slightly artificial) example of an additive category which is not abelian
is the full subcategory of vecty (finite dimensional vector spaces) whose objects are even-
dimensional. In this case, the kernel of a linear map which has odd rank will be odd-
dimensional, and hence not a kernel in this category. Another category which is additive
but not abelian is the category of (finite-dimensional) representations of a (fixed) finite
poset P; this category will play an important role in Chapter [7}






Part 1

Categories with duality



In this part of the thesis, we introduce the basic theory of duality involutions and their
fixed points, including various examples and constructions. Much of the material is taken
or inspired from the references [QSS79|, [Knu91], [Shi12|, [Jac12|, [FH16], although
we are unaware of references which develop a general theory of duality involutions. The
list of relevant examples and constructions is long; for lack of time we have left many
unmentioned, and surely there are many more which we are as yet unaware of.



CHAPTER 2

Duality involutions

In this chapter, we follow the convention that if C is a category, then C° denotes its
opposite. We will sometimes write ° or f° to indicate the object or morphism, respec-
tively, in C° corresponding to an object x or morphism f in C. Similarly, if z € C°, then
x° € C, etc..

2.1. Basic notions

DEFINITION 2.1.1. A duality involution on a category C is a pair (6,n), where ¢ :
C — C is a functor and n is a natural transformation 1¢ L §°6 such that, for all
x € 0b(C), the following commutes:

§og° — 1%, 505500
(73) 1 0° (771)0
6020
5°x°

If n is a natural isomorphism, then we say that (§,n) is a strong duality involution; if n
is an equality, (0,m) is called strict.

The data (C,d,m) of a category equipped with a duality involution will be called a
category with duality.

REMARK 2.1.2.

(1) To parse (73)), note that (1,)° : (6°0z)° = 66°2° — 2°.
(2) The diagrams (73) say, in other words, that we have the following commutative
diagram of natural transformations

50— 558
(74) L 150%n°
60
50

The definition of duality involution implies that we have an adjunction

5
c,1t7’¢C°,

50
where 7 is the unit of the adjunction, and 7° the counit. Indeed, is one of
the “triangle identities” (it is the one ), and the other triangle identity is the

39
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opposite of the diagram ([74)), i.e.

n°x1s

4]

(75) 1s*n

00°6

We note that 6 4 0° does not imply in general that 6° - ¢ (see [ML98], p. 88).

ExaMpPLE 2.1.3. If C is a groupoid, i.e. a category in which every morphism is invert-
ible, then C may be equipped with the duality involution defined by setting dx = x° and
5f = (f~1)°, letting n be defined in components by 7, := 1,.

ExaMPLE 2.1.4. Consider C = Vecty, the category of vector spaces over a fixed ground
field k. A duality involution is defined via the usual duality given by

0V :=V* = Homc(V, k)
on objects, and
0f = f* € Homco (V*, W*) = Homc(W™*, V")
for a morphism f € Homc(V, W), where f* is the usual adjoint map
W* — V* &é—Eo f.

For a duality involution we also need to specify a unit 7; component-wise we take this to
be

(76) vV —= 080V =V" v, E = E(v) V € vecty.
To see that the condition is satisfied, we check that the diagram

n(VO)*

(Vo)* (Vo)***

(77) ) (nv)*
(veoyx
(Vo)
commutes for every vector space V. The top path through the diagram is the map
(78) E—eony Ee (Vo).
And
(e omyv)(@) = te(nv (@) = te(ta) = ta(§) = §(2) reVe,

SO is indeed the identity on (V°)*, as desired. A

We will call the duality involution of Example above the “standard duality invo-
lution” on vector spaces.

REMARK 2.1.5. A variant of the previous example which will be of importance to us
later is the following. Let everything be the same as above, except modify the definition
of 1 such that its components are

(79) iV — V™ o —1, 1 & —€(v) V€ Vecty.
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In other words, with respect to the previous example, we have multiplied the linear maps
which were the components of the unit by —1. This again defines a duality involution (it
is clear from the calculation in the previous example that is satisfied). &

Since both the duality involution of Example and the variant with as unit
will play an important role in this thesis, we introduce a notation to speak of both variants
at the same time.

DEFINITION 2.1.6. Let € € {—,+}. The notation Vecty will denote the category with
duality (Vecty, d,m) where § is as above and n is either (@ or (@, depending on whether
€ =+ ore = —, respectively.

Now we return to the general theory, and discuss morphisms between categories with
duality.

DEFINITION 2.1.7. A morphism, or equivariant functor, (C,6,7) — (D,d',n") be-
tween categories with duality involution is a pair (F,1), where F : C — D is a functor,
and 1 is a natural transformation

c—tr,p
5l% 5
¢ D

such that the following equation holds
(80) (0°Y)on'F = (¥° d) o F.

An equivariant functor (F,) is strong if ¢ is a natural isomorphism, and strict if ¢ is
an equality.

We will sometimes refer to a morphism (F, ) simply as F'.

REMARK 2.1.8. Note that the components of ¢ are, by definition, morphisms
Py 1 8 Fx — F°0x xeC
in the opposite of D. The corresponding morphisms in D are
() : (F°0z)° — (§'Fx)° xeC
or, equivalently,
Vo : F§°x°® — 0"°F°z° xz e C.
Condition says that the diagram

Fr — y psos

(81) n%zl ll/’gz

§°0 Fx Toud §°F°0x

commutes for all z € C.

ExXAMPLE 2.1.9.

(1) Let (C,0,7n) be a category with duality involution. The identity functor on C is

equivariant when equipped with the identity natural transformation ¢ = ids :
6= 0.
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(2) Consider the category Vecty with the standard duality involution and consider
the functor F' : Vecty — Vecty which acts on objects by V — V x V and on
morphisms by f +—— f x f. To define ¢ : §F = F°§ we can equivalently define
¥° @ F6° = §°F° (this being more convenient, since the components of ¢° are
morphisms in Vecty). We set

Py VEXVE— (VX V)5 (€, ) — [(v,w) = §(v) 4+ C(w)],

thinking of V' here as living in Vecty. We claim that (F,) is equivariant. To
show this, we check ; i.e. that the square

X
Vox VIV e s e

(82) Tlevi lw;*

(VxV)* —— (V* x V*)*
(¥v)

commutes. Let (v,w) € V x V. The upper path through the diagram maps (v, w)
to the functional in (V* x V*)* given by

(&, Q) > v (nvv,vw)(§, ¢) = (nvv)(§) + (nvw)(C) = £(v) + ((w).

The lower path, on the other hand, maps (v, w) to the functional

(&, Q) — Py (& O (v, w) = §(v) + ((w).

DEFINITION 2.1.10. Let (F,vr) and (G,v¥q) be morphisms
(C’ 57 77) — (Da 6/7 77/)

between categories with duality. A natural transformation from (F,¢r) to (G,v¢q) is
a natural transformation a1 F' = G such that the following diagram

yOFLFOO(S

5’04\L Taoé

(SIOGT}Gooé
G

commutes.

Morphisms between categories with duality and their natural transformations can be
appropriately composed as follows.

DEFINITION 2.1.11. Given morphisms
(C.o.m) P8 (D0, ) P (g8,
we define their composition to be the pair
(83) (Go F,G°Yp ogF).
LEMMA 2.1.12. 18 a morphism
(C,6,m) — (€,8".1").

PrOOF. We have to check that G°¢p o9 F preserves the unit. It is a consequence of
the interchange law of natural transformations. We leave the straightforward yet tedious
proof to the reader. O
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COROLLARY 2.1.13. Suppose we are given composable equivariant functors. If they are
strongly equivariant, then so is their composite; if they are strictly equivariant, then so is
their composite.

REMARK 2.1.14. The composition of morphisms is strictly associative: indeed, for
(F,Yr), (G,¢¢) and (H, ) the following equation holds

(84) H (G o F) o pu(Go F) = ((H o G)*Yr o (H™g) o (YuG)) o F

We now turn to natural transformations of morphisms between categories with duality.
These may be composed vertically and horizontally.

LEMMA 2.1.15. Let (F,¢r), (G,%q) and (H,¥ ) be morphisms
(C, 57 77) - (Da 5/> 77/)»
and let a: F = G and B : G = H be natural trasformations. The composition 8o « is a
natural transformation between (F,vr) and (H,vm).
PROOF. We have to show that the (vertical) composition o « satisfies the relevant
commutative diagram. Consider then the following diagram

(5’0F£>F°o5

5’al Tozo(s

oG 29y Goos

4

)
8/ oH —— H°o§
Yy

Since the inner sub-diagrams are commutative, so is the outer one. Since (0'3) o (0ar) =
0'(Boa) and (a°d) o (8°0) = (B o a)°d, the outer diagrams is the desired compatibility
diagram. O
LEMMA 2.1.16. Let (F,¢r), (G,vqg) be morphisms
(Ca 67 77) - (D7 5/> 77/)7
and let (F' ), (G') ) be morphisms
(D, 5/7,’7/) — (8,5,/,77//).

Let o : F = G and 8 : F' = G’ be natural transformations. Then the horizontal com-
position 3% « is a natural transformation between the equivariant functors F' o F and

G oG.

PROOF. Recall that the horizontal composition Sx« can be rephrased as (G'a)o (8F).
By whiskering on the right with F' and on the left with G’°, the compatibility diagrams
for @ and S induce the following commutative diagrams

' F'F L prgF Grs' P S Grepes
5“5Fl T,B"(S’F G”%’ai TG’Oa"(SF

ral 10 5/ 1o S/ 10 /YO

§'G'F > GO'F P0G oy GPGPS

On the other hand, the interchange law for natural transformations provides the following
commutative squares
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S"G'F ¢G’F GP°S'F Flo§'F F'°yg FloFe§
5//0'({ lG/Oé/a [3°5’FT %OFO(S
el 10 s/ 10 S/ G’ ¢F /0 7o
"G'G m GG G°§'F G°F°§

Combining the diagrams above we obtain the following diagram

S'F'F ¢F’ FP§'F F/o o5

6”6Fl TBC’&’F TBOF%
S"G'F wG' GP°S'F G°G°S
G/Dw
5”G’ai G'Oé’o{ TG’OQOEF
iral 1o S/ llo¥ale
"G'G m GG GT> G°G°§
Notice that the upper and lower external horizontal legs of the outer diagram corresponds
to the equivariance data for F'F and G'G, respectively. On the other hand, the left and
right vertical legs correspond to ¢”(f * ) and (5 * «)°d. The outer diagram corresponds
then to the compability condition for the natural transformation 5% «. We it leave to the
reader to check that the outer diagram is commutative given the commutativity of the
internal ones. g

The above lemma guarantee the following

PRrOPOSITION 2.1.17. Categories with duality, with their morphisms and natural trans-
formations, form a strict bicategory. We denote it by dCat.

ProOF. We are left to check that the interchange law for 2-morphisms holds; this is
a direct consequence of the interchange law for natural transformations between functors.

0

2.2. Examples

2.2.1. Posets. Recall that a poset is a set P equipped with a binary relation “<”
which is reflexive, transitive, and anti-symmetric, the latter meaning that if z < y and
y < x, then x = y. If the anti-symmetry axiom is dropped, we have a pre-order. The
definition of preordered set is itself subsumed by the notion of a thin category: a category
where between any two objects there is is at most one morphism. A preordered set is a thin
category if we think of its elements as the objects, and we interpret the symbol = < y to
mean that there exists a (unique) morphism =z — y. The existence of identity morphisms
encodes the reflexivity axiom and the composition law encodes transitivity axiom. We call
a thin category posetal if, additionally, isomorphic objects are always equal.

Let A and B be posetal categories. An adjunction between A and B° is known as an
antitone Galois connection. Duality involutions on posetal categories are thus special
kinds of antitone Galois connections. Note that if C is a poset, an endomap § of its
underlying set is a duality involution if and only if

e r <y = d(y) <I(zx), and
o z < 00(x).

Given a duality involution § on a partially ordered set C, the functor T" = §°¢ corre-
sponds to what is called a closure operator: an endomap of the underlying set which
satisfies
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o v <T(x) Vz€C
e <y = T(x)<T(y);
o T(T(z)) = T(z).

EXAMPLE 2.2.1. Fix a set X and consider its powerset P := P(X), ordered by inclu-
sion. The operation on P defined by

Ar— A ={rec X |x ¢ A}

defines a (strict) duality involution.

If X is equipped with a topology, then we also have the operations on P of taking the
interior, A — A° and taking the closure, A — A of subsets of X. These operations are
compatible with complementation via

(4°)° = (A°).

The operation 6(A) := (A°)¢ then defines a duality involution on P. The associated closure
operator 7" = 6°6 acts by

T(A) = (((A4°)9)°)° = (((A4°)°)) = (4°) = 4,

i.e. it coincides with the operation of taking the closure.
The following example will play an important role in Part [2] of the thesis.

EXAMPLE 2.2.2. Let V be a finite-dimensional vector space over k and let B : V xV —
k be a blinear form which is either symmetric or skew-symmetric. Then for any subspace
U C V its orthogonal is the following subspace of V:

(85) Ut ={veV|Bwu) =0VYuecU}.
This defines a duality involution

Ur—s Ut

on the poset of subspaces of V' (where the order-relation is inclusion): if U C W, then
Wt CUt and U C (UL

2.2.2. Groups. Let (G,-,1) be a group. We may view G as a category G having a
single object (call it , say), the morphisms of which correspond to the elements of G, and
with composition in G given by the group operation in G. If H is another group, then
functors

F:G—H

correspond to group homomorphisms G — H. A natural transformation «a : F = F’
between functors G — H is the data of a single group element a := a, € H such that,
for every morphism g in G,

!/ /
F'(x) W F'(x)

commutes. In other words, for every element g € G,
F'(g) = a”'F(g)a,

i.e. a corresponds to an inner automorphism C, of H such that ' = C, o F".
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Given G, the opposite category corresponds to the opposite group G°, i.e. the group
(G,-°,1), where x -° y := y - x. The the inversion map of G is a group homomorphism

() ' G — G
this corresponds to a strict duality involution
0:G— G°.
Beside the option of taking the identity natural transformation as the unit
n:lg =469

for the duality involution, we may also take 1 to be any natural transformation whose single
component a € G is in the center of G. This works because C, then acts as the identity
on GG, and because for such choice of 7, the condition ) amounts to the commutativity
of

(86)

—

yl

S

* — %
Q\

which is always satisfied.

2.2.3. Vector space categories. Example and Remark [2.1.5 give prototypical
examples of a category with duality involution, and there are many variants of these
examples. These variants typically involve a category whose objects are vector spaces
equipped with extra structure, and whose morphisms are morphisms of vector spaces which
are compatible with the extra structure. As an illustration, we consider the example of
representations of a finite group.

ExAMPLE 2.2.3. Let G be a finite group, and let C = Rep(G) be the category of
(finite-dimensional) group representations of G over the complex number field k = C. This
means that an object of C is a finite-dimensional complex vector space V' equipped with a
group morphism v : G — Aut(V). Given another representation ¢’ : G — Aut(W), a
morphism ¢ — 1 is a linear map T : V' — W such that ¢/(g) oT = T o4(g) for all g € G.

We may define a duality functor § as follows: given a representation 1, define

op: G — Aut(V*), g — (¥(g9)™H)".

Given a morphism T of representations, we set 67" = T™*. To have a duality involution we
also need a unit 7, the components of which are morphisms 7y, : ¥ — ¥**. We may take
these to be the canonical embedding of V' into V** (or the negatives of those maps).

2.2.4. Dagger categories. A dagger category is a category C equipped with a func-
tor 1 : C — C° such that 1°t = 1¢ and such that 1 acts as the identity on objects. Clearly,
this is a very special case of a category with duality involution (the unit of the duality
involution is the identity natural transformation).

Usually, the action of ¥ on a morphism f is written as fT. The dagger notation stems
from following prototypical example of dagger category.

ExaAMPLE 2.2.4. Consider the category hilb whose objects are finite-dimensional com-
plex Hilbert spaces (H,(—, —)m), and whose morphisms are linear maps. Given a mor-
phism

f cH — HQ,
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let fT be the adjoint map of f with respect to the Hermitian inner products in the source
and target of f, i.e.
=071
where, for ¢ = 1,2, the map b; : H; — F:‘ is the one induced by the Hermitian product on
Hl'.
We have [T = f since

ST = (b7 f7b2)" = by (b 7b2) "y = by b3 7 (b1 )b
= (by b302) (1" ) (i (b 1) br) = 05 f 0 =
where the ; : H; — H;* are the usual canonical isomorphisms.
The following is another basic example of a dagger category.

ExamMprLE 2.2.5. Consider the category Rel whose objects are sets and whose mor-
phisms are binary relations, i.e. a morphism X — Y is a subset R C X x Y. Given such
a morphism R, define Rt C X x X to be its reverse, i.e.

R ={(y,z) €Y x X | (z,y) € R}.
Clearly Rt = R.

EXAMPLE 2.2.6. A similar example to the previous one: consider the category of linear
relations, where objects are vector spaces over a fixed ground field, and morphisms are
linear relations, i.e. a morphism V' — W is a linear subspace R C V & W. Then a dagger
operation is defined again by “taking the reverse” as above, i.e.

R ={(w,v) e W x V| (v,w) € R}.

2.2.5. *-monoids, *-rings, *-algebras. Another large family of examples is given
by algebraic structures equipped with an “involution” operation which is “contravariant”
with respect to “the multiplication” of the algebraic structure. As an illustrative example,
we consider monoids equipped with such an operation.

A *-monoid is a monoid M together with a unary operation (—)* such that (zy)* =
y*x* for all z,y € M, and such that (z*)* = z for all x € M.

If we think of a monoid as a l-object category M (so the elements of M are the
morphisms in M), then such a (—)*-structure on M corresponds to a (strict) duality
involution on M.

Since many algebraic structures, such as rings and algebras, may be understood as
monoids internal to an appropriate category, it would be interesting to make precise what
it means to have a *-monoid internal to a category.

2.2.6. Pontryagin duality. Pontryagin duality is a duality involution on a suitable
category of locally compact abelian groups. This restricts to the subcategory of finite
abelian groups (finite groups are locally compact when equipped with the discrete topol-
ogy). For simplicity, we consider the finite group case.

Given a finite abelian group G, its Pontryagin dual is the finite abelian group

(87) G := Hom(G,R/Z)

equipped with the obvious induced point-wise group structure, which is again abelian.
Given a morphism f : G — H of finite abelian groups, its dual is

(88) f:ﬁ[—>@,xb—>xof.
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Thus the definition of the duality involution for Pontryagin duality is analogous to the
one for vector spaces. For finite abelian groups, the components of the unit of the duality

involution are isomorphisms G — G .

2.2.7. Powerset duality. Let 2 = {0,1} be the set with two elements. Given a set
X, its power set P(X) may be described as the set Q¥ of all functions from X to Q (a
subset A C X corresponds to the function X — € which takes the value “1” for elements
of A, and “0” elseEI). We take the point of view that QX is “the dual” of X. This may be
encoded with the “powerset functor”ﬂ

(89) J : Set — Set®

which acts on objects by X —— QX and acts on morphisms by sending a function f :
X — Y to the function

(90) 5f 1 QY — QY x— xof.

For each set X we also have a canonical function nx : X — Q@) defined by
(91) Nx x> evg : x — x(z).
It is easily checked that the functions nx assemble to a natural transformation
(92) 7 : lger = 0°0.

LEMMA 2.2.7. With the powerset functor §, and with n as above, (Set,d,n) is a category
with (weak) duality.

PrROOF. We need to check that the diagram

0x NoX Q(Q(QX))

(93) \ |enx

QX

commutes for each set X. Given & € Q¥ we have nox (€£) = eve, and eve o nx = £ since
for any = € X,

eve o nx (x) = eve(evy) = evy(§) = &(x).
t

2.2.8. Relations. Various categories whose morphisms are based on some notion of
“function” may be enlarged such that morphisms are “relations”: by a relation x — w
X

“ ”

we mean a subobject r C x X y, where is a product. Passing from “functions” to

“relations” is typically an “enlargement” in the sense that any “function” f : x — y may be

1-1‘7
turned into a relation by considering its graph, i.e. the subobject defined by z <—f>> T Xy.

Rather than trying to make this procedure precise, we give two illustrative examples. In
these examples, a duality involution defined on “functions” by “taking the adjoint” may
be extended to the setting of relations.

LAlso recall that for any set A, there is precisely one function ) — A; thus 0° is has precisely one
element.

2We are considering the functor known as the contravariant powerset functor. There is also a covariant
powerset function, which we do not consider here.
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ExAMPLE 2.2.8. We can extend the duality involution defined by the powerset functor
on Set (see Section to the category Rel of relations, which has Set as a subcategory
(identitfying functions with their graphs). We extend the duality functor § to Rel as
follows. Given a relation R C X x Y, define its dual dR C QY x QX by

(94) 0R ={(x,¢) € " x Q% | x(y) = ((x) V(z,y) € R}.

Note that if R is the graph of a function f, i.e. R = {(z, fz) | x € X}, then 0R is the graph
of §f as defined in (90)), since then the condition x(y) = ((z) V(z,y) € R is equivalent to
X(fz) = ((z) for all x € X, which means exactly that ( = xy o f = §f(x).

To see that the above really does define a duality involution, observe that Set is a wide
subcategory of Rel, i.e. it has the same collection of objects, and observe that the proof
of Lemma does not directly involve the morphisms of the category in question, but
only involves the objects and the unit 7 of the duality functor. Thus to check that the
extended duality  on Rel defines a duality involution, one only needs to verify that 7 is a
natural transformation also in Rel, i.e. one needs to check the naturality squares involving
morphisms which are relations, and not just functions. We leave this straightforward
verification to the reader. A

ExaAMPLE 2.2.9. We can extend the “standard” duality involution on the category of
k-vector spaces (Example to the category of linear relations. For this we can proceed
in essentially the same manner as in the the previous example on relations between sets:
given a linear relation R :V — W, i.e. a linear subspace R C V & W, we define

(95) R =A{(¢,x) e Wra V™ | ((w) = x(v) Y(v,w) € R},

which is again a linear relation. By the same arguments as in the previous example, one
sees that this notion of duality generalizes the duality defined on the category of k-vector
spaces and linear maps. A

REMARK 2.2.10. Consider the duality involution on linear relations from the previous
example. The map

(96) (=) (VeW)x (W aV") —k ((v,w),(¢x)) — ((w) = x(v).

is a non-degenerate bilinear pairing, and with respect to this pairing, d R is the annihilator
of the linear relation R C V @ W, i.e.

(97) R ={(¢;x) e W @ V" | ((v,w), (¢, x)) =0 V(v,w) € R}

This allows to apply standard facts about annihilators — for example, if we restrict ourselves
to finite-dimensional vector spaces, it follows that

(98) dim(0R) 4+ dim(R) = dim(V') 4+ dim(W)
and
(99) dim(6°6R) = dim(R).

2.3. Constructions

2.3.1. Functor categories. Let (Cq,d1,71) and (Ca, d2, 172) be categories with duality
involutions, and let C; be essentially small. Then the functor category [Cy, Ca] comes
naturally endowed with the structure of a duality involution (4,7). The latter duality
involution is strong if and only if the ones on C; and Cy are both strong. In the following
we will not make the identification [Cq,Cq]® ~ [C],C5]; rather we work directly with
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[C1, C2]°, which, by definition, has the same class of objects as [Cy, Co]. We will still use
F° to denote the opposite functor of F' as an object of [C], C5]; the functor F', viewed as
an object of [Cq, Cq]°, will simply be denoted F.

We state the definitions first, then we prove that the structures are the ones that we
claim they are. Given a functor F': C; — Cy, define its dual §F : C; — Cy by

OF := 65 0 F° o001,

and given a natural transformation « : F' = G between functors C; — Co, define its dual
Sa: FO <= G0 by

oo = 15; *a’ * 151,
which in components is

(100) o, = (52 Od((glx)o)o x e (.

Next we want to define a natural transformation 7 : 1jc, ¢, = 0°9, the components of
which must themselves be natural transformations

ng: F= 0°O0F F e [Cl,CQ].

Note that 6°0F = 6502F0761. We define the component of np at z € C; to be the
composition

M2,Fs%6,

(101) (np)e : Fo ") poosie Y 5065, F605,

where the two morphisms involved are the components of n; and 7y at the objects « and
F6701x, respectively.

PROPOSITION 2.3.1. The data (§,7n) defined above is a duality involution on [Cy, Ca].
PROOF. We need to check the that following triangle commutes for every F' € [Cy, Col:

§°F 1°Fy 5o56°F

102 o °
(102) 1% |5t
5°F

To check that 0°(np)° o nsop = lsop as natural transformations, it is sufficient to check
componentwise. So fix z € C;. We have to show that

° - §° o -
(103) 50 Fa "R sogso g O so
is equal to (1s07),. We first unpackage the left-hand half of the composition (103]). By
definition (101)), (nsor)z = 12,6F636,2 © 0°F(m z), which, in further detail, is

12,63 F°61595 @

(104) (Ugop)x : 5§F05133 5§Fo(515§511‘ — 585255170515;5133.

Next we unpackage the rigth-hand half of the composite (103)), i.e. (6°(nr)°),. We recall
that

05 F°81(m,x)
—

(6°(mr)°))a = (6nF)a = (6nF)2)° = (d2(nF)sae)”
(using (100]) for the last equality) and
(NF)soze = M2, Fs261592° © F(NF)soze
by definition (101f). Thus
(105) (6°(nF)°))z = (62(NF)sowe)® = 65 F°(11,6020)° © 65 (12, Fso 516020 )° -
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Putting things together, we have that is equal to the four-fold composite

(106) 05 F° (11 5920)° © 05 (N2, Fo2616220)° © N2,65 Fo5,896,2 © 05 F 701 (11,2)

By the triangle identity for 72, the composite of the middle two components of are

equal to 159 pog, 596, - And by the triangle identity for 71, the remaining composite, namely
63 (1,6520)° © 63501 (1,2),

is equal to 05F°(15,2) = lsgrs, = lra-
]

2.3.2. Endomorphism and automorphism categories. In the following, let (C,d,7)
be a category with duality involution.

LEMMA 2.3.2. There is a category End(C) where

e objects are pairs (z, f), with x € C and f : x — x is a morphism.
e morphisms (x,f) — (y,g) are maps ¢ : * — y in C such that the following
commutes:

(107) ¢l Lﬁ

End(C) admits the following induced duality involution, which we call (0,n): on objects &
acts by

(x, f) — (0x,0f),
and on morphisms by
¢ — 0.
We define the components ofﬂ by Qm,f =Ny

PROOF. Clearly End(C) forms a category. To see that J is a contravariant functor,
let ¢ : (z,f) — (y,9) be a morphism in End(C). We check that d¢ : (dy,dg) — (dz,df)
in End(C); the composition and identity laws for ¢ are clear. By the assumption that ¢
is a morphism, the square commutes. Since § is a contravariant functor, also the
following commutes

5w<ic5x

o e

5y<T6y

which is precisely what is to be shown.
Now note that 1 : 1au(c) = §2: since 0%(x, f) = (6%x, 6% f), we find that

2
52 % 52

n| |-

.ff)x
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commutes, and the naturality condition on 7, namely that all squares

52z 62 f) 22 (524, 52
(0%2,0°f) (6%y, 6%9)

n| |-

(z, f) T (v,9)

commute, is satisfied as a consequence of the naturality of 7.
Finally, the triangle identity amounts to the requirement that the diagrams

(5O$O,5ofo) Tz0 ((50(5(50$O,(5O(5(Sof0)

(108) 5°(0)°

15010
(50./1/‘07 (50f0)

commute for all (z, f) € End(C) (in particular using (z, f)° = («°, f°)). This condition is
satisfied: we already know that the morphisms involved are well-defined, and commuta-
tivity follows directly from the fact that 7 satisfies the triangle identify for the duality
6 on C. O

REMARK 2.3.3. We may think of the objects of End(C) as “objects in C with extra
structure”, the extra structure being the datum of an endomorphism. The morphisms
of End(C) may be viewed as “morphisms in C with extra conditions”. Thus we have a
canonical “forgetful functor”

U:End(C)—C
which acts trivially on morphisms and acts by
(z,f) —
on objects.

The following is a similar construction to the one above for endomorphisms, but this
time with automorphisms. The twist is that we may modify the duality functor using the
involution of inversion.

LEMMA 2.3.4. Let (C,0,n) be a category with duality. There is a category Aut(C) where

e objects are pairs (z, f), with x € C and f : x — x is an isomorphism.
e morphisms (x, f) — (y,g) are maps ¢ : * — y in C such that the following
commutes:

(109) q{ Lzﬁ

Aut(C) admits the following induced duality involution, which we call (6,7n): on objects §
acts by

(, f) = (62, (6£)71),
and on morphisms by
¢ 0.
We define the components ofﬂ by Ny = Na-
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PROOF. One may proceed similarly as in the proof of Lemma [2.3.2]

It is clear that Aut(C) forms a category. To verify that J is a contravariant functor,
consider a morphism ¢ : (z,f) — (y,9) in Aut(C). We check that d¢ : (dy, (dg)~!) —
(62, (6f)~1) in Aut(C) (composition and identity laws for § are clear). Since, by assump-
tion, commutes and ¢ is a contravariant functor, also the following commutes

—1
x%&x

d

O Gt O

which means that d¢ is the desired kind of morphism.
Next we check that 1 : Tauec) = 02, Since 6%(z, f) = (6%x, 6% f),

52
r —— 5%

n| |-

x#)x

commutes, and the naturality condition on 7, namely that all squares

52z 62 f) 22 (524, 52
( x, f)*>( Y, g)

n| |

(z, f) T) (y,9)

commute, follows from the naturality of 7.
Finally, the fact that n satisfies the triangle identity is proved by an analogous
argument as in Lemma |2.3.2 ]

2.3.3. Linear endomorphism categories. Here we consider some constructions
similar to the examples End(C) and Aut(C) from the previous two sections, but now with
C = vecty,. We set End® = End(vecty).

Our discussion is initially of a rather loose nature; its purpose to is to describe general
features common to a set of specific examples of categories with duality involution that
we describe below. We consider categories whose objects are pairs (V, A), where V is a
finite-dimensional vector space over some fixed field k and A is a linear endomorphism of
V', possibly subject to some additional conditions. Morphisms (V, A) — (W, B) will be
linear maps 7' : V. — W such that BT = T A. We may sometimes tacitly impose that
morphisms are only between objects where the vector spaces have the same dimension.
Possibly one may need (or wish) to impose other conditions on morphisms as well.

The conditions on objects that we have in mind here are of the following kind. Fix
an involutive function f : D — D, where D C k. Then we consider the category Endy p
whose objects are pairs (V, A), as above, such that f(A) is a well-defined linear operator
(and morphisms are defined as in End®.) We will assume in the following that f is a
rational function, i.e. of the form f = p/q for polynomials p and ¢. For such f one might,
for instance, choose D such that g(x) # 0 for all x € D and consider only those A for
which ¢(A) is invertible.

Thus, for example, if f is a polynomial on D = k, we need not impose any restriction
on the linear operators A. If f(x) = 1/x, then we might take D = k\{0} and consider
only linear operators A which are invertible, so that f(A) = A~! is defined.
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The idea now is that the involution f may be used to induce a duality involution on
Ends p. The induced duality functor J acts on objects by

(V, A) — (V7, f(AY))
and on morphisms by
T * * T* * *
(V,A) = (W,B) — (W7, f(B)) = (V*, f(A")).

That the latter linear map is again a morphism follows from the fact that BT = T A implies
that f(B)T = Tf(A) and hence T*f(B*) = f(A*)T*. (This commutation property is
true for rational functions f). For ¢ to define a duality involution we also need a natural
transformation 7 : 1gnd, , = 6°0. We take this to be defined in components either by the
canonical embeddings 7y : V' — V**  or by the negatives of these maps (c.f. Example
and Remark [2.1.5). By arguments analogous to the one given in the proofs of Lemmas

2.3.2] and [2.3.4], it follows that either of these choices of natural transformation satisfies
the required triangle identity , i.e. that, for every object (V, A), the diagram

(V, A)* nv* (V, A)***

110 X
(110) Lyap (nv)
(v, A)

commutes.

DEFINITION 2.3.5. Let k be a field, D C k a subset, and f : D — D an involutive
function. Let e € {—,+}. We define Endf‘;:D to be the category with duality such that

e objects are pairs (V, A), where V ranges over finite-dimensional vector spaces
(over k) and A ranges, for given V', over linear endomorphisms of V' such that
f(A) is well-defined.

e morphisms (V,A) — (V', A’) are linear maps T : V. — V' such that AT = TA.

e the duality involution (6,n) is as described above, with the components of n given
by the canonical embeddings V — V** if ¢ = +, or by the negatives of those maps

ife=—.



CHAPTER 3
Fixed points

3.1. Definitions

DEFINITION 3.1.1. Let C be a category with a duality involution (6,n). A fized point
(for the duality involution) is a pair (x,b), where x € 0b(C) and b : = — (dz)° is a
morphism such that the following commutes:

v —2 s (b2)°
(111) » (8b)°
0°0x

If b is a monomorphism, we call (z,b) a non-degenerate fized point; if b is an isomor-
phism, we call (z,b) a strong fixed point; and if b is the identity, (x,b) is a strict fired
point.

Given a fized point (x,b), we will sometimes call b a fized-point strucure on x, or
a compatible form on x (the latter term will in particular often be used in situations
where b encodes a bilinear form of some kind which is compatible with the category with
duality in question).

REMARK 3.1.2. In the above definition, we once again write “(0x)°” to emphasize that
we are thinking of that particular “éz” as an object in C and not in C°. As mentioned
earlier, this is to give extra clarity to how we are viewing various objects. Below, we will
again often drop this extra notation for reasons of readability; it should however always

be implicitly clear from context what is meant.
To parse the diagram (111)), recall that

0°0z = (60°2°)° = (6(0x)°)°
and that b € Homc(x, (6x)°) implies that 6b € Homce (6, §(6x)°) and hence, by definition,
(6b)° € Homc ((6(d)°)°, (0x)°) = Homc(0°dz, (0x)°). <&

DEFINITION 3.1.3. Let C be a category with a duality involution (§,m). A morphism
(x,0) = (2/,V) of fized points is a morphism [ : x — a2’ in C such that the following
commutes

r —2 s sz

(112) fl Téf

o Y sa
EXAMPLE 3.1.4. Consider the category with duality Vecty with ¢ = 4, i.e. C = Vecty
with the standard duality functor § and unit n be given in components by
ny:V— V"™ 21, : - ().

55
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A fixed point is a the data of a vector space V together with a linear map b: V — V*
such that

7N e

(113) hy T"*
V**

commutes. This says that b encodes a symmetric blinear form V x V — k. Indeed, for
the bilinear form B associated to b via

B(z,y) =b(z)(y) zyeV
we find
Bz,y) = b(z)(y) = (" 0 12)(y) = 1a(b(y)) = b(y)(@) = B(y,a).
If b is a non-degenerate fixed point, then B is a non-degenerate bilinear form, i.e.
B(z,y) =0 VyeV = z=0.
Given two fixed points (V;b) and (V',¥), a morphism
fo(Vib) — (V1)
is a linear map f : V — V' such that
B'(fz, fy) = B(z,y)  Vz,y €V,

where B’ and B are the bilinear forms defined by b’ and b, respectively. In other words, f
is an isometry. A

ExAMPLE 3.1.5. Consider now the category with duality Vecty with ¢ = —, i.e. now
the unit 7 is, in components,

ny:V— V"™ xr— —1,: £ —&(x).

In this case, a fixed point (V,b) is the data of a skew-symmetric bilinear form on V.
A strong fixed point corresponds to the notion of a symplectic form or symplectic
structure; a non-degenerate fixed point corresponds to what is called a weak symplectic
structure. On finite dimensional spaces, these two notions coincide.

Analogously as in the previous example, morphisms between fixed points in this ex-
ample correspond to isometries. A

Given a category with duality involution (C, d,7n), the fixed points and their morphisms
form a category, denoted C°. Identity morphisms and composition are inherited from C.
The full subcategory whose objects are strong fixed points will be denoted by Cg.

PROPOSITION 3.1.6. Let (F,%) : (C,6,n) — (C,d,1') be an equivariant functor
between categories with duality, and assume C is non-empty. Then there is an induced
functor F : C© — Y between the respective categories of fixed points. On objects it acts
by

(@,0) — (Fa, 43 o Fb)
and on morphisms by
fix—2a — Ff:Fx— F2'.
If F' is strongly equivariant and if the subcategory C‘g of strong fixed points is non-empty,
then F' restricts to a functor F : C‘S; — Cff/.
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PRrROOF. First, we show that if (x,b) is a fixed point, then so is (Fz,1) o F'b). This
is true because the following diagram commutes (and, in particular, the two outer paths
through it):

—— For — s §°F°s

/ F(SbT TFéobo §'° Fope
Fé°ox Fé°6x 5 §°F°ox
(114) o
; 5/01/1:0
Mra
6°6'Fx

The upper left triangle commutes because (x, b) is a fixed point, the upper middle square
commutes becuase §°b° = §b as morphisms in C, the upper right square commutes by the
naturality of ¢°, and the bottom triangle commutes by the equivariance of F (see (4.1.3)).

Note here that, clearly, if F' is strongly equivariant and (z,b) is a strong fixed point,
then so is (F'z, 9 o F'b), since then ¢, and F'b are isomorphisms.

Next, we check that morphisms of fixed points are sent to morphisms of fixed points.
Given a morphism f : (z,b) — (2/,0), for Ff : (Fx,v5 o Fb) — (Fa',13, o Fb') to be a
morphism of fixed points is the same as saying that the outer part of the following diagram
commutes:

¥z

Fr —f° 5 Fog s &' Fx

(115) Py Fof SFf

o

’ v
Fo' Y Py s O Fa!

But this is the case because the two subdiagrams commute: the left one because f is a
morphism of fixed points, and the right one by the naturality of °.

It is clear that F' maps identity morphisms to identity morphisms. Also, it is compati-
ble with composition, since we can stack diagrams of the kind . Thus F is a functor,
as was to be shown. O

3.2. Examples

3.2.1. Groups. Let G be a group, and G the associated category with a single object
“x” c.f. Section Suppose G is equipped with the duality involution where § = (—)~!
and the unit n is such that its single component is an element a € Z(G).

What is a fixed point in this case? A fixed point is (*,b), where b € G is such that

x« —2 s«
(116) X‘ T -1
%
commutes. In other words, fixed points correspond to elements of G such that b*> = a. In
particular, if @ = 14, then fixed points are the elements of G of order 2.
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3.2.2. Vector space categories. We consider the duality involution defined in Ex-
ample [2.2.3| for representations of a finite group G. If n : V' — V** is the usual embedding,
then a fixed point structure on a representation ¢ on V' corresponds to a symmetric bilin-
ear form B : V — V* on V which is also a morphism of representation 1) — ¢*. This is
the same as saying that B is such that B(¢(g)v, ¥ (g)w) = B(v,w) for all v,w € V, i.e. ¢
maps G to the subgroup of Aut(G) consisting of automorphisms which preserve B.

3.2.3. Dagger categories. Given a dagger category (C,t), the fixed points of its
duality involution are pairs (z, f) where f is an endomorphism of z satisfying fT = £, i.e.
f is a self-adjoint endomorphism of x.

EXAMPLE 3.2.1. In the case of the dagger category hilb from Example a fixed
point corresponds to a Hilbert space (H, (,)) together with a self-adjoint linear map A :
H — H. Indeed, let b: H — H" be the map associated with the inner product on H. A
fixed point is a linear map A : H — H such that A" = A; in other words b='A*b = A,
which means precisely that (Av, w) = (v, Aw) for all v,w € H.

ExXAMPLE 3.2.2. In the case of the dagger category Rel from Example a fixed
point corresponds to a set x together with an endorelation » € x x x such that

X

8

(117)

ot

%

8

commutes. In other words, such that ' = r. Thus, fixed points in this example are
precisely those endorelations which are symmetric relations.

3.2.4. Pontryagin duality. Consider the Pontryagin duality involution on finite
abelian groups from Section [2.2.6] . Similar to the standard example in vectors spaces
(Example , a fixed point structure b: G — G corresponds to a bilinear pairing

(118) GxG—R/Z

which is symmetric.

3.2.5. Powerset duality. Consider the duality involution on the category Set given
by the powerset functor discussed in Section A fixed point in this case is a set X
equipped with a function b : X — QX such that the diagram

X b X

(119) % [t
0%

commutes; that is, for any z,y € X, we must have b(x)(y) = b(y)(z). Let’s look at what
this translates to if we think of QX in terms of the set of all subsets of X. In this case,
the lower path through the diagram is the function

X —PX), z—{ye X |zebly)}

Thus, b : X — P(X) is a fixed point if and only if b(z) = {y € X | = € b(y)}, which is
equivalent to saying that b has the property that

(120) y € b(z) & x € b(y).
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In Set, the functor (—)¥ is right-adjoint to the functor X x (—). In particular, we
have a bijection

(121) Set(X, Q%) ~ Set(X x X, ),

and functions X x X — §2, in turn, correspond to subsets of X x X, i.e. endorelations on
X. Under the bijection from functions b : X — QX to relations R, C X x X, fixed points
b correspond to endorelations which are symmetric. Thus, fixed points for the powerset
duality on Set amount to the same thing as the fixed points in Rel with respect to its

dagger structure (Example [3.2.2)).

3.2.6. Endomorphism categories. Let (C,0,7) be a category with duality, and
(End(C),d,n) the associated category with duality as defined in Section Spelling
out the definition of a fixed point, we see that a fixed point in End(C') is a pair ((z, f),b),
where f:xz — x and b : x — dx are morphisms in C such that the diagrams

r —b s r —2 s bz
(122) N Téb and fl l(;f
0dx r —— 0x

b

commute.

3.2.7. Automorphism categories. Once again let (C,d,7) be a category with du-
ality, and let (Aut(C),d,n) be the associated category with duality as defined in Section
2.3.2l By definition, a fixed point in End(C) is a pair ((z, f),b), where f :  — x and
b:x — dx are morphisms in C such that the diagrams

r — ox r —2 s ox
(123) DN ]| |en
00T T — ox

commute.

Observe that the commutativity of the second diagram says in fact that f is an au-
tomorphism of the fixed point (z,b) (compare with Definition [3.1.3)). This leads to the
following

PROPOSITION 3.2.3. Let (C,8,n) be a category with duality. Then Aut(C)2 and Aut(C®)
are isomorphic categories.

PROOF. As noted above, objects in Aut(C)? are pairs ((z, f),b) where (z, f) is an
object of Aut(C), (z,b) is a fixed point of (C,d,n), and f is an automorphism of this fixed
point.

A morphism ((z, f),b) — ((z/, f'),') in Aut(C)? is a morphism ~ in Aut(C) such that

(z, f) —— (62,0f71)

(124) vl T&'y

(@, f) L (6a!, 61"
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commutes (in Aut(C)). This is equivalent to saying that the following two squares commute
in C:

z —b s 5 r—1 2
(125) vl % and vl b
o Y 5 g —

On the other hand, objects in Aut(C?) are pairs ((z,b), f) where (z,b) is a fixed point
and f: (z,b) — (x,b) is an isomorphism, i.e. f is an isomorphism = — z such that

r —b 5z
(126) fl T(Sf

L I

commutes. As noted above, this diagram is the same as the second diagram in , SO
objects ((x,b), f) in Aut(C?) are essentially the same thing as objects ((z, f),b) in Aut(C)?,
the only difference begin the bracketing.

A morphism ((z,b), f) — ((2/,0'), f') in Aut(C?) is a morphism v : (x,b) — (2/,8")
in C% which intertwines f and f’, which is precisely the condition that the two squares
commute. Thus morphisms in Aut(C?) are the same, on the nose, as morphisms in
Aut(C)2. O

3.2.8. Linear endomorphism categories. In this section we consider categories
with duality of the kind discussed in Section m i.e. categories of the kind End ffD,
which were variations on End(vecty).

EXAMPLE 3.2.4. Let D =k, f = idk, and ¢ = . Then End 7}, = End(vecty), i.e. we
assume vecty is equipped with the standard duality functor § and the components of the
unit 7 for § are the canonical embeddings V' — V** or their negatives (depending on the
sign given by ¢).

From Section we know that a fixed point in (End(vecty), d,n) corresponds to an
object V' € vecty and morphisms X : V — V and b: V — V* such that

|, v Vv Lty
(127) \ Tb* and Xl iX*
Ve V— vV

commute. The commutativity of the first diagram says that b encodes a e-symmetric
bilinear form B on V, i.e. a form such that

B(v,w) = eB(w,v) Yo, w € VH

The commutativity of the second diagram says that X is self-adjoint with respect to B,
i.e. that

B(Xv,w) = B(v, Xw) Yo, w e V.

lWe are slightly overloading the symbol ¢ here, since initially it was introduced as a “formal” symbol,
and now we are also using it as a stand-in for the scalars +1 in the ground field k.
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ExaMpPLE 3.2.5. If) in the previous example, we take f = —idy instead of f = idy,

then a fixed point corresponds to an object V € vecty and morphisms X : V — V and
b:V — V* such that

v by (LA e
(128) m T and Xl J’X*
e V—— V*

b
commute. In other words, in this case, X is skew-selfadjoint with respect to the e-
symmetric bilinear form encoded by b, i.e.

B(Xv,w) = —B(v, Xw) Yo, we V.

EXAMPLE 3.2.6. Let D =k\{0}, f(x) = 1/z, and ¢ = . Then Endsp, = Aut(vecti).
From Section we know that a fixed point in (Aut(vectk),d,n) corresponds to an
object V € vecty and morphisms X : V — V and b: V — V* such that

b

(LN Vel (AN
(129) N e md T
Ve V—— vV

commute. The commutativity of the first diagram says, again, that b encodes a &-
symmetric bilinear form B on V; the commutativity of the second diagram says that
X is an isometry with respect to B, i.e. that

B(Xv, Xw) = B(v,w) Yo, w e V.

EXAMPLE 3.2.7. If we take f(z) = —1/z instead of f(z) = 1/z in the previous
example, then a fixed point involves a e-symmetric bilinear form B on a vector space V'
and a skew-isometry (or anti-isometry) X with respect to that form, i.e.

B(Xv, Xw) = —B(v,w) Yo, we V.
3.3. Subobjects of fixed points

Fix a category with duality (C,d,7). Assume in this section that C has a zero object,
i.e. an object 0 which is both initial and terminal. In particular, between any two objects
x and y there is then the notion of the zero arrow x — 0 — y from z to y. We also assume
that for any zero object 0 € C, also §0 is a zero object in C°. This is for example the case
when we are in the setting of additive categories.

Let b: x — 0x be a fixed point. We will define a notion of orthogonality for subobjects
of z.

The motivating example that we have in mind is the case where x = V is a finite-
dimensional vector space. Suppose V is equipped with a bilinear form b : V. — V*.
Given subspaces U and W of V', we say that U is left-orthogonal to W (and W right-
orthogonal to U) if

(130) b(u)(w) =0 YueUweW.

We denote this by U L W. If b is symmetric or skew-symmetric, then orthogonality is a
symmetric relation, i.e. U L W < W L U. A way to rephrase (130) is to say that

Sk

(131) LI VLIS VARG e

is the zero morphism (where iy and iy are the inclusion maps).
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DEFINITION 3.3.1. Let b : x — dx be a fixed point in C, and leti:u — x and j : w — x
be subobjects. We say that i is orthogonal to j (or that u is orthogonal to w) if the
composite

(132) IWRLINSSRIUIN SN

is the zero morphism. In this case we write i L j (oru L w).
REMARK 3.3.2. Note that if i ~ ¢/ as subobjects, and if 7 L j, then also 7’ L j.
LEMMA 3.3.3. Orthogonality of subobjects of (z,b) is a symmetric relation.
PROOF. Assume that ¢ L j. We’ll show that j L i. Consider the diagram

Su <3 s % 5w <20 ssw

(159 SO Jw

It is commutative: the middle triangle is because (z, b) is a fixed point, and the right-hand
square is by the naturality of . The top horizontal composition is the zero arrow, because
it is the image under § of , and ¢ is assumed to preserve zero objects. Thus also
the precomposition with 7, is the zero arrow. By the commutativity of the diagram, it
follows then that also

(134) DKL PP ISP R
is the zero arrow, which means j L i. O
The following is straightforward check.

LEMMA 3.34. Leti:u—x, j:w — x and k : v — x be subobjects of the fixzed point
(x,b). If j Li and k < j, then k L 1.

DEFINITION 3.3.5. Leti : u — x be a subobject of the fized point (x,b). An orthogonal
of i : u— x is a subobject i+ : ut — x such that
e it is orthogonal to i, and

e if i’ € Sub(z) is orthogonal to i then i’ <™.

LEMMA 3.3.6. Orthogonals are essentially unique: if u ~ w as subobjects, then u™ ~

wt as subobjects.

PROOF. If u ~ w, then v L wt and w L w. This implies wt < v' and ut < w*. O

REMARK 3.3.7. Because of the previous lemma, we will often refer to “the orthogonal”,
even though this only has meaning up to isomorphism of subobjects.

LEMMA 3.3.8. Let i : u — x be a subobject of the fixed point (x,b). If the orthogonal

ut exists, it is the coproduct of all subobjects j : w — x which are orthogonal to i.

Proor. By Lemma above, if j is orthogonal to i, then j < i+. We take this
as the inclusion map for the coproduct (there is no other choice anyway). To check the
universal property of the coproduct, suppose that k : v — z is a subobject such that 7 < k
for all j which are othogonal to i. Since by definition it is orthogonal to i, this means
that also i+ < k, which is the desired universal map. ]
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PROPOSITION 3.3.9. Assume the fized point (z,b) is such that in Sub(z) all orthogonals
exist. Furthermore, assume that for each subobject, a particular orthogonal is chosen.
Then the operation of “taking the orthogonal” induces a duality involution

(135) (=)* : Sub(z) — Sub(x)°.

PROOF. First we specify (—)* : Sub(x) — Sub(x)°. Given a morphism f :i — j, we
will show that j= < i+, and in this case we define f* to be the unique morphism “<”.
Consider the diagram

J T
(136) fT /

The left triangle commutes since f : i — j is a morphism in Sub(z). Since j L j*, the
top horizontal composite is the zero arrow. This implies that the path from from w to du
is also the zero arrow, which means that ¢ L j1. It follows that j- < it. That (—)* is
indeed functorial follows automatically from the fact that Sub(z) is a thin category.

It remains to specify the unit 7 for the duality involution. Since Sub(zx) is thin, we
just need to show that i < (i+)% for every subobject i. We have both i L it and
i+ L (iY)t. By definition (i+)* contains all subobjects orthogonal to i*, so it follows
that ¢ < (i+)*. O

b, 5z Su

For the remainder of this section, we assume that for any fixed point (x,b), all orthog-
onals of subobjects exist, and also all finite products and coproducts of subobjects. The
notation ¢ A j and ¢V j will denote the product and coproduct, respectively, of subobjects
7 and j.

DEFINITION 3.3.10. The radical, rad(z), of the fized point (x,b) is the orthogonal of
the top subobject 1 : x — x. More generally, the radical of a subobject i : u — x is

(137) rad(i) = it A

LeEmMMA 3.3.11. If (x,b) is a non-degenerate fived point, then rad(z) is the bottom
subobject 0.

PROOF. Let r : rad(z) — z be the radical of . Then by definition, 7 is orthogonal to
1, i.e.
01y
(138) rad(z) — Oy b0 0 5
is the zero morphism. Since d1, = lg;, this implies that br = 0. On the other hand,
the bottom subobject also satisfies b0 = 0. By the right-cancellation property of the
monomorphism b, this implies that r = 0. U

In Part [2] of the thesis we will be interested in certain special kinds of subobjects of
fixed points. Some of the definitions work in full generality, so we formulate them here.

DEFINITION 3.3.12. Let (z,b) be a fized point. A subobject i : u — x is

e isotropic if i <it;
e coisotropic if it < i;

e lagrangian if i = i*.
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3.4. Endomorphisms of strong fixed points

Let (C,d,n) be a category with duality. Given a strong fixed point (x,b), the monoid
End(z) inherits a *-structure as follows. For f € End(z), we define the transpose, f*, to
be the composite

(139) PRILING SRS I LS L
LEMMA 3.4.1. Given a strong fixed point (x,b), the operation of transpose defines a
x-structure on End(z).
PROOF. Indeed,
(gf)t :b—léo(gf)ob _ b—léO(ngO)b
— b_ldofo(sogob — b_l(sofobb_l(sogob — ftgt‘
O

REMARK 3.4.2. The above does not fully use that (x,b) is a fixed point; it only uses
that b: x — 0°x° is an isomorphism.

REMARK 3.4.3. If (x,b) is a non-degenerate fixed point (i.e. not necessarily strong),
we can define the transpose of an endomorphism f € End(x) — if it exists — to be the
unique map f! such that

(140) (6°f°)ob=1bo f
Uniqueness is guaranteed by the right-cancellation property of b.

ExaMPLE 3.4.4. Let C be the category of finite-dimensional k-vector spaces, let b :
V — V* be an isomorphism, and B : V x V — k the corresponding bilinear form. Given

an endomorphism f € End(V), the transpose f! is the usual notion, i.e. it is the unique
endomorphism satisfying

(141) B(fv,w) = B(v, f'w) Vo,weV.

LEMMA 3.4.5. Let (z,b) be a strong fized point. If f is an endomorphism of (x,b),
then f is, too.

PROOF. We need to show that b = 6f* o bo f!. This is done if we show that the
following diagram commutes:

or 2z —b 5y

m 8b
0oz

(142) 5f f 551
00x

K Tap

To see that this does in fact commute, note that the triangular cells do because b is a fixed
point, the right-hand trapozoidal cell is the naturality square for n, and the left-hand
rectangular cell commutes by the assumption that f is an endomorphism of (x,b). O
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LEMMA 3.4.6. Let (z,b) be a strong fized point, and f € End(z). Suppose that f has

a kernel k5 & and that ft has an image y with f = x Py Y % x, where py is epic and i,
monic. Then Ker(f) L Im(f?).

&t

PROOF. We need to show that k 5 2 5 § 2% oy is zero. For this it is sufficient to

show that
; 5i 5 -1
(143) k@x—%éwﬁéyﬂi’&vb—)x
is zero, since dp, is monic (and so also b~1o Py), and so we can use the cancellation property
of monics. Now we observe that ([143) is in fact equal to

(144) 0=k %z,
because

b~ 'odi,odpyob=blodflob=b"losbodsfodb tob=n"t0d5fon=f






CHAPTER 4

Additive categories with duality

As mentioned in the introduction to this thesis, we include material on duality involu-
tions on additive categories, in order to use the approach of Scharlau et al. and Sergeichuk
for geometric classification problems. The main tools are the hyperbolization construction,
described in Section together with Proposition the proof of which is based on
Lemma 2 in [Ser87]. The ideas and results in this chapter will be used explicitly and
implicitly throughout Part [2] of this thesis.

4.1. Duality involutions, fixed points

In this section we discuss duality involutions (and their fixed points) in the context
of additive categories. As mentioned in Section additive categories form a 2-category
AddCat. The definition of an additive duality involution and of a morphism of additive
categories with duality are nearly identical with the “original” definition. The only differ-
ence is that now we use the appropriate definition of “l-morphism” and “2-morphism” in
AddCat in place of the corresponding notions used before (where the relevant 2-category
was simply Cat). Despite the repetitiveness, we spell out the initial definitions for additive
categories.

DEFINITION 4.1.1. An additive duality involution on an additive category C is a
pair (8,m), where 6 : C — C° is an additive functor and n is a natural transformation
1c 2 6°6 such that, for all z € 0b(C),

§oxe — M0 §o§50x°
(145) 8° (12)°
16010
6°z°

commutes. We call an additive category equipped with an additive duality involution an
additive category with duality.

As in the original definition of duality involution, we use the adjectives “strong” or
“strict”, respectively, to indicate if n is a natural isomorphism or an equality.

ExaAMPLE 4.1.2. On the additive category vecty, the usual duality functor with JV =
Hom(V, k) = V* is additive. Indeed,

(146) Ww)  VeWw — (VeWw)
given by
(147) (&n) — [(v,w) = &(v) +n(v)]

67
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defines the universal map from the biproduct V* & W*, i.e. the diagram

W*

)O

(148) pv)\) l oY

V D W
commutes.

DEFINITION 4.1.3. A morphism, or equivariant functor, (C,6,n) — (D, ,n') be-
tween additive categories with duality is a pair (F,v), where F' : C — D is an additive
functor, and v is a natural transformation

c—t£5pD

| A s

C"*>DO

such that
(149) (6°p) o' F = (¢° 8) o Fy.

Again, adjectives “strong” and “strict” may indicate the “strength” of v. Composition
works in the same way as for “ordinary” equivariant functors, see .

For natural transformations between morphisms of additive categories with duality, the
definition is absolutely identical with Definition[2.1.10f in particular vertical and horizontal
composition works in the same way.

Additive categories with duality, together with their morphisms and natural transfor-
mations, form a 2-category which we denote by dAddCat.

Given an additive category with duality (C,d,7), the notions of a fixed point and a
morphism of fixed points are defined in the same was as in the “ordinary” case, i.e.
as in Definition and Definition In particular, Proposition also applies
directly here in the context of additive categories, i.e. equivariant functors induce functors
between the corresponding categories of fixed points. The category of fixed points of
a given additive category with duality need not however be additive. We do have the
following.

PROPOSITION 4.1.4. Let (C,d,n) be an additive category with duality. Then the cate-
gory C? of fized points has all finite coproducts, and so does the subcategory Cj of strong
fized points.

In particular, Cg has an initial object, so Cz and C are non-empty.

PROOF. First we show that C° has an initial object. Our candidate is (z,0), where
z is a zero object in C and z 9 52 is the zero morphism. Note that since § is additive,
0z is also a zero object. That (z,0) is a fixed point follows from the fact that both paths
through the diagram

PN ¥

B Joe

00z

must give the zero morphism z — dz. Moreover, (z,0) is in fact a strong fixed point: the
involved map 0 is an isomorphism, because it is the unique map between the zero objects
z and 0z in C. To check that (z,0) is initial, let (z, f) be some other fixed point. Since
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z is initial in C, we have a unique morphism z — z in C, which is necessarily the zero
morphism. And the zero morphism is indeed a morphism of fixed points, since

0
zZ — X

(150) ol lf

0% =g 0T

commutes.
Next we wish to define the binary coproduct in C%. Given fixed points (x, f) and
(y,9), we set

(151) (. f)U(y,9) = (x @y, ¢d, 0 (fDg)),

and we take the inclusion maps ¢, and %, for the biproduct = © y as candidates for the
inclusion maps of the coproduct 1) For notational convenience, let h := go‘;’y o(f@g).
(A priori, gog‘;y is a morphism 0(z @ z) — dz @ dy in C°; thus, above, we are techni-
cally /implicitely using (apiy)o, but we call it goi’y as well.)

To see that (151]) defines a fixed point, note that in the following diagram

5
x@y& 5:p€95y% Sz dy)

(152) By h

§0x @ 00y —— 0(0x © 0y) —— ,60(r Dy).
5.5y 6(0g,y)
the upper left triangle commutes since (z, f) and (y, g) are fixed points, the middle par-
allelogram commutes by the binaturality of the coherence isomorphisms, the lower right
triangle commutes by the definition of A and the functoriality of d, and the lower left tri-
angle commutes by . This all implies that the upper right triangle commutes, which
is what is needed to be shown.

Note that ‘P&x,y o (f @ g) is an isomorphism if f and g are, so (z, f) U (y,g) is a strong
fixed-point when (z, f) and (y, g) are.

Now we check that the inclusion maps 7, and i, are also morphisms in C%. Consider
iz (the proof for i, is completely analogous). We need that the outer paths through the
diagram

(153) ! 5z @ dy

s

define the same morphism. This is the case since the two subdiagrams commute. The
upper diagram does because

péxo(f@g)oix:pﬁxoi&:of:fv

where for the first equality we use that f @ g is the copairing out of x @ y viewed as a
coproduct, and for the second equality we use that ps, o is5, = 1s.. The lower subdiagram
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is the opposite diagram of the following diagram in C°
(154) s Ttp‘s

since (is,)° = psy by virtue of the fact that the definition of a biproduct is self-dual.
(Beware, again, that we are not distinguishing between cpgy and («pgy)o in our notation
here, nor between di,, and (di,)°.) That commutes follows from the fact that (<p5I7y)_1
is the map, guaranteed by the universal property of the coproduct dx & dy, such that
(Sodx,y)_l 0 sy = 0iz. Thus is, = ng,y 0 §ig.

Finally, we need to check that (z, f)U(y, g) = (zDy, cpivyo(f@g)) satisfies the universal
property of the coproduct. So suppose we have a third fixed point (z, h), together with
maps of fixed points j : (z,g9) — (2,h) and k : (y,g9) — (2, h). Since (z @y, go‘;y o(fe@yg))
has as its first component the biproduct z ® y, we already know that there exists a unique
morphism [j,k] : @y — z in C (the copairing of j and k as morphisms in C') such that

[j,k]oiz =7 and [j,k]oi, =k.

We show that this map is also a map of fixed points (z & y, gpiy o(f®g)) — (z,h). For
this we argue that the two outer paths through the following diagram are equal

%
rdy 4>[j } z

f Gagl

(155) Sz @ Sy h
% (63,0k)

Indeed, the triangular sub-diagram commutes, because the isomorphism §(z®y) — dz By
is equal to the pairing (di,, d,), and in the following commutative diagram

0z
e
. ~ 5i
(156) 5 <2 Sz B y) —Ls Sy
iz (810,08 sy
ox & oy

the composition of the vertical two morphisms is equal to (§j,dk) by the uniqueness of
the universal map into dx @ dy viewed as a product. Finally, the upper sub-diagram in
(155) commutes if and only if

djohoj=f anddkohok=g

and this is the case, since j and k are maps of fixed points. ]
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NoOTATION 4.1.5. Given fixed points (z, f) and (y, g) of an additive category C with
duality, we denote their coproduct by

(157) (z,f) L (y,9),

and call this operation orthogonal sum. Also, we sometimes call morphisms of fixed
points isometries. This terminology is inspired by the basic motivating examples where
C = vecty

ExaAMPLE 4.1.6. Let C = vectyk be the category of finite dimensional vectors spaces
over k. Let 6V = V* be the standard duality functor (which, we have seen, is additive),
and let n = §°9 be the standard natural isomorphism.

As discussed in Example a fixed point for of this duality involution corresponds
to a vector space V equipped with a symmetric bilinear form B : V x V — k (and
strong fixed points are those for which B is non-degenerate). Morphisms of fixed points
correspond to isometries.

Given two fixed points (V, B) and (V’, B’), their coproduct is (V & V', B& B'), where

(158) B® B : ((v,v), (w,w")) — B(v,w) + B, w').

This bilinear form is clearly again symmetric when B and B’ are (and it is non-degenerate
when B and B’ are). Moreover, the subspaces Va0 CV @V and 00 V' CV &V’ are
orthogonal with respect to B & B’.

PROPOSITION 4.1.7. Let (F,v) : (Cd,n) — (C,d,1') be an additive equivariant
functor between additive categories with duality. Then the induced functor F : C© — cy
defined in Proposition [3.1.6 preserves all finite coproducts.

PROOF. Recall that F acts on objects by
(@,b) — (Fz, (¢g)° o F'b)
and on morphisms by
fix—a2 — Ff:Fx— Fa'.

We start by showing that F' preserves initial objects. Let (z, f) be initial in Co. We saw
in Propositionthat also (z,0) is also initial in C%, so we have a canonical isomorphism
(2, f) =~ (2,0). This implies that F(z, f) ~ F(z,0) in C'*". But F(z,0) = (Fz, (1.)° o F0)
is initial, because F'z is a zero object in C’, so F'(z, f) must also be initial.

To prove that F preserves binary coproducts, we show that the diagram

F((z, f) L (y.9))

(159) F(V oF l wg))
z,y
) 1

Fo, f) 22 (a, f)

comimutes.
First, we check that gpi y 1s in fact a morphism

F((z, f) L (y,9)) — F(z.f) L F(y,9).
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For this we show that the diagram

F(x®y) : » F(z)® F(y)

F(f®g) F(f)®rF(g)

F
905ozo’5oyo

F(6°z° @ 6°y°) Fé°x° @ F6°y°

Fe°
(160) F((¢5,)°) o (102)°D(10y)°
F(;O((l‘@y)o) 5/0Fol,o EB(S,OFOyO
0% Fo
(wzﬂéy)o o (‘Pijgroylpoyo)

6/OFO(($ @ y)o) 5/O(LPF )o 5/O(F0x0 @ Foyo)
z,y
commutes (the left and right vertical sides of the diagram are the fixed points F'((z, f) L
(y,9)) and F(a:, f) L F(y,g), respectively). To see this, let us start at the top of the
diagram and work our way downwards.
First, the upper, square subdiagram commutes because ! is a binatural transforma-
tion in the pair of variables (z,y). Second, the upper, triangular subdiagram commutes

because, by Lemma [1.5.12

(161) F((#5.4)°) = F((94e 40) 7).
and by ,
(162) 906F;m°,5°y° ° F((pgz,yo) = 9053,20

Third, the middle, parallelogram-shaped subdiagram commutes by the additivity property
for the natural transformation ¢!, i.e. by the general rule . Fourth, and last, the
bottom, triangular subdiagram commutes since, by Lemma [1.5.12

§/° Fo Y oy —
(163) I (5
and by ,
(164) 9022,5 = @%m,Fy © 5,@:(]?@‘

Now we turn to showing that commutes (we show the commutativity of the
left-hand triangle; the other case is completely analogous). We know that the three maps
involved are indeed morphisms of fixed points. Furthermore, by the definition of a mor-
phism of fixed points, two such morphisms are equal if and only if they are equal as
morphisms in the underlying category C. Thus we only need to show that

(165) Py © Flige,) = ip(a,g)

as morphisms in C. But recall that i(, y) = i, and ip(, r) = iFs, by definition. So (165)) is
equivalent to

(166) of 0 Fliz) =ips

and this latter equation holds true by the definition of <p£ "
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2. Hyperbolization

Fix an additive category with duality (C,d,7n). Given an object x € C, there is a way
to define on x & §°z° a “canonical” fixed point structure. It is called “hyberbolic”, a name
which is explained by Example below.

DEFINITION 4.2.1. Given an object x of the additive category with duality (C,0,n),
the hyperbolic fixed point structure on x & 0°x° is the morphism h, defined by the
composition

(167) 5 0°2° N 562 @ 6°° % 5°0° @ 0°0w B 5°(a° @ o).
PROPOSITION 4.2.2. The pair (x @ §°x°, hy) is a fived point.
PRrROOF. It is straightforward to see that the followng diagram commutes:

56920 =2 Gogn @ Gore — Ty 5000 @ 500w — 21 500 @ o)

\ T .@60 o TJOWOEB&OI. (50(7];@1.)
Na )50 ©

5903 & 0°00°0° —Ts §°56°0° & 6°61 P 6°(86°0° & )

T~ I Joeen

5563 ® 6°66°z° P 50(63 @ 66°2°)

@50\ 5 (¢2)

0°6(x @ 5°x°)

(168)

The upper horizontal composition is h,. To see that the right-hand vertical composite is
equal to 0°(h3), note that

(N7 © Lsz) = (Nz © lgoge)°
and
1) 1 00 §5° —1yo
Prpsoze = (@x@éoxo) = ((meOEB(S:c) ) .
O

REMARK 4.2.3. When the duality involution is strong, then the hyperbolic fixed point
stucture defines a strong fixed point.

ExXAMPLE 4.2.4. Consider the case where C is the additive category of finite dimen-
sional k-vector spaces and ¢ is the usual duality. Let the unit 1 be the standard embed-
ding into the double-dual (the “symmetric case”), or the negative of that embedding (the
“symplectic case”). Given a vector space V € C, its hyperbolization is what is known as
a hyperbolic space. Namely, the hyperbolic fixed point structure on V & V* corresponds
to the bilinear form

(169) VeaVixVeV:—k (v,{w,()— m(C)+E(w).
In the symmetric case this is
(v, & w, ) — C(v) + &(w)

and in the symplectic case this is

(v,&w, ¢) — —((v) + &(w).
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If we identify V** with V, then the “coordinate matrices” of the hyperbolic fixed point
structure, in the symmetric and symplectic cases respectively, are

01 0 1
am O wa 2]
DEFINITION 4.2.5. Let C* be the underlying groupoid of C. The hypberbolization
functor H : C — C is defined as follows. Given an object x € C, set

H(z) = (z®0°2°, hy)
and given a morphism f:x — y in C, set
H(f)=fo @ f)
LEMMA 4.2.6. Hyperbolization is a functor C* — C.

ProOF. That H is compatible with composition and identity morphisms is easy to
see. We show that, given f : z — y, the morphism f @ (6°f°)~! in C is indeed a morphism
of fixed points (z ® §°z°, hy) = (y @ 6°y°, hy). Indeed, the diagram

(¥3°)1

v 5°a S 505 @ 5°° —Ts 500 @ 6°x L 6°(a° @ 6x)
(171) lf@(éof")‘l P"éf@(é"f")‘l l(éc’f")‘l@&"éf ERCRRE)
(28!

y @ 8y O go5 @ 6oye Ty oy @ 626y P 5o (40 @ o)

is commutative, and the right-hand side morphism in the diagram is

(172) (fe @ f) =0 (f @)™ =8((f) @f).

LEMMA 4.2.7. For any z,y € C*,
(173) Hxoy)~H(x) L H(y)
via the isomorphism

L ®1y@¢° 1y ®od1
(174) TBYDs(rdy) =5 rRYyDerdiy — ' rdr Dy D oy.

PRrROOF. The proof is exhibited by the following large but straightforward commutative
diagram, of which we give simply a sketch (all morphisms are the obvious choices). The
left-hand vertical composite is the fixed point structure of H(z @ y) while the right-hand
vertical composite is the fixed point structure of H(x) L H(y).

s g
rByoizdy) M royairesy 2% v o i@y oy
nﬂc@yealé(z@y)
(x@y)®o(zdy) dox @ oz ® 0y @ 0y
(175) S(r@y) ®S(r@y) 5z © 50z @ 5y @ 66y
S(zdy®i(zdy)) » 0(x @ ox) ® S(y @ oy)
d(rzdyddlxdy)) b Sz @ dx ®ydiy)
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O

In the case when C carries a strong duality involution (§,7), we may think of the hy-
perbolization construction as one which combines the duality involution § on C, restricted
to C*, and the duality involution on C* of “taking the inverse”, in such a way as to give
an involution on C*. (If (4,n) is not strong, the duality involution does not technically
restrict to C*, since then components of 7 may not live in C*.) In the following we discuss
briefly how hyperbolization may be viewed as a construction for involutions on categories.

DEFINITION 4.2.8. An involution on a category C is a functor 7 : C — C together
with a natural transformation n: 1¢c = 77 such that, for all objects x € C,

T *> TTTX
(176) \ }nx

We call (C,7,m) a category with involution. If C and T are additive, then we speak of
an additive involution and an additive category with involution.

REMARK 4.2.9. If, in the above definition, 7 is invertible, then (7,7,7,77!) is an
adjunction. However, for our definition, we do not require 7 to be invertible (in [Jac12]
and [FH16] this is required). In general, 7 need not be part of an adjunction, in contrast
to the case of duality involutions.

ExAMPLE 4.2.10. Let (C,d,n) be a category with a strong duality involution. Then
C* is a category with involution (7,7), where

(177) 7(x) := §°x° x € Ob(CX)
and
(178) 7(f) == (6°f°)"Y  f e Mor(CX).

DEFINITION 4.2.11. Let (C,7,7n) be a category with involution. A fixed point is a pair
(x,j), where j : x — Tx is a morphism in C such that

$*>T1’

(179) \ |7

TTX

commutes. A morphism of fixed points [ : (x,j) — (2',j") is a morphism f : x — 2
in C such that

(180) jl lj/

Tf ,
T —> TX

commutes. Fized points and their morphisms assemble to a category, which we denote by

c.

DEFINITION 4.2.12. Let (C,7,n) be an additive category with involution. Given an
object x € C, we define the hyperbolic fixed point structure on x ® Tx to be the
morphism given by the composite

-1
(181) @1 "N @t 2 @ rra £ T(x ® TX),
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where o4 is the symmetry isomorphism of C, and @, is the coherence isomorphism for the

additivity of T (compare with Definition .

LEMMA 4.2.13. (C,7,m) be an additive category with involution. For any x, the hyper-
bolic fixed point structure on x @ Tx defines a fized point.

PROOF. The proof is completely analogous to the proof of Proposition [£.2:2] O

LEMMA 4.2.14. Let (C,7,n) be a category with involution. Then hyperbolization is
the functor H : C — C" defined by

H(x)=z® Tz, x € 0b(C),
and
H(f)=fe&rf, f € Mor(C).
PROOF. The proof is completely analogous to the proof of Lemma [4.2.6] O

REMARK 4.2.15. Definition [£.2.5]is a special case of Lemma([4.2.14] for 7 as in Example
4.2.10)

In Example 4.2.10, two duality involutions on C* are composed to give an involution
7. We describe this construction more generally.

LEMMA 4.2.16. Let C be a category equipped with duality involutions (01,m1) and
(02,m2). Let T := 0501 and let n := na*n1. Suppose that §501 = 0702, and that Txny = m*7
and T *xng = n2 * 1. Then (7,m) defines an involution on C.

Proor. Note that, taking opposites, also 9207 = 4105 holds, and so 7 : 1¢c = §5020701 =
05010561 = 77. For (7,71) to be an involution, we need that 7 xn = n* 7. This clearly
follows from the hypotheses; indeed

(182) TXIN=THhN2xMN = N2 *T XN =MN2*N *xT =1*T.
g

ExaMpPLE 4.2.17. Let C be the additive category of linear relations, with objects
finite-dimensional k-vector spaces. Let (d1,71) be the duality involution on C discussed in

Example i.e. given a linear relation R CV & W,

(183) R =R ={(x,§) e W@ V" | x(w) = £(v) V(v,w) € R},
and let (d2,72) be the duality involution on C discussed in Example ie.
(184) SR =R = {(w,v) e W@V | (v,w) € R}.

Note that 01 generalizes the operation of taking the adjoint of a linear map, and ds gen-
eralizes the operation of taking the inverse of an invertible linear map.

We check that 7 = 6591 and 1 = 1 %2 satisfy the hypothesis of the previous Lemma. It
is straightforward to see that 501 = 67d2. Indeed, on objects we have that 50,V = V* =
6905V, and for any linear relation R C V @ W, and it is easy to see that (R*)T = (R)*.
Furthermore, the components of 7y are identity morphisms, so 712 = n2x7 holds trivially.
For 71, the components are the natural isomorphisms V' — V** and we have, for every
object V,

(185) T(nv) = () = {(Lomy,L) e V@ V™™ | L eV},
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and
(186) v =mv ={(eve) eVIBVT L€ VT

On the one hand, given (£, eve) € 12, we have that evg ooy = &, so (&, eve) € T(12,v).
On the other hand, given (Lonyy, L) € 7(n2,y), since 7y v+ is surjective (we are in finite
dimensions), there exists £ € V* such that evg = L, and thus, since evg omp v = &, we find
that (Loneyv,L) € n2rv. A

4.3. Krull-Schmidt

Here we discuss versions of the “Krull-Schmidt theorem” for additive categories and
for categories of fixed points coming from additive categories with duality. The material
is based on [QSS79|; see also the more detailed exposition in [Knu91].

Let C be a category with all finite coproducts, and let x € ob(C'). By a decomposition
of x we mean an isomorphism

(187) T Hzl
=1

for some objects x1, ..., x, € ob(C') and some n € N. The objects z; are called summands
of x. An object x is indecomposable if © ~ y II z implies that either y or z is an
initial object. In other words, = is indecomposable if it does not admit any non-trivial
decomposition.

We say “the Krull-Schmidt theorem holds in C” if

ny object x € as a decomposition x ~ []:_; x; whose direct summands x;
1) Any object Ch d iti " hose direct d
are indecomposable;
x ~ [, y; is another decomposition into indecomposables, then m = n an
2) If PR ther d ition into ind bles, th d
there is some permutation 7 of {1,...,n} such that y; ~ Tr foralli=1,.,n.

This means, in other words, that every object has a decomposition into indecomposables,
and such a decomposition is “essentially unique”.

If z ~ ], «; is a decomposition into indecomposables, we say that x is of the type
{t1, ..., tx} if each z; is isomorphic to some t; in {¢1,...,¢5}. The idea is that a “type”
for & captures the set of isomorphism classes of summands of z. We do not, a priori,
assume that the ¢; are pairwise non-isomorphic, so there may be some redundancy in
terms of isomorphism classes; we do however assume that for every t; in {¢1,...,%;} there
is a summand of x which is isomorphic to ¢;. For example, if 2; ~ ¢ Vi = 1,..,n for some
t, then we can say that x is of type {¢}, but we cannot say that z is of type {¢,t'} unless
t~t,

4.3.1. Additive categories. Assume now that C is an additive category. We give
conditions under which the Krull-Schmidt theorem holds in C.

DEFINITION 4.3.1. We label the following two properties that an additive category C
may have:
P1 All idempotents of C split.
P2 For every object x € C there exists a decomposition x ~ ®}_ x; into indecompos-
ables such that, for each summand, End(x;) is a local ring.

If the first property holds, this means that all (conjugate pairs of) idempotents cor-
respond to (binary) decompositions. If the second property holds, we are guaranteed to
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always have decompositions into indecomposables, and the endomorphism rings of inde-
composables are “well-behaved”. The following is Theorem 5.2.1 in [Knu91].

THEOREM 4.3.2. If C satisfies P1 and P2, then the Krull-Schmidt theorem holds in
C.

DEFINITION 4.3.3. We call an additive category a Krull-Schmidt category if P1
and P2 hold.

Precise conditions under which an additive category is Krull-Schmidt are given, for
example, in [Kral5].

4.4. Orthogonal decompositions

Let (C,d,n) be an additive category with duality. In this section we assume that C is
a Krull-Schmidt category, and that C is idempotent complete (see Definition .

From Proposition we know that the category Cg of strong fixed points has finite
coproducts. We wish to formulate conditions on C under which statements similar to the
Krull-Schmidt theorem hold in Cg.

The following expresses a certain regularity property for endomorphism rings of an
additive category. Given any ideal I of a ring F, there is a notion of I-adic topology and
I-adic completeness, see [Knu91] Section I1.4.5. In particular, one may consider the ideal
given by the radical Rad(E) of E.

DEFINITION 4.4.1.
P3 For every object x € C, the ring End(z) is Rad(End(z))-adically complete.

The purpose of P3 is that it guarantees that one may lift idempotents from End(z)/Rad(End(z))
to End(z), see [Knu91], 11.4.5.4.

REMARK 4.4.2. Let F be a ring. If E is artinian, then E is Rad(End(z))-adically
complete (see [Knu91], Section I1.4.5). The rings that we consider in Part 2| of this thesis
are subrings of endomorphism algebras of finite-dimensional vector spaces, and hence they
are in particular artinian.

The following is Theorem 11.6.3.1 in [Knu91J.

THEOREM 4.4.3. Let C be an additive category in which the Krull-Schmidt theorem
holds. Let (z, f) € C be a strong fized point, where x € ob(C) is of type {t1,...,ty}, with
t; # t; fori # j. Then there exits a decomposition

(188) (w,f)E(xl,fl)J_---J_(:cn,fn),

such that each (x;, f;) is of type {t;,t}}. If, in addition, C satisfies property P3, then this
decomposition is unique up to isometries and permutations of the summands.

REMARK 4.4.4. The decomposition in the previous theorem is one into “isotypic com-
ponents”; the individual summands may themselves be decomposable. In general, we do
not have a full Krull-Schmidt theorem for Cg. An orthogonal decomposition into indecom-
posable summands does always exist, but the uniqueness part of Krull-Schmidt may fail.
We illustrate this in Example below.

EXAMPLE 4.4.5. Let k = Z/5Z = {0,1,2,3,4}. Let C be the additive category of
finite-dimensional k-vector spaces, equipped with the standard duality involution (the



4.4. ORTHOGONAL DECOMPOSITIONS 79

duality functor sends a vector space V' to its dual V* = Hom(V, k), and the components of
the unit for the duality involution are the standard embeddings V' — V**). Strong fixed
points are thus pairs (V, B) where V € C and B : V — V* is a non-degenerate symmetric
bilinear form.

We will now give an example of a strong fixed point (V, B) which has two differ-
ent orthogonal decompositions into indecomposable fixed points such that the respective
summands are not isomorphic (irrespective of ordering). Let V = k2, and consider the
following symmetric bilinear forms on k2, given in terms of their coordinate matrices (with
respect to the standard basis on k?):

(189) Blzz[g g] Bg::[(l) Z]
Note that

(190) (k% B1) = (k,[3]) L (k[3])
and

(191) (k% By) = (k,[T]) L (k,[1])

are orthogonal decompositions into indecomposable summands, and the type (an isomor-
phism class in C ) of each of the four summands is given by k € C.

We claim that (k?, By) and (k?, Bs) are isometric (i.e. they are isomorphic as strong
fixed points), but that (k, [ 3 |) is neither isometric to (k, [ T |) nor to (k, [ 4 ]).

An isometry from (k2, B) to (k2, By) is given explicitly in coordinates by the matrix

(192) “ g} |
Tndeed,
o BB YL HB Y e

Now we observe that for any non-zero elements x,y € k, there is an isometry between
(k, [z]) and (k, [y]) if and only if z and y represent the same class in the square class
group k*/(k*)2. Indeed, an isometry is given by a 1 x 1 matrix [ ] such that [ ] [ ] [s} =

in k*/(k*)? are {1,4} and {2,3}. In particular it follows that (k, [ 3 ]) is not isometric

[ ] = [ ] In k = Z/5Z the non-zero squares are {1,4} so the two equivalence classes
to (k,[ 1]) nor to (k, [ 4]). A

We now turn to studying indecomposable strong fixed points. The key result is Propo-
sition below, which leads to a general strategy for classifying indecomposable strong
fixed points. This strategy is sketched briefly in a remark at the end of the section, and
applied in detail, in the next part of the thesis, to several example cases.

LEMMA 4.4.6. Let (x,b) be a strong fized point. Suppose © = u®w, withu L w. Then,
by restriction, b induces a strong fixed point structure on u and w, and
(x,0) ~ (u,bly) L (w,bly).
s\—1
ProoOF. Consider the map u @& w LN O(u ® w) ((p%) ou @ dw, and let its “coordinate
matrix” be

(194) [an a12] .
az; a2
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That means, for instance, that the map a1 is the composite

. 5y—1
(195) w iz b 5e X sy @ ow % Su.
We claim that in fact, the maps a2 and a9 are the zero morphism. Indeed, consider aqo,
i.e. (195)). Since dx is a biproduct of du and dw via the maps dpy, Opw, iy, and diy,, and
since ¢? is the map guaranteed by the universal property of the biproducts dz and du @ sw
viewed as products, we have

6y—1 .
(196) sz L su @ dw P u = 5z 2% su.
Thus
(197) ap = w % 2z b o 2% du,

which is zero by the definition of u being orthogonal to w. To show that as; = 0, we may
use the same argument with the roles of w and u exchanged.
Now it is a general fact of additive categories that a matrix of maps of the form

(198) [aél a(;]

is invertible if and only if the maps a;; and age are (c.f. [Knu91], II. Lemma (1.1.6)).
The overall map given by this matrix is ¢° o b; it is an isomorphism because b is a strong
fixed point. Thus the maps a11 and a9y are isomorphisms. And they are precisely the
restrictions of b to u and w, respectively. Finally, the matrix corresponds to the map
¢ o (b, ® bly) as in the definition of the orthogonal sum of fixed points. O

LEMMA 4.4.7. Let (z,b) be a strong fized point, and let e € End(z) be an idempotent.
Then im(e)- exists and im(e)* ~ ker(e') as subobjects. Equivalently, im(et)* ~ ker(e) as
subobjects.

PROOF. The two statements are equivalent, because e = e. We show that im(e)* ~
ker(e). By Lemma ker(e) L im(e'). We need to show that ker(e) is an upper bound
on all subobjects orthogonal to im(e?), thus proving that im(e)* exists and is isomorphic
to ker(e).

Let ¢! = 2 & w 5 2 be a splitting of e!, where w = im(e?), and let y be an arbitrary
subobject of z which is orthogonal to im(e!). This means, by definition, that
(199) y2>$i>5$ﬁ>5w20.

From this we find
(200) 0=dpodioboi,=e oboi,=boeoi,,
which implies that also eoi, = 0. By the definition of ker(e) it follows that y < ker(e). O

LEMMA 4.4.8. Let (x,b) be a strong fived point. If x ~ u ® w, then u™ and (u)*
exist, and (ut) ~ u as subobjects.

PROOF. Let e be the idempotent associated with the decomposition x ~ u ® w, with
u = 1im(e). By Lemma ut = im(e)t ~ ker(e!) and

(201) (ut)t = ker(eh)t ~ im(e) = u.
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LEMMA 4.4.9. Let (z,b) be a strong fized point. If x ~ u® w, with associated idempo-
tents (e,1 — e), then v ~ ut @ w, with idempotents (1 — et, e).

PROOF. This follows from Lemma the decomposition assocated to (1 — e, e!) is
(202) im(1 — e') @ ker(1 — ') = ker(1 — e)* @ im(1 — e)* = im(e)* @ ker(e)*.

LEMMA 4.4.10. Let (z,b) be a strong fixed point.

(1) Decompositions x ~ u @ w with u = w and w = u*

conjugate idempotents (e, 1 — e) such that e = €.
(2) Decompositions © ~ u & w with u = ut and w = w
conjugate idempotents (e,1 — e) such that e = 1 — €.

correspond to pairs of

L correspond to pairs of

PROOF. We show Part (1). Part (2) may be proved analogously. Since C is idempotent
complete, we have x ~ im(e) @ ker(e) = u @ w.
If e = e, then wh ~ ker(e)t ~ im(e') ~ im(e) ~ u and u' ~ im(e)* ~ ker(e!) ~

ker(e) = w as subobjects. Conversely, if im(e) ~ ker(e)® ~ im(e?) and ker(e) ~ im(e)* ~
ker(e'), then by Lemma [1.5.13

m(e) @ ker(e) = im(e’) @ ker(e")
are equivalent decompositions of z, and so e = e* by Lemma [1.5.18 (|

LEMMA 4.4.11. Let (z,b) be a strong fixed point. Suppose x = u @ w, with u and w
isotropic. Then (x,b) is isomorphic to a hyperbolic fized point, i.e.

(2,b) = H(u) = (u, hy)

ProoF. Consider the matrix
ailr  a12
203 b] ==
(209) o= [0 o)

5)—1
of the map u & w LN 0(u @ w) (w—)> ou @ dw. Because v L u and w L w, we have

aj] — ag = 0.
Consider now the commutative diagram

(¢°)~!
uDw b, (u®w) —— dud dw

\5 o ]

§(u @ w) T 56u @ sow

(204)

NedsCx©

The upper horizontal composite morphism is

0 a2
205
(20) o

while the lower outer composite morphism is the composition

0  dazr| [ O
(206) |:(SCL12 0 :| [0 7]w:| '
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This shows that agy = daie o n, and a1z = dagy © Ny .-

To finish the proof, we show that (z,b) and the hyperbolic fixed point (w @ dw, hy)
are isomorphic as fixed points. We claim that the map 1, ® a91 : © ® w — u @ du is such
an isomorphism. To see this, recall that h,, is such that the matrix of (¢°)~! o hy, is

0 1,
207 h| .= .
(207 =) ]
That f := 1@ ag; is a morphism of fixed points (z,b) — (w @ dw, hyy) now follows from
the fact that, in terms of coordinate matrices, we have “[b] = [0 f][h][f]":

0 ais ls O 0 1su| |1y O

2 = .
(208) [5021 onw 0 ] [ 0 56112} [Uw 0 } [0 a12]

O

DEFINITION 4.4.12. Let x be an object of the additive category C. We say that Fit-
ting’s lemma holds for x if for every f € End(x), the kernels and images of the powers
of f exist and there is an integer r such that

(209) r~Kerf &Imf".
We say that Fitting’s lemma holds for C is it holds for every object of C.

ExaMPLE 4.4.13. Consider the case where C is the category of finite-dimensional vector
spaces over a fixed ground field. In this case Fitting’s lemma holds (this is the original
setting of Fitting’s lemma). Indeed, given a finite-dimensional vector space V' and an
endomorphism f € End(V), the sequence of subspaces Ker(f), Ker(f?), Ker(f?), ... is
non-decreasing. Let 7 be the smallest integer such that Ker(f") = Ker(f™*!); it is easily
seen that then Ker(f") = Ker(f"*) for any integer k.

We now wish to show that V' ~ Ker f"@Im f". Since dim(Kerf)+dim(Imf) = dim V,
it is sufficient to show that Ker f" N Im f" = 0. Suppose v € Ker f" NIm f" = 0. Then,
in particular, there exists w € V such that v € ffw. But 0 = f"v = f" f"w implies that
w € Ker f" = Ker f7, sov = ffw = 0. A

COROLLARY 4.4.14. Assume Fitting’s lemma holds for an indecomposable object x,
and let f € End(x). Then either f if nilpotent or f is both monic and epic.

PROOF. Since « is indecomposable, either Ker f* = 0 or Im f” = 0 must hold. In the
first case, Ker f" = 0 = Ker f = 0 = f monic. Furthermore, we have Im f" = x, which
implies Im f = z, which implies that f is epic. In the second case, Ker f” = x holds, which
means that f is nilpotent. O

LEMMA 4.4.15. Assume that Fitting’s lemma holds in C. Let (x,b) be a strong fized
point which is indecomposable in C‘; If f is an endomorphism of (xz,b) such that f' = & f,
then either f is nilpotent or f is both monic and epic.

PrOOF. Since Fitting’s lemma is assumed to hold, there exists a non-negative integer
d such that z = Kerf? @ Imf?. Since (f9)! = (f*)¢ = £f%, this decomposition of z is
one into orthogonal summands (see Lemma . Because (z,b) is assumed to be an
indecomposable fixed point, by Lemma either Ker ¢ or Imf¢ must be zero. O

The following is based on Lemma 2 in [Ser87].
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PROPOSITION 4.4.16. Assume that Fitting’s lemma holds in C. Let (x,b) be a strong
fixed point which is indecomposable in Cg, but such that x is decomposable in C. Then
there exists an indecomposable y € C such that

(‘T’ b) = H(y) = (y @ 603/0’ hy)a
i.e. such that (x,b) is isomorphic to the hyperbolization of y.

PROOF. Because z is decomposable in C, there exists a non-trivial idempotent e; €
End(z). After two modifications, e; will be conjugated into an idempotent endomorphism
e satisfying the ee = 0 = ee! and e + ¢! = 1. By Lemma and Lemma this
shows that (x,b) is a hyperbolization of some y. That y must be indecomposable follows
from Lemma [4.2.7] and the fact that (z,b) is assumed indecomposable.

The idempotent e! is also an endomorphism of z, and €} # e, since otherwise, by
Lemmaand Lemma (x,b) would be decomposable in Cg. Set p1 = e1el. Note
that p; is self-adjoint and lies in End(z). By Lemma p1 must be nilpotent: p;
cannot be monic/epic, since e; and e} have nontrivial kernels and cokernels.

Now set hy := s(p1), where s(X) is the binomial series for (1 — X)/2; s(p;) is well-
defined because p; is nilpotent, which implies that the power series is just a polynomial in
p1. Note that h; € End(z), and that h; is also self-adjoint. Furthermore, h; is invertible,
its inverse being defined by substituting p; in the binomial series for (1 — X )_1/ 2,

Define ey := hlelhfl, and note that e lies in End(z) and is again a non-trivial
idempotent. Furthermore,

¢ 1, 72 tp-1_ ;-1 tytp—1 _ p—1¢, t ty—1
esea = h™rethjeihy™ = hi e1(1 —erej)ethy = hy (e1e] —erei)hy = 0.

We are half-way there. Now py := eael, is a nilpotent, self-adjoint element of End(z),
and hg := s(p2) is again an invertible, self-adjoint endomorphism of z. Then e :=
hy teahs € End(z) is a non-trivial idempotent such that

eet = hyleghdebhy ! = holea(1 — egeb)ebh ™ = hy 'l (eael — exeb)hyt =0
and
e'e = haely(hy?)eaha = haeb(1 — eaeh) eahs
= haey(1 + eaeh)eahs = ha(ehe + eheaehen)hy =0,

since ebey = 0. Furthermore, e + ¢! € End(x) is idempotent: (e + ef)? = €2 + ele + ee +
(e')? = e+el. But e+ e is also self-adjoint, so, by Lemma, and Lemma e+el
must be a trivial idempotent. It cannot be that e+ e’ = 0, since this would imply et = —e,
whence 0 = e’e = —e? = e, a contradiction to e # 0. Thus e + ef = 1. O

The previous Lemma shows that every indecomposable strong fixed point (x,b) is such
that either z is indecomposable in C, or (x,b) is the hyperbolization of an indecomposable
object y € C. In the former case we say that (x,b) is of non-split type; in the latter case
we say that (z,b) is of split type.

REMARK 4.4.17. In the subsequent part of the thesis we will be interested in classifying
indecomposable strong fixed points, given certain underlying additive categories C. If C
satisfies the necessary hypotheses, and if we already have a classification of the indecom-
posable objects in C, then Lemma essentially reduces the classification problem to
that of classifying the non-split fixed points, i.e. fixed points where the underlying object
in C is indecomposable. See Chapter [0 and in particular Remark for a detailed
illustration of how this can work.






Part 2

Classification problems in symplectic
linear algebra



This part of the thesis is about symplectic linear algebra, and in particular about how
various classification problems may be cast in the language of categories with duality. For
those unfamiliar with symplectic geometry, I have included a short initial primer on the
most basic rudiments of the subject, forming Chapter

I first worked on questions of linear symplectic algebra in the context of my Master’s
thesis [Lor15], for which my advisor was Alan Weinstein. Through continuing collabo-
ration with him, three subsequent papers followed [LW15] [LW16] [HLW19], each ad-
dressing classification questions in symplectic linear algebra. While working toward the
third paper we recruited the help and expertise of Christian Herrmann (who vigorously
joined our undertaking), and we also eventually found, in the literature, general frame-
works which addressed the kinds of classification problems we had been studying. On the
one hand, we found the paper [Ser87] V. Sergeichuk, and on the other hand the works
[QSS79] [Sch75] of W. Scharlau and collaborators. We did not try to fully adopt either
of these frameworks and embed our results in their language, both because our work, be-
ing already progressed, would have required a substantial reformulation, and because we
decided to keep our exposition as elementary as possible. Nevertheless, both frameworks
offered valuable material towards solving our specific problem.

In this thesis I have tried to create a bridge between the results of our paper [HLW19]
on symplectic poset representations and isotropic triples, which is the content of Chapters
[7 and [§| below, and the general frameworks of Sergeichuk and Scharlau et al., respectively.
To this aim, I have included a minimum of necessary material on additive categories with
duality (in Chapter {4] above), and used the questions of classifying linear Hamiltonian
vector fields and linear symplectomorphisms as examples to illustrate the general approach.
These two “case studies” are presented in Chapter [ below, and for these I also borrow
various methods and results from our paper [HLW19]. Thus Chapter |§| serves both as a
“warm up” for the more involved analysis of isotropic triples in Chapter [§] and also serves
as a guide to the connections with the broader categorical picture, since these connections
are not explicitly made in the material on symplectic poset representations and isotropic
triples.



CHAPTER 5

Primers and preliminaries

In this chapter, we give a quick primer on symplectic geometry, followed by a small
excursion on the role of symplectic geometry in classical mechanics, for those readers
unfamiliar with this topic. All vector spaces are assumed finite-dimensional over a ground
field not of characteristic 2.

5.1. What is symplectic geometry?

One way to think of symplectic geometry is that it is a skew-symmetric cousin of
orthogonal geometry, of which Euclidean geometry is a special case. By an orthogo-
nal geometry we mean a k-vector space V equipped with a non-degenerate, symmetric
bilinear form

B: VeV —k

Non-degenerate means that if B(v,w) =0 Vw € V, then v = 0 follows. Symmetric means
B(v,w) = B(w,v) Yv,w € V. If the ground field is the real number field, k = R, and if B
is additionally positive definite (B(v,v) > 0, with equality if and only if v = 0), then we
speak of a Euclidean geometry.

A symplectic geometry is a k-vector space V equipped with a bilinear form B which
is non-degenerate and skew-symmetric, i.e. B(v,w) = —B(w,v) Yv,w € V. In this case,
the bilinear form is called a symplectic form or a symplectic structure, and is often
denoted with the letter “w” (though we will sometimes use other letters, such as “B”).

In the case of an orthogonal geometry, the bilinear form B is sometimes called a metric
structure. This is because the associated function V' — k,v — B(v,v) is sometimes
thought of as a measurement of “length”. In the case of a Euclidean geometry, not only

does ||v]| := B(v,v) encode the length of a vector, but B also encodes angles between
vectors via the well-known formula
B
cos(6) = M7
[oll[[w]

where 6 € [0, 7] is the angle between v and w.
For a symplectic geometry (V,w), there is no naive analogue of length, because the
skew-symmetry of w implies that

w(v,v) =0VYv e V.

Instead of lengths and angles, symplectic geometry is about measuring signed 2-dimensional
areas associated to ordered pairs of vectors. To explain this in a bit more detail, let us
introduce a few facts and terms.

First of all, for any symplectic geometry (V,w), the space V' is necessarily even dimen-
sional. And any such V, of dimension 2n, say, admits an ordered basis

(617 ey ena f17 ceey fn)7
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called a symplectic basisﬂ such that

w(ei,ej) =w(fi, fj) =0Vi,j and w(e;, fj) = { (1) lfelzse. J
The pairs (e;, f;) of basis vectors are called conjugate. An isometry between symplectic
vector spaces is called a (linear) symplectomorphism. The existence of symplectic bases
shows that any two symplectic vector spaces of the same dimension are symplectomorphic.
The group of isometries of a symplectic space (V,w) with itself is called the symplectic
group of (V,w), and denoted Sp(V,w).

Now let (v,w) be an arbitrary ordered pair of vectors in a symplectic space (V,w).
We spell out what w(v,w) measures geometrically. Choose a symplectic basis and let
V=WV1&- &V, be the corresponding direct sum decomposition given by setting V; =
span(e;, f;) for each conjugate pair of basis vectors. Consider the parallelogram A spanned
by v and w, and consider its projections onto each of the planes V;. In other words, from
(v,w) we obtain n parallograms A;, spanned by the n pairs of vectors (v;, w;) which are
the respective projections of v and w onto V;. Then the number w(v, w) is the sum of the
signed areas of the parallelograms A;. The signs here encode whether the vectors (v;, w;)
are positively or negatively oriented with respect to the basis (e;, f;) of V;. Since w(v,w)
is defined independently of any basis, this geometric description holds for any choice of
symplectic basis.

5.2. Hamiltonian mechanics

The definition of a symplectic geometry may seem a natural thing to study from a
pure mathematical point of view, but it also has plenty of physical relevance, although this
is slightly more hidden than the immediate relevance of such notions of angle and length.
Indeed, symplectic geometry first arose in the context of Hamiltonian mechanics, which is
a major branch of classical mechanics, i.e. the study of systems of classical point particles
(where a “point” can represent something very large, such as a planet). We explain this
connection now brieﬂyﬂ

An important, very simple example of a classical dynamical system is the situation
where one has a mass m (modeled as a point particle) which is positioned on a horizontal
surface and attached to a (horizontally positioned) coil spring, which is itself attached to
a wall.

We denote by x the distance of the mass from the wall, and consider the following
problem: assuming that we know the position z(tg) and velocity @(tg) of the mass at some
specific time tg, we wish to describe the future motion of the mass via a function z(t) of
time. For simplicity, we only consider the interaction between the mass and the spring,
i.e. we neglect friction, gravity, etc.. It turns out that a good model for this situation is
given by the differential equation:

(210) mi(t) = —kx(t)

IThis is not unique — there are in general many such bases.
2We take an efficient route, rather than one which follows a historical or conceptual ordering.
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where k is an empirically determined constant (a real number) which describes how “stiff”
the spring is. Together with the initial data z(tg) = z¢ and &(tg) = vg, the equation (210))
defines a so-called “initial value problem”, a solution x(t) of which describes the motion
of the mass m as a function of time. The equation is a description of the system in
a “Newtonian formulation” — the mass times the acceleration of a particle is set equal to
some description of a force acting on that particle (in this case the force exerted by the
spring). We wish to transform this equation into a “Hamiltonian formulation” in order to
illustrate the latter. For this, we first introduce new coordinates to describe the system
at hand: we set
q(t) :==z(t) and p(t) == mi(t).

So g describes position and p describes momentum. This allows us to write the second-
order differential equation as a system of first-order differential equations

g=21p

p = —kq.

We think of (q(t),p(t)) as a vector in R? (for each t) and we rewrite these two equations
as

. 0
9. f(q,
(211) [‘?]: oy !110:)
p —a¢H(q,p)
where H is the function R? — R defined by
(212) H(q,p) = 3kq” + 350"

This is called the Hamiltonian function of the system, and (211]) are Hamilton’s equa-
tions. The right-hand side of (211]) defines a vector field Xz on R?, i.e. a (smooth) map
R? — R?: it is called the Hamiltonian vector field associated to H since

2 H(q,p)
_ op
(213) Xy = [ 7 oy ]

is completely determined by H.

Symplectic geometry enters now in how we view the process of getting Xy from H.
Recall that to a bilinear form w on V (in our example V = R?), we have the associated
map

w: V=V oW (w):=w,w),

which is an isomorphism when w is non-degenerate. The standard basis on V = R? is a
symplectic basis for the symplectic form w given, in these coordinates, by the matrix

o]
-1 0|
We may rewrite as

(214) Xy =& 'dH,
where

0
* q ) (

H:V —YV — d
d ’[p} laH
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is the differential of H. Indeed, the coordinate matrix of &~! with respect to the standard
basis of V' and its dual basis is (also) the matrix

et

~—1 q | 0 1 %H(Qap) o %H(Qap)
o] [p ] N [ -1 0] o H (a.0) ] N [ ~ 331 (,p) ] '

In principle, any (smooth) function H : V' — R may be taken to be a “Hamiltonian
function”, though it may not necessarily have physical relevance. A vector field X : V — V
is called a Hamiltonian vector field if there exists some function H such that X = Xg
in the sense of . We note that not every vector field on V' will be Hamiltonian.

One of the major benefits of the Hamiltonian formulation is that the description of a
dynamical system is interlinked with a geometric theory. This allows for various simplifi-
cations and insights. Although we will not enter much further into this story, we indicate

and so

a few basic aspects.

The collection of all “possible” pairs (g,p) of position and momenta form what in
classical mechanics is called phase space. In our simple example above, we took phase
space to be V = R? (although we might also have chosen a subset thereof). In Hamiltonian
mechanics, phase space is modelled as a symplectic manifold or, more generally, as a
Poisson manifoldﬂ For purposes of illustration, we stick with our example V = R?, which
is a simple special case. We say that the triple (V,w, H) defines a Hamiltonian system.
For each (go,po) € V, we have an associated initial value problem

é(t) = Xu(c(t))
(215) { c(to) = (g0, p0)

a solution of which is a (differentiable) curve ¢ : R — V (for simplicity, we neglect analytical
subtleties, such as the fact that ¢ might not be defined on all of R). Under suitable
conditions, this initial value problem will have a unique solution and there is a flow map
associated to the vector field Xg: it is

P VXR-— V7 (q07p07t) — C(t)

where ¢(t) € V is the value, at time ¢, of the unique solution ¢ of (215]). In other words ¢
describes the time evolution of a dynamical system, as dependent on initial positions and
momenta. For each fixed ¢, the associated map

iV —V, (qo,po) — c(t)

is a symplectomorphism, i.e. the time evolution respects the geometry of phase space.

Another role that symplectomorphisms play in the Hamiltonian formulation is that of
symmetries; we will focus here only on linear symmetries. Before making a definition of
linear symmetry, we first give a characterization of linear symplectomorphisms in terms
of their interaction with Hamiltonian systems. Namely, fix a real symplectic vector space
(V,w) and for every smooth function H : V — R, consider its associated Hamiltonian
vector field Xg.

3A symplectic manifold is a (smooth) manifold equipped with a closed non-degenerate differential
2-form w.
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LEMMA 5.2.1. Let S : V — V be an invertible linear map. Then S is a symplectomor-
phism if and only if
(216) Xpos =S ' XS
for any smooth function H : V — R.
PrOOF. Note that
(217) d(HoS)=S"dHS
as maps V — V*. Indeed, given v,w € V,
[d(H 0 5)(v)](w) = dH(Sv)(dS(v)w) = dH (5v)(Sw) = [(S*dHS)(v)](w)
by the chain rule and the fact that S is linear. Equivalently, this means that
(218) W(XHosv,w) = w(XgSv, Sw) Yo, w e V.
Suppose now that S is symplectomorphism. Then we have
Xpos =@ Yd(HoS)=0"18*dHS = S7'o 'dHS = 71Xy S,
using that @~ 15* = S~1&~! since S is a symplectomorphism: indeed, it is readily checked
that a linear map S : V — V is a symplectomorphism if and only if the diagram
V<
(219) Sl TS* x
V. —— v

commutes.
Conversely, now suppose that S is an invertible linear map satisfying (216)) for any H.
Then, for any v,w € V,

(220) w(SXgosv, Sw) = w(Xgv, Sw) = w(Xgogv, w)

holds, where the second equation is given by . To show that S is a symplectomor-
phism, we show that Xp.sv can take any value in V' as we vary H. Indeed, given u € V'
arbitrary, define H := (@(u)oS™1), which is a linear function V. — R. Then dH : V — V*
is the constant map with value ©(u) o S~ € V*, and so

(221) Xtosv =@ Yd(H o S)v = w1 S*dHSv = w1 S*@(u) 0 S™! = u,
as desired. 0

By a (linear) symmetry of a Hamiltonian system (V,w, H) we mean an invertible
linear map S : V' — V such that if ¢ is a solution of %c(t) = Xp(c(t)), then Socis a
solution of %(Soc)(t) = Xpg((Soc)(t)). We think of the invertible map S as corresponding
to a change of coordinates, and a symmetry is a change of coordinates which does not
change the form of Hamilton’s equations (211)).

PROPOSITION 5.2.2. Let (V,w, H) be a Hamiltonian system. If S :V — V is a linear
symplectomorphism such that H o S = H, then S is a symmetry of (V,w, H).

PROOF. First, we note that H o S = H implies that also H o S™! = H. Now we
compute

d(Se) de

(t) = S (t) = SXn(c(t)) = SXpy(S71Se(t))
= SXu ST (Sc(t)) = Xpog-1(Sc(t)) = Xg(Sc(t)),
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which shows that S is a symmetry. U

REMARK 5.2.3. The diagramatic encoding is useful for seeing at once various
equivalent ways to express that a linear map S is a symplectomorphism; also, as explained
in the introduction of this thesis, this kind of description is basic to our overall point view
on geometric structures.

A vector field X : V — V is linear if it is a linear map. In Section [6.1| below we study
linear hamiltonian vector fields. In general, a (smooth) vector field X : V — V need not,
of course, be linear. However, in various examples, the “physical” Hamiltonian function
is quadratic — e.g. as above in (212) — and so the associated vector field is indeed linear.
In cases when X is non-linear, via Taylor expansion in points v € V' where X (v) = 0, we
may still approximate X locally with the help of a linear vector field, providing a first step
in analyzing a dynamical system.

LEMMA 5.2.4. Let (V,w) be a symplectic vector space. A linear vector field X : V. — V
1s Hamiltonian if and only if X is “symplectically skew self-adjoint” in the sense that the

diagram
V2 v
(222) x| |-
V—/7— V"

commutes. In this case, H(v) := 3w(Xv,v) is a Hamiltonian function for X.

PrROOF. Assume first that X = X is Hamiltonian, for some function H. By defini-
tion, this means that
(223) wX =dH.

The left-hand side of this equation is a linear function, so dH : V — V* must be
linear as well. This implies that d2H : V — Hom(V,V*) is constant, with image
dH € Hom(V,V*). On the other hand, because mixed partial derivatives commute,
d’H(v) € Hom(V,V*) ~ Hom(V ® V,R) is symmetric for each v € V. Thus we find
that d?H(v) = dH € Hom(V,V*) corresponds to a symmetric bilinear form on V, i.e.
dH = (dH)* o, where ¢ : V' — V** is the usual canonical isomorphism. Using the relation
, and the skew-symmetry of w, this means that

(224) 5X = (@X)* o1 = X*0*1 = —X*@,

which is precisely the relation (222) to be shown.
Now assume that (222) holds, and set H(v) := 3w(Xv,v). Then we have, for v,w € V,

(dHv)(w) = jw(Xw,v) + jw(Xv,w) = 5 w)(v) + 3(OXv)(w)
= —3(X"ow)(v) + 3(@Xv)(w) = —3(@w)(Xv) + 5(@Xv)(w)
= 3(@Xv)(w) + 3(@Xv)(w) = (GXv)(w).

1
Pl
(@X



CHAPTER 6

Linear Hamiltonian vector fields and symplectomorphisms

Throughout this chapter we work with finite-dimensional vector spaces over a field
which is perfectﬂ and not of characteristic 2.

We consider Section below on linear Hamiltonian vector fields especially important
from an expository point of view. In it one may see most of the essential techniques and
ideas that will also appear later in the more involved analysis of isotropic triples, which
is given in Chapter [} It also serves as a template for a similar analysis which may be
carried out for the case of linear symplectomorphisms. Instead of spelling out such a
treatment, we have sketched a shortcut route and summarized the key results for linear
symplectomorphisms in Section [6.2

In Section various of the Propositions and proofs are essentially duplicates of
corresponding statements in Chapter [7} In such cases, we often omit the proof and refer
to the corresponding statement there.

6.1. Linear Hamiltonian vector fields

As discussed in Lemma a linear Hamiltonian vector field on a symplectic vector
space (V,w) is a linear map X : V' — V such that the diagram

Vv 2y
(225) Xl l—x*
V— Vv

commutes. We can change perspective slightly, and view this data as consisting of the pair
(V, X) — an endomorphism of a vector space V — together with a symplectic structure w
which is compatible with X in the sense that commutes. From this perspective, we
are precisely in the situation of Example with e = —1. That is, a linear Hamilionian
vector field (V, X,w) is the same thing as a fixed point in the category End(vect™) whose
objects are endomorphisms (V, X') and which is equipped with the duality involution (4, n)
where
YV, X)=(V*,—-X")
and
ny :V— V" vr— (&~ —£(v)).

Thus, given a linear Hamiltonian vector field (V, X, w), we call (V, X), or just X, the
underyling endomorphism. In fact, we will use here various terms from Chapter (and
also Sections and which apply to the special case of linear Hamiltonian vector
fields: terms such as “morphism”, “indecomposable”, “compatible form”, etc.. So,
for example, a morphism

(‘/7 Xaw) — (Vlalewl)

1A field k is called perfect if every algebraic extension of k is separable. There are many fields which
fulfil this condition: examples of perfect fields include all finite fields, and all fields of characteristic zero.

93
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of linear Hamiltonian vector fields is a linear map which is a morphism (V, X) — (V, X”)
of endomorphisms and which is also an isometry (V,w) — (V', ).

In the subsequent subsections, we will employ the results of Chapter [4] toward classify-
ing, up to isomorphism, all indecomposable linear Hamiltonian vector fields. For the case
k = R as an illustrative example, we will obtain a full classification. The basic “recipe” is
as follows.

REMARK 6.1.1 (Classification procedure).

Step 1 Start with a description of the indecomposable types for the underlying category.
Here the underlying category is C = End(vecty).

Step 2 Classify which indecomposables are dual to which; in particular, find the self-dual
ones.

Step 3 Determine which self-duals admit compatible forms.

Step 4 For each self-dual indecomposable admitting a compatible form, determine how
many such forms exist, up to isometry.

6.1.1. Indecomposable endomorphisms. As regards Step 1, we first recall the
definition of the category End(vecty). Its objects are pairs (V, X) consisting of a finite-
dimensional k-vector space and an endomorphism X : V' — V. A morphism S : (V, X) —
(V',X') is a linear map S : V' — V' such that

v X,y

(226) ls ls

V/ X' V/
commutes. End(vecty) is an additive category, where the biproduct is the obvious notion
of direct sum of endomorphisms:

(227) V,X)e (VX" =VaV XeX).

Furthermore, the Krull-Schmidt theorem holds in End(vecty), i.e. every endomorphism
(V, X) has a direct sum decomposition into indecomposable summands, and such a decom-
position is essentially unique. It is a general fact of linear algebra that, up to isomorphism,
the indecomposable endomorphisms are enumerated by objects of the following form

(228) (k[t]/(p™), My)

where p ranges over all monic irreducible polynomials in k[t|, m ranges over all positive
integers, and M; is the endomorphism “multiplication by t”, where ¢ is the image of
t € k[t] under the quotient map k[t] — k[t]/(p™). The vector space k[t]/(p™) comes with
a canonical ordered basis

(229) (L,t, 2%, ..., "),

where k& = deg(p). This exhibits in particular that (k[t]/(p™), My) is cyclic, i.e. there exists
a non-zero vector whose orbit under the action of M; is the whole vector space (here, 1 is
such a vector).

For a given indecomposable (k[t]/(p™), M¢), the polynomial p™ is the minimal poly-
nomial of M;, and this polynomial is also the characteristic polynomial, since M; is in-
decomposable. Thus the list says that the isomorphism class of an indecomposable
endomorphism is completely characterized by its minimal (= characteristic) polynomial.

In the following it will be useful to have normal forms, in terms of coordinate matrices,
for indecomposable endomorphisms. We will work with a generalized Jordan normal form
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(which we call Mal’cev normal form) which always exists provided that we work over a
ground field which is perfect.

Over an algebraically closed field, the usual Jordan normal form of an indecomposable
endomorphism (V, X) amounts to the existence of a basis of V' such that the associated
coordinate matrix of X has a single eigenvalue as its diagonal entries, ones as entries on
the upper diagonal, and zeros as all other entries. The generalized Jordan normal form
will be a block matrix having a similar form as before, but with the eigenvalue replaced
by a suitable generalization.

To formulate this, recall that given a monic polynomial

q(t) =t" + "Nt ag,

its companion matrix (also called “Frobenius matrix”) is the matrix

-0 . 0 —ag 1
1 0 0 —aj
(230) 0 1
: 1 0 —apo
0 0 1 —ap_1

This is precisely the coordinate matrix of the endomorphism (k[t]/(p™), M;) with respect
to the basis (229)), with ¢(t) = p(t)™.

PROPOSITION 6.1.2 (Mal’cev normal form). Let k be a perfect field, and let (V,X) be
an indecomposable in End(vecty). Let q(t) = p(t)™ be the minimal polynomial of X, with
p(t) irreducible. There exists a basis of V' with respect to which the coordinate matriz of
X has the form

[z 1 0 0]
0 Z 1
(231) Lo
0 Z 1
0 0 Z

where Z is the companion matriz of p(t).

For proofs and discussion, see [Mal63]. In the case of an indecomposable endomor-
phism of the form (k[t]/(p™), M), a basis putting M; into Malcev normal form is

{1, 6,2, .., t™ 51p(0), tp(L), 2p(L), ..., ™ p(L); . ..

1p@®) ) 2p) T £ ()™,
(see, for example, [Rob70]).

6.1.2. Self-dual indecomposables. We proceed to Step 2: we wish to determine
which indecomposable endomorphisms are dual to which, with respect to our chosen du-
Since this
duality involution is an additive functor, the dual (V*, —X™) is indecomposable when
(V, X) is. Thus, to identify which indecomposable endomorphisms are dual to each other,
we need to know the minimal polynomial of —X™* relates to the minimal polynomial of X.

ality involution. Namely, the dual of an endomorphism (V, X) is (V*, —X*).

Consider the following involution on k[t]: given a polynomial

q(t) = apt® + ap_1t" L+ + art + ag,
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set
q'(t) == apt® + (=) ap_1t* 4+ (=D  Lagt + (—=1)Fa.
Note that if ¢(t) is monic, then so is ¢'(t).

LEMMA 6.1.3. Let q,p € k[t]. Then (¢p)T = ¢'p'.

Proor. Let p = (ag,ag—1,...,a1,a9) and ¢ = (b;,b;—1,...,b1,b9) and recall that the
n-th coefficient of pq is ¢, = >, ;_,, a;bj. The n-th coefficient of (pq) can be written as

(—1) ey =37 i (1) agb;.
On the other hand, the n-th coefficient of pfqt is
> DR = Y (=) b = Y (1) gy
i+j=n i+j=n i+j=n
O
LEMMA 6.1.4. Let (V,X) be an endomorphism, and let qx be the minimal polynomial
of X, and q_x the minimal polynomial of (V,—X). Then

4-x = dk-

PRrROOF. Note, first of all, that for any polynomial p = (ag,...,a0) it holds that
pH(=T) = (=1)%&P)p(T):
p'(=T) = ap(-T)" + (=1) ar_1 (=T Lo+ (=) Lar (=T)" + (=1)Fao
= (=1)*p(T).
It follows in particular that —7' is annihilated by q;(:
ak (=T) = (~1)*¥@)qx(T) = 0.

This shows that q_X]q;(, and so deg(q_x) < deg(q;) = deg(gx)-
On the other hand,

¢ (1) = ' y(=(-T)) = (-1)Fq_x(-T) =0,

which implies that qX]qT_X. In particular deg(gx) < deg(qT_X) = deg(¢—x). Thus we find

that deg(q—x) = deg(q&)7 and so g_x = q;(. O

LEMMA 6.1.5. Let (V,X) be an endomorphism. Then (V,X) is isomorphic (non-
canonically) to (V*, X*) via a linear isomorphism T : V' — V* which is symmetric in the
sense that (Tv)(w) = (Tw)(v) for all v,w € V.

PROOF. See, for instance, [TZ59]. O

COROLLARY 6.1.6. Let (V,X) be an endomorphism, with minimal polynomial qx.
Then (V*,—X™*) has minimal polynomial
q—-x* = (qx-
In particular, if (V,X) is self-dual, i.e. if (V,X) is isomorphic to (V*,—X*), then

qx = Q_Jg('

PROOF. By Lemma (V,—X) and (V,—X*) are isomorphic, so they have the
same minimal polynomial. And by Lemma this polynomial is qg(, where ¢x is the
minimal polynomial of (V, X). O



6.1. LINEAR HAMILTONIAN VECTOR FIELDS 97

COROLLARY 6.1.7. Let (V,X) = (k[t]/(p™), M) be an indecomposable endomorphism
(so p is irreducible). Then (V,X) is self-dual if and only if p = p'.

PROOF. The minimal polynomial of (V, X) = (k[t]/(p™), My) is qx = p™.

If (V, X) is self-dual, then by Corollary qx = q}. Conversely, if ¢x = q;, then
(V, X) is self-dual, since for (V, X) indecomposable, (V*, —X*) is also indecomposable,
and for indecomposable endomorphisms, the minimal polynomial is a complete invariant.

We need to still show that ¢x = q} if and only if p = pf. By Lemma q;{ =
(p™)t = (p")™, so clearly p = p! implies qx = q;. On the other hand, if q; = ¢x, then
qx = (p")™ = p™ are two factorizations of ¢x as a product of irreducibles. Since such a
factoriziation must be unique, p = p' follows. O

The previous corollary tells us that the isomorphism classes of self-dual indecomposable
endomorphisms are enumerated by pairs (p, m), where m is a positive integer and p is an
irreducible monic polynomial such that p = pf.

LEMMA 6.1.8. Suppose p is an irreducible monic polynomial such that p = p'. Then,
Type I p(t) =t, or
Type II: Only even powers of t appear in p(t). In particular, p(t) has even degree.

ProOF. We assume pl = p. Let degp = 1. Then p(t) = t + ap and p'(t) = t — ag, so
p' = p implies ag = 0.

Now suppose deg(p) > 1. If deg(p) were odd then p' = p implies that (—1)*ag = ag
means —ag = ag, so ag = 0. But then ¢ divides p, a contradiction to the irreducibility of
p. This shows that deg(p) is even.

Now consider a,,, the n-th coefficient of of p, for n odd. The n-th coefficient of p' is
(—1)*="a,,, where k = deg(p). Since p’ = p, we have (—1)k¥—"
k —n is odd, so we must have a,, = 0. ]

an = ay, and since k is even,

REMARK 6.1.9. Let p(t) = t. The indecomposable endomorphisms of the type
(k[t]/(p™), My)

are precisely the indecomposable nilpotent ones.

In general, the question of which polynomials in k[t] are irreducible is, of course,
dependent on the field k. For algebraically closed fields, irreducible polynomials have
degree 1, so the only self-dual irreducible monic polynomial in this case is p(t) = t. For
k = R, the irreducible monic polynomials are

(232) p(t)=t+ag, a€R and  p(t) =t> -2zt + (2° +¢%), xR,y >0.

In other words, these irreducibles are parametrized by the orbits of the “complex con-
jugation action” of Zg on R? ~ C given by (x,y) — (z,—y). We are folding the plane
along the real axis. The involution p — p' induces an action of Zy on the above space
of irreducible polynomials which corresponds to (z,+y) — (—z,+y), i.e. we are folding
along the imaginary axis. Fixed points of this action correspond to the irreducibles that
are self-dual; these are

(233) p(t) =t and  p(t) =t*+ag, ag>0.
For reference later, we summarize our result for k = R:

COROLLARY 6.1.10. The self-dual indecomposable endomorphisms over k = R are, up
to isomorphism, those (R[t]/(p™), My) for which p is one of the types (235).
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6.1.3. Existence of compatible forms. We are now at Step 3 of the classification
procedure given in Remark

Let (V,X) = (k[t]/(p™), M;) be a self-dual indecomposable endomorphism. From the
previous section we know that its minimal polynomial p™ is such that p! = p, which
means that p is an irreducible polynomial which is either p(t) = t (type I) or such that
p only contains even powers of ¢ (type II). Note that in the latter case, p” will also only
contain even powers of t. Our aim in this section is to tackle “Step 3”, i.e. to determine
skew-symmetric compatible forms exist for (V, X).

As a first step, we describe an explicit symmetric isomorphism 7" : (V, X) — (V*, X*)
which works for any indecomposable (V, X). Then we’ll define an isomorphism (V, X) —
(V,—X), using that (V, X) is self-dual.

Let k = deg(p), and set n = km. Let

(234) q(t) == p™(t) =t" 4+ ap_1t"L + -+ art + ag.
Consider the basis

(235) (L,t,£%,..,t" ")

of V and the linear map 7 : V — k defined by

. 1 ifj=n—1
7)) =
(236) m(t') {0 ifj<n-—1.

Recall that by definition
q(t) =t" + an1t" "+ +art+ag =0,

SO
t"=—ag—art — - —an_1t" .
In particular,
T(t") =7(—ap —art — - — an_1t"') = —ap_1,

and

") =7(t"t) = 7(—aot — art? — -+ — ap_ot" " = an_1t") = —an—z — ap_17(t"),
and so on.

Now we define T': V' — V* via the basis (235)) by
(237) (TH)(t) = (') 0<4,1<n—1.

LEMMA 6.1.11. T : V — V* is a symmetric tsomorphism.

PROOF. It is immediate from (237 - since addition of integers is commutative - that
T is symmetric.

To see that T is invertible, note that, by , (Tt (t) =0ifi+j < n—1 and
(Tt)(t") = 1if i +j = n — 1. Thus the coordinate matrix of 7' (with respect to the above
basis) is of the form

(238) N
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with zeros above the anti-diagonal. Using the Laplace expansion formula for determinants,
it follows that detT = 41, so T is an isomorphism. ([l

LEMMA 6.1.12. T is a morphism (V, X) — (V*, X¥).
PROOF. We check this using the basis . On the one hand,
(TXE)(E) = (T () = 7@ ).
On the other hand,
(X*TE)(t) = (TE)(X1') = (T) (™) = 7("*).
(|

Now we construct an isomorphism D : (V, X) — (V,—X). Note that —X = —M; =
M_;. Define D on the basis (235)) by

D) = (-1)¥ 0<j<km-—1.
So, in coordinates, D is given by the matrix

1
~1
(239) 1

(_1)km71

LeEMMA 6.1.13. Let (V,X) = (k[t]/(p™), M) be indecomposable and self-dual. Then
D defines an isomorphism
(V,X) = (V,-X).

PRrROOF. Clearly D is a linear isomorphism. To check that D intertwines X and —X,

we use the basis (235]). First let j € {0,...,n — 2}. We have
DXﬁj —_ D§j+1 — (—1)j+1§j+1 — —(—1)j§j+1 — _(_1)thj — —XDij.
Now let j =n —1, and let ¢ = p™ = t" + ap_1t" ' +--- + ap.
Case 1: p(t) = t. In this case ¢(t) = t", and so t" = 0. Thus we have
DXt = Dt =0
and
~ XDt/ = - X (1)t = (—1)/ Tt = 0.

Case 2: p (and hence also ¢ = p™) contains only even powers of ¢. In particular j =n —1

is odd, since n = deg(q) is even.
Here, on the one hand, with j =n — 1,

DXt/ = Dt" = —ag — a1 Dt — ayDt* — -+ — @ D"
= —ap— (~1)'t—ay(=1)°f =+ = (=1)" ™!
= —ag — agt? — -+ — ap_ot" >
=" ="

And on the other hand
_XDt] — —XDEn_l — —X(—l)n_ltn_l — in—l — ETL — £j+1

since n — 1 is odd. O
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PROPOSITION 6.1.14. Let (V, X) = (k[t]/(p™), M) be an indecomposable self-dual en-
domorphism, and let n = deg(p™). Define a bilinear form B on V wia the basis

by
B/, t') = (-1)/r (&) 0<jl<n—1,
where 7 : V. — k is the map , i.e.
; 1 ifj=n-—-1
7y =
() {o ifj<n—1.

Then B defines a compatible form which is symmetric if dimV is odd, and skew-symmetric
if dimV is even.

PRrROOF. It is readily checked that B corresponds to the map T'D : V. — V* where T
is the map from Lemma [6.1.11] and [6.1.12] and D is the map from Lemma [6.1.13] This
shows that B is a compatible form, since

(V,X) 25 (V,—X) = (V,—X*).

Next, to show that B is pseudosymmetric, with parity opposite to the parity of dimV,
note that

(240) B/, t') = (—1)/(-1)*'7(¢' ™) = (-1) T (-1)!r (7)) = (1) B, ).
Now we consider two cases.

Case 1: p(t) = t. In this case, for any h € N, we have 7(t") = 1 if h = n — 1, and
7(t") = 0 otherwise. Thus, when j +1=mn — 1,

B(t',t") = (=)' B(', /) = (-=1)" ' B(¢, /).

And when j + 1 # n — 1, then B(¢/,t) and B(#',#) are in any case both zero.

Case 2: p (and so also ¢ = p™) contains only even powers of ¢. In particular dimV =
deg(q) is even. In this case, for any h € N, we have 7(t") = 0 if h is even. This is clear for
h <n, and for h > n may be proved via induction, since when n is even

= (—ag — agt® — -+ — ap_1t"?)

is again a sum of even powers of t. Thus, for j + [ even, both B(t/,t') and B(t,t/) are
zero. If j + [ is odd, then

B(t/,t') = (-1)’"'B(¢,t)) = —B(¢, V),

as claimed.

0

REMARK 6.1.15. With respect to the basis (235)), the coordinate matrix of the com-
patible bilinear form B has the following structure

(-1 ]

*
-1

1 *x ... *

Wy ”

(here, “x” indicates unspecified elements of the matrix). In the special case when ¢(t) = t",
then all entries below the antidiagonal are also zero.
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6.1.4. Uniqueness of compatible forms. We come to Step 4 of the procedure
listed in Remark For the question of uniqueness of compatible forms, we assume
now that we are working over a ground field k which is perfect. This allows to use the
Mal’cev normal form discussed in Proposition [6.1.2

In fact, we will first describe a way to construct compatible forms which uses this
normal form, and is slightly different from the construction of the previous section. For
this, let (V, X) be an indecomposable self-dual endomorphism, with minimal polynomial
p™, where p is irreducible and of degree I. Let Z be the companion matrix of p (it is
an | x [ matrix), and let A be the coordinate matrix of X in Mal’cev normal form, with
respect to a suitable fixed basis of V.

LEMMA 6.1.16. If | is even, the | X I companion matriz Z admits both symmetric
and skew-symmetric compatible forms. That means: there exist both symmetric and skew-
symmetric non-degenerate matrices T such that

TZT ' = -7
If | is odd, there exists compatible symmetric forms.
With this lemma we can prove

PROPOSITION 6.1.17. Let A be coordinate matrix of the indecomposable endomorphism
X in Mal’cev normal form, with block diagonal entries Z. Let T be a matriz as in Lemma

and define the following block matriz
' (-1

(242) H=Hy = T
-T
T

(all entries away from the block-antidiagonal are zero). Then H defines a compatible form
for A, i.e.

HAH ' =-A
and the parity e(H) of H is determined by the parity of T via e(H) = (—1)™"te(T).

COROLLARY 6.1.18. Let (V,X) be an indecomposable self-dual endomorphism, with
minimal polynomial p™, where p is irreducible and of degree . We continue to assume
that the ground field is perfect.

If p is of type I, i.e p(t) =t, then X admits compatible symmetric forms if m is odd,
and compatible skew-symmetric forms if m is even.

If p is of type 11, then dim(V') = ml is even and X admits both compatible symmetric
and skew-symmetric forms.

REMARK 6.1.19. Note that if p is of type I, i.e p(t) = t, then T is a 1 x 1 matrix,
and H coincides with the matrix given in Remark If p is of type II, this will in
general not be the case; in particular, for p of type II, the matrix in Remark is
always skew-symmetric.

PRrROOF OF THE COROLLARY. The statement for p of type I follows from the results
of the previous section, as does the existence of skew-symmetric forms for p of type I1.

For the existence of compatible symmetric forms in the case of p of type I1, the
integer [ is necessarily even, and we consider two subcases. If m is odd, we choose T to
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be a symmetric compatible form as in Lemma [6.1.16] and if m is even, we choose T" to be
skew-symmetric. Either way then, via e(H) = (—1)™ 1¢(T), the parity of H will be even,
i.e. H defines a compatible symmetric form. O

PROOF OF THE PROPOSITION. The proof is a calculation with block matrices. We
refer to the proof of Proposition [8.6.9] where essentially the same proof is spelled out. [

PrROOF OF THE LEMMA. The statement for [ odd follows from the previous section,
where existence of symmetric compatible forms in odd dimension was shown. For [ even,
this lemma is proved in Proposition [8.6.4f The proof given there is quite “hands-on”
and technical; it should be possible to give a more conceptual proof using the fact that
a self-dual monic polynomial p of type I, when we pass to an algebraic closure of the
ground field, will be of the form p = s's, for some polynomial s. The expectation is that
for polynomials of this form, there should be a canonical way to construct compatible
symmetric and skew-symmetric forms for the associated endomorphism. We leave this
idea, however, for future work. ]

As a next step toward studying uniqueness of compatible forms for an indecomposable
self-dual endomorphism (V, X), we need a description of the endomorphism algebra of
(V, X). By definition, this consists of all endomorphisms of V' which commute with X.

We fix again a basis of V' such that X is in Mal’cev normal form, with coordinate matrix
A. We give a description of the endomorphism algebra of X in terms of the endomorphism
algebra of A. Denote by N the standard nilpotent matrix having all entries zero, except
for ones on the upper off-diagonal. As above, we let p™ be the minimal polynomial of X,
with p irreducible of degree [. Thus the Mal’cev normal form is in terms of block-matrices
with I x [ blocks. Note that N', the I power of N, may be viewed as a “standard nilpotent
block matrix”, with [ x [ blocks.

The following proposition says that elements of End(A) are “polynomials in N with
coefficients in k(Z)”. The field k(Z) is the subring of ml x ml matrices given by matrix
polynomials in the block diagonal matrix having Z as its diagonal blocks. That this
subring is actually a field follows from the fact that the minimal polynomial p of Z is
irreducible. For notational convenience, we set F' := k(Z).

PROPOSITION 6.1.20. Let A be in Mal’cev normal form, with diagonal blocks given by
the companion matriz Z of the irreducible polynomial p of degree l. The endomorphism
algebra End(A) of A consists of the matrices of the form

k—1
(243) > Zi(NY, Z; € F.
=0

Furthermore, in the “coefficients” Z; are unique.

Given an arbitrary element C' = Zf:_ol Z;(NY)! of End(A), note that it is block upper
triangular, with Zgy as its block-diagonal entries. In particular C is invertible if and only
if Zy is invertible.

The radical of End(A) consists of those Zf:_ol Zi;(NY? for which Zy = 0; we have

End(A) = F1 & Rad(End(A)).
PROOF. This is treated in Proposition [8.6.11] and its proof. O

Now let us consider two compatible forms, By and Bs, for the self-dual indecomposable
endomorphism (V, X). We assume that they have the same parity, and we say that B
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and Bs are equivalent if there exists an endomorphism f of (V, X)) which is an isometry
between B; and By. In other works, such that Ba(fv, fw) = By(v,w) for all v,w € V.
The question of uniqueness of compatible forms for (V, X) is the question of how many
such forms (of a fixed parity) exist up to equivalence. We continue to work with a basis
for which X has Mal’cev normal form A. Let H; and Hs be the corresponding coordinate
matrices of By and Bs, respectively.

LEMMA 6.1.21. Let A be the Mal’cev matrix of a self-dual indecomposable endomor-
phism, with diagonal blocks given by the companion matriz Z. Let Hy and Hy be two com-
patible forms for A of the same parity (i.e. either both symmetric or both skew-symmetric).
Then there exists an invertible “scalar” Cy € F = k(Z) such that Hy and H1Cyl are equiv-
alent.

REMARK 6.1.22. Note that, for Cy € F invertible, Cy1 is in the center of End(A), so
H1Z is again a compatible form.

PRrROOF. The above lemma and the proof given here are a special case of Lemma|[8.6.16
and its proof. Nevertheless, we include this proof also here to show the reader what it
involves. In particular it relies a bit on some algebraic trickery which, to me, is still
somewhat opaque. We set E := End(A) and we let £ denote the parity of the compatible
forms, i.e. H} = ¢Hj.

Let T denote the antiautomorphism given by the operation of adjoint with respect to
Hy,ie. Mt = H'M!H; for any matrix M (of the correct size). Note that when M is in
the endomorphism algebra E of A, then so is M. Note also that (Hfl)Jf = Hft.

Observe that H, ! H, determines an automorphism of A, so

H1_1H2 = Col — Ry for some invertible Cy € F and Ry € radFE.
It follows that
(Col)' — Rl = (H; 'Ho)" = HY(H ") = H " HyH H; !
= H'eHyHieH; ' = H'Hy = CoI — Ry.
Since E = FI®rad E and this decomposition is preserved under taking adjoints, (CoI)f =

Col and Rl = Ry.
Set,

R:=Ci'Ry = RyCy', Hz:=HyCy', C:=H 'H3=1-R.
Then RT = (Cy 1)TRJr =Cy 'Ry = R and since R is nilpotent we can proceed as in Lemma

and construct a unit h € E such that h*H1h = H3 (where Hs here plays the role of
Hy in that Lemma). Setting f := h~! and using that F is commutative, we obtain

[THyf = f*H3Cof = f*H3fCy = H1Cy.
]

The previous proposition only gives a certain bound on the number of possible in-
equivalent compatible forms. For a more precise statement, we need to know more about
the ground field k. In the following we illustrate how this can work for the case when
k = R. Since we are, after all, studying Hamiltonian vector fields in this section, we focus
only on compatible skew-symmetric forms (i.e. symplectic forms).
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PROPOSITION 6.1.23. For the ground field, let k = R. Let (V,X) be an indecomposable
self-dual endomorphism, with minimal polynomial p™, where p is irreducible. Assume that

V is even-dimensional. Up to equivalence, there exist precisely two compatible symplectic
forms for X.

Proor. We work in coordinates with respect to a basis putting X into Mal’cev normal
form A. We distinguish two cases, based on whether the self-dual polynomial p(t) is of
type I, i.e. p(t) =t, or of type IL

In the first case, when p(t) = ¢, the companion matrix Z of p is the 1 x 1 matrix (0),
and so F' = k(Z) = k. By Lemma this means that any two compatible symplectic
forms are equivalent, up to multiplication by a scalar in R. Fix a compatible symplectic
form H; then, for any other compatible symplectic form H’, there exists an invertible
scalar ¢ such that H and cH' are equivalent. If c is positive, cH’ is in fact equivalent to H
via the isometry “multiplication by +/c”; if ¢ is negative, cH' is equivalent to —H. This
shows that, up to equivalence, there is at most the compatible forms H and —H.

To prove that these two forms must be distinct, one may choose a specific H in
coordinates (e.g. as constructed above), and then use the specific structure of elements of
the endomorphism algebra of X in coordinates; see the proof of Theorem

Now consider the second case, i.e. where p is of type II. Then p is necessarily of the
form p(t) = t* + ap for some real scalar ag > 0. The roots of p(t) in C are +i\/a,. The
companion matrix Z of p is

0 —ag
s

and the field R(Z) is a subfield of R?™*2™ which is isomorphic to C: it consists of block
diagonal matrices of the form C'1, where C' is any 2 x 2 matrix of the form

T -y
y T
for z,y € R.

Again, we can choose a compatible symplectic form H for X in coordinates, e.g. of
the kind in Proposition |6.1.17] and show that, up to equivalence, H and —H are the only
two such forms. For how one may spell this out, see Theorem O

6.1.5. Classification of indecomposable linear Hamiltonian vector fields. We
give the full classification for the case k = R. By Proposition [£.4.16 any given indecom-
posable linear Hamiltonian vectors field (V, X, w) is of one of two possible types:

e Non-split: (V,X) is an indecomposable endomorphism (necessarily self-dual,
since w : (V, X) — (V*,—X™)).

e Split: (V. X,w) >~ (Vo & V', Xo & —X{,Q2), where Q denotes the canonical hy-
berbolic symplectic structure on Vy @ V7, and (Vp, Xo) is an indecomposable
endomorphism.

Recall that indecomposable endomorphisms are classified, up to isomorphism, by pairs
(p,m), where p is an irreducible monic polynomial, and m is a positive integer (the inde-
composable endomorphism corresponding to (p,m) has minimal polynomail p™).

THEOREM 6.1.24. The following is a complete classification of (non-zero) indecompos-
able linear Hamiltonian vector fields (V, X,w), up to isometry.
Non-split types:
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(1) (p,m,x), where p(t) =t, m is even, and + indicates that, up to isometry, there
are two possible compatible symplectic forms. In other words, there are precisely
two linear Hamiltonian vector fields of this type (up to isometry) for every even
m € Zy.

(2) (p,m, %), where p(t) = t*> + ag and ag > 0. Thus there are uncountably many
indecomposable linear Hamiltonian vector fields of this type, two for every pair
(ap, m), where ag € Ry and m € Z.

Split types:
(1) (Vo, Xo) is of type (p,m), where p(t) =t and m is odd.
(2) (Vb, Xo) is of type (p, m), where p(t) =t + ag, with ap € R4, and m € Z..
(3) (Vo, Xo) is of type (p,m), where p(t) =t — 2zt + (x? +y?), withx € R,y € Ry,
and m € Z.

REMARK 6.1.25. Let (V, X,w) be an indecomposable linear Hamiltonian vector field,
and let o be the spectrum of X in C, i.e. its set of eigenvalues over C. For the five types
listed above, we have
Non-split types:

(1) o ={0}
(2) o ={v—ao, —v—ao}
Split types:
(1) o ={0}
(2) o= {ao, —ao}
(3) o ={x+vV-1y,z —V—1ly,—x +v—1y, —x — V/—1y}

PROOF OF THE THEOREM. As mentioned above, by Proposition [4.4.16| it is sufficient
to classify the split and non-split types, respectively.

The list of indecomposable split types corresponds to the classification of non-selfdual
indecomposable endomorphisms (and these correspond to those (p,m) for which p is not
listed in ), together with the knowledge of which indecomposable endomorphisms are
dual to which (this is given by Lemmal[6.1.4). In the split types (2) and (3), respectively,
we restrict to ag € Ry and z € Ry so that we only count one split indecomposable
Hamiltonian vector field for every dual pair of indecomposable endomorphisms.

For the non-split types, the enumeration of the underlying indecomposable endomor-
phisms follows from Lemma[6.1.4)and from the existence result Proposition [6.1.14] that ev-
ery such admits compatible symplectic forms when the ambient space is even dimensional.
The uniqueness result Proposition shows that there are in fact always precisely two
compatible forms, up to isometry. O

REMARK 6.1.26. The classification given in Theorem [6.1.24] is consistent with the
known classification of linear Hamiltonian vector fields as presented in [LIM74] and [Koc84].
We indicate briefly how the types listed above correspond to the classifications in those
papers.

In [LMT74], the classification is split into four cases, and Case 3 is split into two
subcases, involving two types of spaces, of the kind “U” or “Y”. From Theorem
the non-split types (1) and (2) correspond to Case 3, Subcase “U”, and Case 4, respectively,
while the split types (1), (2), and (3) correspond to Case 3, Subcase “Y”, Case 1, and
Case 2, respectively.
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In [Koc84], the classification is given twice, both times in terms of two different lists of
normal forms. Fach list is ordered into six types. We will compare with List II. The non-
split types (1) respectively (2) of Theorem correspond to the types (1) respectively
(3) and (4) in List II of [Koc84]. The split types (1), (2) and (3) of Theorem
correspond to the types (2), (5), and (6), respectively, from [Koc84].

6.2. Linear symplectomorphisms

A linear symplectomorphism S on a symplectic vector space (V,w) is a linear map
S :V — V such that

|, v
(244) Sl TS*
V—7F V"

commutes. In other words, S is an isometry of (V,w). In particular, because w is non-
degenerate, S must be injective, and thus, since V' is assumed to be finite-dimensional,
S is invertible. Similar to the case of linear Hamiltonian vector fields, we will think in
terms of (V,S) being an automorphism of V', together with a symplectic structure w which
is compatible with S in the sense that commutes. This puts us in the situation of
Example with e = —1. That is, a linear symplectomorphism (V, S,w) is the same
thing as a fixed point in the category Aut(vect™) whose objects are automorphisms (V,.5)
and which is equipped with the duality involution (d,7) where

(245) (V. 8) = (V*,(s71)")

and
ny :V—V"vr— (&= —&(v)).

Here again, we have an obvious “inherited” notion of direct sum (and associated no-
tions of indecomposability, etc.) making Aut(vect™) an additive category which satisfies
the hypotheses of Section [£.4) and of Proposition therein. Thus, we can follow the
procedure outlined in Remark and perform an analysis which is analogous to the
one done above for linear Hamiltonian vector fields. We sketch this now, focusing again on
the case then the ground field is k = R. The resulting full classification of indecomposable
linear symplectomorphisms over R is given below in Section [6.2.3

The first step of our procedure, namely a description of the indecomposable objects of
Aut(vect™), is easy to give: up to isomorphism, indecomposable automorphisms (V, .S) are
simply indecomposable endomorphisms, with the additional condition that the endomor-
phism be invertible. In terms of the normal forms (k[t]/(p™), M), invertibility corresponds
to the requirement that the 0-th coefficient of the minimal polynomial p™ is non-zero. This
is equivalent to requiring that that the 0-th coefficient of p itself is non-zero.

6.2.1. Duals. Inorder to identify which indecomposable automorphisms (k[t]/(p"™), M;)
are dual to which under our duality (245]), we analyse the induced involution on minimal
polynomials. It turns out to be the following one: given a monic polynomial with invertible
0-th coeflicient

q(t) = apt® + ap_1t" 1+ +ait+ag  ap £0,
we set
4k k—1 ap— 1
q°(t) =t" + T Tt
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If we think of ¢(t) as encoded simply by its tuple of coefficients, then the above involution

18

1
(1,ak-1,..,a1,a0) — ;O(ao,al,-wak—l, 1).

It is straightforward to check that this involution is product preserving, i.e. (q1g2)° = ¢7¢5.

LEMMA 6.2.1. Let (V,S) be an automorphism. If q(t) is the minimal polynomial of S,
then q°(t) is the minimal polynomial of S™*.

PROOF. Suppose ¢ = (ag, ak—_1,..,a1,a0). Since S is invertible, ag # 0. Let ¢’ denote
the minimal polynomial of S,

By definition ¢(S) = 0 and ¢°(t) = %tkq(t_l). Shus ¢°(S~!) = 0, and so ¢’|¢°. Shis
implies that deg(q’) < deg(q°) = k.

On the other hand, replacing ¢ by ¢’ in the argument above, it follows that ¢”°((S~1)~!) =
¢°(S) = 0, and hence ¢|¢’°. So, k = deg(q) < deg(¢’°) = deg(q’). We conclude that
degq =k and ¢' = ¢°. O

COROLLARY 6.2.2. Let (V,S) be an indecomposable automrophism, with minimal poly-
nomial ¢ = p™. Then its dual, (V*,(S™1)*) is indecomposable, and has minimal polyno-
mial ¢° = (p°)™.

COROLLARY 6.2.3. The self-dual indecomposable automorphisms (V,S) are, up to iso-
morphism, precisely those with minimal polynomial ¢ = p™ such that

p=0p°.

REMARK 6.2.4. Let k = R. Using the description (232) of irreducible polynomials
over R, it is easily seen that those with invertible O-th coefficient and p = p° are precisely

(246) p(t)=t+1 and p(t) =t =22t + (2* +¢%) z€R, y>0, 2> +y* = 1.

6.2.2. Compatible forms. Our goal in this section is to determine which self-dual
automorphisms (V,.S) admit compatible symplectic forms, and, for those that do, deter-
mine how many such exist up to isometry. Instead of performing an analysis analogous to
the ones done in Section and Section for linear Hamiltonian vector fields, we
will use here a trick involving Cayley transforms (this trick is used in [LMT74]).

Let (V, X) be an endomorphism. If X is such that X + 1 is invertible, we define

(247) T X =X-DX+1)"' and T X:=01-X)1+X)"
Similarly, if X is such that X — 1 is invertible, we set
(248) TTX =1+X)1-X)"' and 7T X:=X+1)(X-1)""

These are what we call Cayley transforms. Of course, 7~ X is simply — 7. X and T_X =
—T+X. However, we set this notation, since 7, X and 7_X will play analogous roles.

REMARK 6.2.5. X + 1 invertible & —1 is not an eigenvalue of X. Similarly, X — 1
invertible < 1 is not an eigenvalue of X.

LEMMA 6.2.6. Suppose X 41 is invertible, and suppose A is an eigenvalue of X. Then
A+1#0 and % is an eigenvalue of T+ X.
The analogous statements hold also for the other Cayley transforms above.
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PROOF. Let v be an eigenvector of X for the eigenvalue A (in particular v # 0).
Then (X + 1)v = (A + 1)v; if A 4+ 1 were zero, then X + 1 would have non-zero kernel, a
contradiction.

Now note that

T XA+ D)or=X-DX+D)'"X+1v=X-1v=>0\-1),
SO
T Xv = %v.
O

LEMMA 6.2.7. If X +1 is invertible, then T+ X —1 is invertible and TTT: X = X. An
analogous statement holds for Ty TTX = X (when defined), and similarly for T_ and T .

PROOF. First we show that 7. X —1 is invertible when X +1 is. Suppose 7. X —1 is not
invertible, i.e. 7+ X has 1 as an eigenvalue. Let v # 0 be an associated eigenvector. Then
T+ Xv = v implies (X — 1)v = (X + 1)v, which implies 0 = 2v, which (since char(k) # 2)
is only possible if v = 0, but that is contradiction.

Now we simply compute:

TR X=THX-DX+D)'=1+X-DX+D) 1 -X-DX+1)7 1!
(X+D X+ + (X -DI[(X+1) - (X -] (X +1) =[2X][2] ' = X.
O

LEMMA 6.2.8. Let (V,X) be an endomorphism, and suppose (V,X) is decomposable.
Let T be any of the four Cayley transforms above. If defined, then (V, T X) is also decom-
posable.

PROOF. Decompositions of (V, X) correspond to non-trivial idempotents of (V, X);
these are precisely non-trivial idempotents of V' which commute with X. Such an idem-
potent will then also commute with 7 X, giving non-trivial decompositions of these endo-
morphisms as well. O

COROLLARY 6.2.9. Let (V,X) be an indecomposable endomorphism, and let T be one
of the four Cayley transforms. If TX is defined, then (V,T X) is also indecomposable.

LEMMA 6.2.10. Let (V,S) be an automorphism, and w a symplectic structure on V.
(1) If X + 1 is invertible, then (V,S,w) is a linear symplectomorphism if, and only
if, (V,T+X,w) is a linear Hamiltonian vector field.
(2) If X — 1 is invertible, then (V,S,w) is a linear symplectomorphism if, and only
if, (V,T-X,w) is a linear Hamiltonian vector field.

PROOF. The proof is a straightforward calculation; see [LIM74], page 236. O

Now let us assume k = R and consider a self-dual indecomposable automorphism (V, S)
on even-dimensional V. We know that S has minimal polynomial of the form ¢ = p™,
where p is a monic irreducible which is one of the polynomials . We consider three
cases in turn.

p(t)y=t—1:
In this case, S has 1 as its unique eigenvalue, and so S 4 1 is invertible. We apply
T+, which gives an indecomposable endomorphism (V, 7;.5) having unique eigenvalue (1 —
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1)(1+1)~1 = 0. Since V is even dimensional, this is of non-split type“(1)” as in Theorem

6.1.24|and Remark[6.2.12 By Lemma[6.2.10| compatible forms for (V, S) are identical with
compatible forms for (V, 7;.5).

p(t) =t+ 1:

Here S has —1 as its unique eigenvalue, so S — 1 is invertible and we use 7_. The
indecomposable endomorphism (V,7_S) again has (=14 1)(—=1 —1)~! = 0 as its unique
eigenvalue. And again, since V is even dimensional, this is of non-split type “(1)”. By
Lemmal6.2.10] compatible forms for (V, S) are identical with compatible forms for (V, 7,.5).

p(t) =2 — 22t + 1, where x € (—1,1):

Now S has no eigenvalue in R, and eigenvalues away from +1 in C, so both § + 1
and S — 1 are invertible over both R and C. We apply 74, obtaining an indecomposable
endomorphism (V,7,.5). If A = x + /=1y are the complex eigenvalues of S, then (\ —
DA+ 1) = £/~Ty(1 + x)~!. This is of non-split type “(2)”, c.f. Remark By
Lemmal6.2.10] compatible forms for (V, S) are identical with compatible forms for (V, 7,.5).

6.2.3. Classification of indecomposable linear symplectomorphisms. We know
that every indecomposable linear symplectomorphism (V,.S,w) is of one of two types:

e Non-split: (V,.S) is an indecomposable automorphism (necessarily self-dual, since
&1 (V,X) = (V*,—X"),

e Split: (V,S,w) ~ (Vo & Vi, Xo & —X{, ), where  denotes the canonical hy-
berbolic sympeletic structure on Vy @ V', and (Vp, Xo) is an indecomposable
automorphism.

The following classification is a consequence of Theorem and the analysis done in
the previous two sections.

THEOREM 6.2.11. A complete classification of (non-zero) indecomposable linear sym-
plectomorphisms (V, S,w), up to isometry, is as follows.

Non-split types:

(1) (p,m,+£), where p(t) =t — 1, m is even, and + indicates that, up to isometry,
there are two possible compatible symplectic forms. In other words, there are
precisely two linear symplectomorphisms of this type (up to isometry) for every
even m € Z.

(2) (p,m,x), where p(t) =t + 1, m is even, and + indicates that, up to isometry,
there are two possible compatible symplectic forms.

(3) (p,m, %), where p(t) = t*> — 2wt +1. There are uncountably many indecomposable
linear symplectomorphisms of this type, two for every pair (x,m), where z €
(-1,1) CR and m € Z.

Split types:

(1) (Vo, Xo) is of type (p,m), where p(t) =t —1 and m is odd.

(2) (Vo, Xo) is of type (p,m), where p(t) =t+ 1 and m is odd.

(3) (Vo, Xo) is of type (p,m), where p(t) = t+ag, with ag € (—1,1)\{0}, andm € Z.

(4) (Vo, Xo) is of type (p,m), where p(t) = t — 2zt + (2? + y?), with 0 < y,0 <
2?2+’ <1, andm e Z,.
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REMARK 6.2.12. Let (V, S,w) be an indecomposable linear symplectomorphism, and
let o be the spectrum of S in C. For the five types listed above, we have

Non-split types:

(1) o ={1}
@) o= {1}
(3) o ={\ A} for A € SI\{-1,1}.
Split types:
(1) o ={1}
() o ={-1}
(3) o ={\ A1} for A € R\{0}.
(4) o= {A\XALN ) for A€ C\(S'UR).




CHAPTER 7

Symplectic poset representations

Most of the contents of this chapter, as well as the next one, are taken directly from
the paper [HLW19]|, which uses symplectic poset representations to classifying triples of
isotropic subspaces in symplectic vector spaces. The main purpose of this short introduc-
tion is to connect the material from [HLW19], which is written in a non-categorical style,
to the general framework of duality involutions in additive categories, as covered in Part
In other words, we have reproduced [HLW19]| in a way which preserves its semantic and
logical integrity, and we indicate briefly here beforehand the connections to the broader
picture.

One reason for studying poset representations is that they are a tool for studying
various classification problems of linear algebra within a single formalism. If one is dealing
with questions that involve symmetric or skew-symmetric bilinear forms, it is possible to
study these using a variant of poset representations which is also equipped with such
extra geometric structures. Our focus is on classification problems in symplectic linear
algebra, and the formalism which we use to study these is that of “symplectic poset
representations”.

Although the following definitions will also be introduced again in detail below, let
us briefly explain the basic set-up. Given a finite poset P, a linear representation of
P on a (finite-dimensional) vector space V is an order-preserving map from P to the
poset Sub(V') of linear subspaces of V', ordered by inclusion. Poset representations may
be organized into the structure of an additive category Rep(P). Given representations
Y : P — SubV and ¢/ : P — SubV’, a morphism v — ¢ is a linear map f : V — V' such
that f(¢(x)) C ¢/(z) for all z € P. The zero object is the (unique) representation on the
zero vector space, and the biproduct of the representations 1 and 1 is defined on V & V'
by

Wey)(z) =y e (z), zeP

In order to encode subspaces of symplectic vector spaces, we use duality involutions,
and capture the symplectic structure as part of a fixed point structure. Specifically, we
assume that our poset P is now equipped with an order reversing involution, which we

denote by (—)*, and we define a duality in involution on Rep(P) by defining the dual of
a representation ¢ on V as a representation on V* given by

V¥ (x) = p(zh)°, x € P,
where (—)° denotes the operation of taking the annihilator. The dual of a morphism of
poset representations is given by the adjoint linear map. This defines an additive duality
involution on Rep(P), with the unit given in components by
ny:V— V"™ v— (§ = =£(v)).
Fixed points of this duality involution are what we call symplectic poset representations.
Such a fixed point encodes precisely the data of a symplectic vector space (V,w) together

111
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with a poset representation ¢ : P — V which satisfies the relation
il 1
Plz™) = P(x)™,

where the latter “(—)*” denotes the operation of taking the symplectic orthogonal sub-
space with respect to w.

The Krull-Schmidt theorem holds in the category Rep(P) (the properties of Definition
are satisfied), and given a classification of indecomposables in category Rep(P), we
may follow the strategy outlined in Remark in order to classify indecomposable
symplectic poset representations. Indeed, we can use Proposition since although
Rep(P) does not have all cokernels (so it is not abelian), Rep(P) does have all kernels,
so in particular it is idempotent complete (by Lemma . Furthermore, the Fitting
lemma holds in Rep(P). We note the that, below, the hyperbolization construction of
Section [4.2]is used under the name of “symplectization”.

The remainder of the present chapter is devoted to general aspects of symplectic poset
representations, while Chapter [§] discusses in detail the classification of indecomposable
triples of isotropic subspaces, which corresponds to classifying indecomposable symplectic
poset representation of a certain six-element poset equipped with a specific order-reversing
involution.

In the following, we work with a fixed ground field, which we assume to be perfect
(e.g. of characteristic zero, finite, or algebraically closed) and not of characteristic 2;
otherwise we usually leave the field unspecified. All vector spaces are assumed to be
finite-dimensional.

7.1. Basic notions

A pair of subspaces (A, B) in a vector space V' (without further structure) is completely
determined up to isomorphism by four invariants: the dimensions of V', A, B, and AN B.
For a triple (A, B,C) C V of subspaces, one needs to know, in addition to the dimensions
of V, A, B, C, all pairwise intersections, and the triple intersection, the dimension of one
more space, such as (A+ B)NC, giving a total of nine invariants. (For instance, this ninth
invariant is needed to distinguish the two arrangements of three distinct lines in 3-space,
which may or may not be coplanar.) At this point, we have effectively introduced the
lattice (A, B, C') generated by A, B, and C' as a sublattice of the lattice (V') of subspaces
in V, i.e. the subspaces generated by A, B, and C under iterations of the operations of
sum and intersection. The study of such structures dates back to Dedekind and Thrall,
immanent in early results of representation theory and leading into abstract lattice theory.
The present work is mainly oriented around posets, with ¥(V') being a poset with respect
to inclusion, and we will not deal with abstract lattice theory. Nevertheless, the lattice
structure of ¥(V') will play an important role, in particular in calculations.

A non-degenerate antisymmetric bilinear, i.e. symplectic, form w on V produces
additional structure.

First of all, there is a naturally associated linear map @ from V to V* defined by
@(v)(w) = w(v,w). Non-degeneracy means that @ is an isomorphism.

Next, there is a natural order-reversing involution A — A+ on X(V), where AL, the
symplectic orthogonal of A, is the subspace {v € V | Yw € A ,w(v,w) = 0}. This
involution is related to another order-reversing operation, namely the one that maps a
subspace A C V' to its annihilator A° = {{ € V* | {(v) =0 Yv € A} in V*. The following
result is easy to verify; we state it as a lemma to refer to later.
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LEMMA 7.1.1. For any subspace A in a symplectic space (V,w), @(A+) C V* is the
annihilator A° of A.

Using the involution 1, we may define several special types of subspaces. There are
the isotropic subspaces, for which A C A+, and the coisotropic subspaces, for which
A+ C A. Subspaces which are both isotropic and coisotropic, i.e. fixed points of the
orthogonality involution, are called lagrangian. Subspaces for which A N A+ = {0}
are called symplectic; the restriction of the symplectic form to such a subspace is non-
degenerate, and hence again a symplectic form. For such spaces, the order-reversing
property implies that this condition is equivalent to A + A+ = V, so that we can also
write the condition as V = A @ AL, Involutivity implies that A is symplectic as well,
giving a symplectic direct sum decomposition of V. Such symplectic direct sums can
also be built from the external direct sum of symplectic spaces by equipping the sum with
the direct sum form, which is again symplectic. The aim in the present work is to study
the decomposition of (co)isotropic triples with respect to symplectic direct sums (not just
of two summands).

Given a symplectic direct sum decomposition V = A; @ As, we can define in a purely
lattice-theoretic way the involution on (A;) associated with the restricted symplectic
structure. Let C7 be any subspace of A;. Then Ci contains Ay, and the modular lawm
implies that C{- = (C{ N A1) @ As. So we may define the operation (—)%* by setting
Cf L= C’f N Ap. It is clearly order-reversing, and it is easy to check that it is involutive.
Of course, we can do the same thing in A>. We see from here that for subspaces C; C A;,
the direct sum C; @ Cy is (co)isotropic or symplectic if and only if Cy and Cy are. Similar
statements to all of those above hold for orthogonal decompositions with any number of
summands.

A linear representatiorﬂ of a partially ordered set, or poset, P in a vector space
V' is an order preserving map 1 from P to the poset (V). The dimension vector of
¥ is the function which assigns to each p € P the dimension of ¥ (p). We will also add
dim V' as a first component to the dimension vector. A morphism f : ¥ — ¢/ between
representations v in V and 1’ in V' of the same poset P is a linear map f : V — V'
such that f(¢(p)) C ¢'(p) for all p € V; it is an isomorphism if f is bijective and
f@W(p)) =¢'(p) for all p € P.

The term poset with involution will denote a poset P equipped with an order-
reversing involution 1: P — P. The relevance of poset representations and involutions
arises when we observe that each isotropic subspace A in a symplectic space V is naturally
associated with the subspace A* which contains it and hence with the pair (A4, A%L).
Conversely, if (A, B) is any pair of subspaces for which A C B and A+ = B, then A is
isotropic and B is its coisotropic orthogonal. Thus we see that isotropic (or equivalently,
coisotropic) subspaces in V' may be identified with involution-preserving representations
into (V') of a poset consisting of two elements in linear order, equipped with the order-
reversing involution which exchanges the two elements. We will denote this poset by
2.

IThe modular law states that, for subspaces A, B, C of a given vector space, if B C A, then AN (B +
C)=B+ANC.

2We use the word “linear” here simply to distinguish this notion of representation from the notion of
symplectic poset representation, which we define below.
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DEFINITION 7.1.2. Let (P, L) be a poset with involution, (V,w) a symplectic vector
space, and (X(V'), L) the poset of its subspaces equipped with the involution induced by wE|
A symplectic representation of (P, L) in V is an order-preserving map ¢ : P — (V)
such that

e(pt) = o(p)= VpeP.
If ¢ is such a representation, forgetting the involutions gives us simply a linear represen-
tation of P in the vector space V, which we denote by ¢ and call the underlying linear
representation.

Given another symplectic representation ¢’ in (V' ") of the same poset with involution
(P, 1), an isomorphism from ¢ to ¢’ is an isomorphism of linear poset representations
© — ¢ which is also an isometry (V,w) — (V' o).

Now, for any k, the k-tuples of isotropic-coisotropic pairs in (V,w) are simply the sym-
plectic representations in (V,w) of the partially ordered set k-2 := 242+ --+2 (k times)
consisting of k copies of 2 which are independent in the sense that a < b only when a and b
belong to the same copy, with the involution interchanging the elements of each copy of 2.
In the present work, we derive for £k = 0,1, 2, 3, up to direct decomposition, the classifica-
tion of isotropic k-tuples from the classification of linear representations of the poset k - 2;
these essentially correspond to the representations of a quiver associated with the Dynkin
diagrams A;, As, and As, and the extended Dynkin diagram Ejg, respectively. The first
three cases are easy, with only finitely many indecomposables up to isomorphism, while
the latter case is more involved — in particular there are infinitely many indecomposables,
some appearing in 1-parameter families.

Our general strategy for classifying isotropic triples will involve three basic operations
related to symplectic representations. First of all, given a symplectic representation ¢
of (P, 1) in (V,w), one may ignore the involution and symplectic structure to obtain
a linear representation ¢ of P in V. Second, starting with a linear representation ¢ of
(P, 1) in V, one can ask whether there exists a symplectic form on V' such that 1 is in
fact a symplectic representation in (V,w); in this case w is a compatible symplectic form.
Third, one can build a symplectic representation out of each linear one by a “doubling”
construction called symplectification, which we define in subsection below.

REMARK 7.1.3. These operations are close to ones in symplectic geometry. The first
one corresponds to forgetting the symplectic structure on a symplectic manifold, the second
is analogous to asking whether a given manifold admits a symplectic structure, while the
third is similar to the cotangent bundle construction.

7.2. Decompositions of linear representations

We fix a poset P. Given linear poset representations ¢ and v, on V and V' respec-
tively, their (external) direct sum is the poset representation on V & V' defined by

W @) (z) =v(@) o¢(z) VeeP
A subrepresentation of a linear representation ¢ on V is a representation 1)’ on a
subspace U C V such that ¢/(z) C ¢(x) Va € P. Given subrepresentations ¢’ and " of

¥, on U’ and U” respectively, we say they form an (internal) direct sum decomposition
of if V = U’ & U" and

(@) =9 (z) DY’ (x)  VaeP.

3We use the same symbol to denote two different involutions — the one on P and the one on X (V).
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In this case, ¥'(z) = () NU’ for all x € P, and similarly for .

We note that, given a subrepresentation ¢’ of 1), there may not exist a subrepresen-
tation " such that ¢» = ¢/ @ ¢”. For an example, consider P = {x1, 22,23} endowed
with the empty partial order, i.e. there are no order relations between the elements. Let
1 be a representation of P on a two-dimensional space V' such that the subspaces ¥ (z;)
are three independent lines, and let ¢’ be the subrepresentation on U’ := t(z1) such
that ¢'(x1) = ¥(x1) and ¢'(z2) = ¢'(x3) = 0. Suppose there existed a subrepresenta-
tion 1" such that 1 = ¢/ ® ¢”. Then 1" would be need to be defined on a subspace
U” such that V = U’ @ U"”; thus U” would be a line in V. By the requirement that
W(x;) = ' (z;) ® Y (x;), it follows that necessarily

P(x2) =0 Y (x2) and  P(x3) = 0D Y (23).

But since the subspaces ¥ (z3) and ¥”(z3) must be contained in the line U”, this would
imply that ¢ (x2) = ¢"(z3) = U”, a contradiction to the fact that )" (x2) and ¢ (x3) are
independent.

For any vector space V, idempotents 7 in the algebra End(V') of its endomorphisms
correspond to direct sum decompositions V = A @ B of V, where A = Im7 and B =
Kerm = Im (1 — 7). (The zero and the identity endomorphisms are denoted by 0 and
1, respectively.) The same is true for the endomorphism algebra End(V,%) of a linear
representation ¥ in V of a fixed partially ordered set P. Recall that an endomorphism
of a linear representation ¢ is a linear map f : V' — V such that f(¢(p)) C ¥ (p) for all
p € P. It is easy to check that End(V,%) is a unital subalgebra of End(V'). Since the
ground field embeds into End(V, 1) via its action on the algebra unit, we sometimes refer
simply to the ring of endomorphisms of .

The basic theory of poset representations parallels that of modules of finite composition
length as presented, for example, in [Lam66), §1.4]. We nevertheless give some outlines of
proofs, for the convenience of the reader.

We call a subring E of some End(V') local if each of its elements is either invertible
or nilpotent. It follows that, for any f € F, either f or 1 — f is invertible; namely, if f
is not invertible, then f™ = 0 for some n and 1 — f has inverse Y -, f*. More generally,
if g = >, fi is invertible then so is at least one of the f;. The nilpotent elements form
an ideal rad E, the radical of E. (Namely, given f and g, if one of them is nilpotent and
if fg were to be invertible, then f would be surjective and g injective, so actually both
would be invertible. And if both f and g are nilpotent then f + g cannot be invertible.)
It follows that E/rad E is a division ring and rad F' the unique maximal ideal.

The following result is a version of Fitting’s Lemma.

LEMMA 7.2.1. For a linear poset representation v in V the following are equivalent

(1) 4 is indecomposable.
(2) End(V,v) is local.
(3) End(V, ) has only the trivial idempotents 0 and 1.

PROOF. Clearly, 2) = 3) = 1). Now, assume 1 indecomposable. The rank of f/ is
a non-increasing and non-negative function of j = 1,2,3,-- -, so it stabilizes after finitely
many steps, say d steps. Then f7(Im f%) = Im f4*7 = Im f¢ for all negative j; Call this
image space I. It follows that the nondecreasing sequence of kernels of these powers also
satisfies N := Ker f¥7 = Ker f%; call this null space N. If v € I N N, then v = f¢(w)
for some w, and 0 = f%. Hence, f2¢(w) = 0, so v = f(w) must be zero as well. So
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INN = {0}. By dimension counting, we have V = I & N, where [ and N are both
f-invariant, f|; is invertible (since it is surjective), and fx is nilpotent.

If K is any f-invariant subspace, then f*(K) C K is the projection 7;(K) of K on I.
Then the other projection 7 (K) = (1 — n7)(K) is contained in K as well. This shows
that any f-invariant subspace is the direct sum of its components in I and N. It follows
that, if f leaves invariant an indecomposable family of subspaces, either I or N must be
zero, and f is either nilpotent or invertible. O

REMARK 7.2.2. Even without the indecomposability assumption, the decomposition
into invertible and nilpotent parts is unique: for any such decomposition f; ® fyn, I and
N must be the image and kernel respectively of all sufficiently large powers of f.

We now state the Krull-Remak-Schmidt theorem in the form that we will need.

THEOREM 7.2.3. Let i) = i1 ®Ya®- - - @y, and let ' = ] DYy®- - @Y, be direct sum
decompositions of isomorphic linear poset representations, e.g., of the same representation,
into indecomposable summands. (Such decompositions always exist in finite dimensions.)
Thenn = n', and the two decompositions are the same up to isomorphism and permutation
of the summands.

PROOF. We may assume n’ > n, and we denote the underlying vector spaces as
Vig---@®V,and V) @ --- @V, First, consider n = n’ = 2 and an isomorphism f :
Y — ¢ such that f(v1,0) = (g(v1), h(v1)) with morphisms g, h : ¢ — 9] where g is an
isomorphism. We claim that 12 and 1) are isomorphic, too. To prove this, we may assume
h = 0: replace f by f’' where f’(vi,v9) = (w1, wa—hg~(w1)) if f(v1,v2) = (w1, ws). Then
Y2 Zp/(P1 ©0) = (fY)/(gvr 0) =4 /(Y] & 0) = 5.

In general, let f : ¢» — ' be a given isomorphism and consider the canonical em-
beddings ¢;, ¢} and projections m;, m, given by the decompositions. Put g; = 7} o foeg;
and h; = m; 0 flogl. Then > gioh; =1 € End(V{,9{). Since this ring is lo-
cal, one of the summands is invertible, say the first. Then hy o g1 € End(Vi,41) is
not nilpotent, whence invertible. Thus, g1 : ;1 — )| is an isomorphism. Clearly,
f(v1,0,...,0) = (g1(v1),we,...) and it follows, by the special case, that 1e @ --- B ¥y,
is isomorphic to 15 @ - - - @ v!,. We repeat the argument until only v, is left on one side.
Since 1, is indecomposable one has n = n’ whence 1, = /.

O

7.3. Endomorphisms

Poset representations of particular interest are ones which can be built from a vector
space U and a linear map n : U — U. We will will refer to such a couple (U,n) sim-
ply as an endomorphism when no confusion with other notions is to be feared. From
such an endomorphism one can build a quadruple of subspaces, which is thus aa poset
representation (V; Uy, Uy, Us, Uy), i.e. a representation of the poset 1+1+1+1: define

V=UxU
U1:U><0
(249) Uy, =0xU

Us={(z,—z) |z €V}

Uy =A{(z, —n(x)) [z € V}.
We will call this the quadruple associated to (U,n). Note that Uy and Us are the
negative graphs, respectively, of  and the identity map on U. It is straightforward to
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check that any endomorphism of the poset representation ([249)) is of the form f x f, where
f:U — U is such that

(250) nof=fon.

The collection of linear maps f : U — U satisfying form an algebra End(U,n),
the endomorphism algebra of (U,7). More generally, a morphism of endomorphisms
(U,n) — (U',n) is a linear map f : U — U’ satisfying n' o f = f o n; such a map is an
isomorphism if, additionally, f is invertible as a linear map.

LEMMA 7.3.1. A poset representation (V;Uy,Us, Us,Uy) is isomorphic to one of the
form (249) for some (U,n) if and only if

(251) UioU;=V fori<j<3 and Uy@Us=V.

PROOF. It is easily seen that, given (U, n), the associated quadruple satisfies . For
the converse, suppose (V; Uy, Us,Us,Uy) is a quadruple satisfying . First, note that
the conditions imply that all of the subspaces U; have the same dimension. Choose
any vector space U having the same dimension as the U; and choose linear isomorphisms
w1 : Uy = U and @y : Us — U. Next, note that since Us is independent of both Uy and Us,
there exists an isomorphism 3 : U; — Us such that Us = {x + @3z | z € Uy} C Uy @ Us.
Finally, using this data we construct the following map

o:V=U10U;, — UxU, :U+y|—>(g01:v,—g013051y).

Clearly ¢ is a linear isomorphism and maps U; to U x 0 and Uy to 0 x U. Furthermore,
given x + p3x € Us, its image under ¢ is (@12, —¢12), as desired. Since Uy is independent
of Us, it is the graph of a linear map ¢4 : Uy — Uy (though this map may not be an
isomorphism). Now given z + pqx € Uy C Uy & Us, we have

o(z + pa) = (P17, — P13 L paz) = (P12, — 103 " Pay Lp12).

Setting n = g01g0§1g0490f1, we have a quadruple of the form (249) which is isomorphic to
(Vi U1, Uz, Us, Us). O

An endomorphism (U, 7n) is decomposable if there exist non-zero subspaces Uy, Uy C
U which are invariant under n and form a decomposition U = U; @ Us. As in the case
of poset representations, such decompositions correspond to idempotents in the endomor-
phism algebra of (U, n). For future reference we state:

LEMMA 7.3.2. The endomorphism algebra of (U,n) is isomorphic to the endomorphism
algebra of the associated quadruple (249). In particular, (U,n) is indecomposable if and
only if its endomorphism algebra is local.

PROOF. An isomorphism is given by mapping an endomorphism f of (U,n) to the
endomorphism f x f of (249). Its inverse is “restriction to U;”.
The characterization of indecomposabilty follows from Lemma [7.2.1 g

Another point of view is that an endomorphism (U,7) defines a k[z]-module Uy,
where the action of x on Uyp, is defined by the action of n on U, ie. (3 ; \iz’) - u =
(>, M) (u) for w € U, \; € k. In this case, morphisms f : (U,n) — (U’,n’) are the same
as module homomorphisms f : Uy, — Ul’c[n,} and decompositions of (U, n) correspond to
direct sum decompositions of Uy
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LEMMA 7.3.3. If n is an indecomposable endomorphism of U with an eigenvalue \ in
the base field k, then there is a basis such that n is described by a single A-Jordan block.
With respect to such a basis, the members of the endomorphism algebra E = End(U,n)
are given by the matrices Z?:_ol a;N* where d = dimU and N is the nilpotent matric
with nj i1 =1 fori=1,...,d =1, and 0 otherwise. In particular, E is local (namely
isomorphic to k[x]/(z%)) and E =k id®rad E.

ProoF. Consider the endomorphism { = n — A id and apply the Fitting Lemma.
Since ¢ is non-invertible, there is n with (" = 0, that is n admits Jordan normal form
with unique eigenvalue A\ and there is a single block J = Al + N only. Now, E is given
by the A such that AJ = JA, which is equivalent to the condition AN = N A. Since any
invariant subspace of N is one of A also, A must be upper triangular and with only a
single scalar on each upper diagonal. In other words, from AN = B = N A one has that
a;j—1 = bjj = aj41,; for 1 < j, and 0 as entry otherwise. O

If an indecomposable endomorphism (U, 7) does not have an eigenvalue in the ground
field k, a generalization of Lemma holds; we recall this in Sections [8.6.2

We note that, for (U, ) indecomposable, the endomorphism algebra End(U, n) is gener-
ated, as a unital k-subalgebra of End(U), by the single element 7 (see Proposition [8.6.11)).
In other words, it consists simply of “polynomials in #”. In particular, it is a commutative
algebra, and a subspace of U is invariant under End(U, n) if and only if it is invariant under
n. Further details about these endomorphism algebras are discussed in Section

7.4. Decompositions in symplectic spaces

If V carries a symplectic form w, we define a transpose operation ! on its endomor-
phisms by the usual formula w(f(z),y) = w(z, fi(y)). Then the condition 7'7 = 0 on an
idempotent 7 means that the image of 7 is an isotropic subspace. In fact, for any = and
y in V, we have w(rn(z),7(y)) = w(z, 7'w(y)).

Similarly, if 77t = 0, then the image of 7! is isotropic. It follows that, if 77! = 0 = «'r
and 7 + 7 = 1, then the images of m and 7’ give a decomposition of V as the direct sum
of two isotropic subspaces which must be lagrangian and hence in duality by the bilinear

form. We state this result in the form of a lemma for use below.

LEMMA 7.4.1. Decompositions of a symplectic vector space V as a direct sum of (two)
lagrangian subspaces are in 1-1 correspondence with idempotent endomorphismsm:V —V
such that m'r = 0 = nnt and 7+t = 1.

Similarly, for symplectic direct sum decompositions, we have the following characteri-
zation in terms of idempotents.

LEMMA 7.4.2. Symplectic direct sum decompositions of V into two subspaces are in
1-1 correspondence with idempotent endomorphisms w: V. — V which are self-adjoint, i.e.

ﬂ't:ﬂ'.

PROOF. It is a standard fact that Ker (7) = (Im7’)+, and Ker 7 is also the image of
1 —7. It follows that m = 7 if and only if the images of 7 and 1 — 7 are orthogonal, which
means that the corresponding direct sum decomposition is symplectic. O

Now suppose that ¢ is a symplectic representation in V' of a poset with involution
(P, L).
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LEMMA 7.4.3. If f is an endomorphism of o, then f! is an endomorphism of ¢ as
well.

to showing that, for a € (p) and b € ¢(p)*, we have w(f!(a),b) = 0, or, equivalently,
w(a, f(b)) = 0. Since ¢ is symplectic, we have b € ¢(p’); since f is an endomorphism of

o, f(b) € p(pt) = @(p)* as well. 0

LEMMA 7.4.4. Symplectic direct sum decompositions of ¢ into two representations are

PROOF. We must show that, for each p € P, f'(¢(p)) C o(p). This is equivalent

in 1-1 correspondence with self-adjoint idempotents = = 7wt which are endomorphisms of
the underlying linear representation, i.e. ™ € End(p).

PROOF. A direct sum decomposition V = Vi @ V5 of ¢ is nothing else than a de-
composition of ¢ where the summands V; and V5 are also mutual orthogonals. Such a
decomposition corresponds to an idempotent 7 € End(p) such that 7 = 7 (c.f. Lemma
7.4.2)). O

LEMMA 7.4.5. If ¢ is an indecomposable symplectic representation and if f € End(p)
is an endomorphism of ¢ such that ft = £f, then f is either nilpotent or an isomorphism.

PRrROOF. From the proof of Lemma we know that there exists a non-negative
integer d such that V = Kerf? @ Imf? is a decomposition of ¢. Since (f%)¢ = (f1)¢ =
+ ¢, this decomposition of V is one into orthogonal summands; hence it is a symplectic
direct sum decomposition of . Since ¢ is assumed to be indecomposable as a symplectic
representation, either Ker f¢ or Im f¢ must be zero. O

7.5. Duals, Compatible forms

Let ¢ : P — X(V) be any linear representation in V' of a poset P equipped with an
order-reversing involution L. We can think of ¢ as a linear representation of (P, 1) which
doesn’t “see” the involution. Define the dual representation of ¢ in V* by

(252) W (PL) — BV, ¢t (p) =9(pr)° YpeP.

Note that this definition makes use of the involution on P, i.e. ©* is the dual of ¥ with
respect to the involution 1 on P. In particular, the definition only makes sense viewing
as a linear representation of (P, L) (rather than only of P). The combination of two order
inversions - once due to the poset involution and once due to the annihilator operation -
leads to ¥* being order preserving.

By Lemma if ¢ is a symplectic representation of (P, L) in (V,w), then @ is an
isomorphism from ¢ to ¢*. This shows that a representation of P can be compatible with
a symplectic structure only if it is self-dual, i.e. isomorphic to its dual. In particular, it
has a dimension vector which is self-dual in the sense that dim ¢(p) +dim ¢(p*) = dim V'
for any p € P.

The results above lead to the natural question of determining the relation between
isomorphisms of a linear representation to its dual, the self-duality of its dimension vector,
and the existence (and uniqueness) of compatible symplectic structures.

We will see later that many representations of interest to us are characterized up to
isomorphism by their dimension vectors. Hence we record the following simple observation.

LEMMA 7.5.1. If a representation v is isomorphic to its dual, then it has a self-dual di-
mension vector. If a representation i is characterized up to isomorphism by its dimension
vector, and this dimension vector is self-dual, then 1 is isomorphic to its dual.
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PROOF. The first statement has already been noted. For the second, we observe that,
if the dimension vector of 1 is self-dual, then 1 and ¥* have the same dimension vector,
and so by assumption they must be isomorphic. O

In studying symplectic structures, it will sometimes be important to consider non-
degenerate symmetric bilinear forms, as well. For these, there is an analogous notion of
orthogonality and, therefore, an analogous notion of representation of a partially ordered
set with involution. To capture both kinds of forms, we’ll speak of e-symmetric bilinear
forms, where ¢ = 1 for symmetric forms and € = —1 for antisymmetric forms; similarly,
an e-symmetric representation of a poset with involution is the generalization of the
definition of symplectic representation to e-symmetric forms. We will often identify a
non-degenerate bilinear form B on V with the linear isomorphism B : V — V* v —
B(v,-), setting B* : V. — V* v — B(-,v). With this notation, B is e-symmetric if and
only if B* = EBﬁ In referring to the parity ¢ of B we sometimes write e(B).

For a fixed linear representation ¥ on V of a poset (P, L) with involution, one can
ask how many different non-degenerate e-symmetric forms B exist (if any) which are
compatible with ¢ in the sense that

b(pt) =v(p)t Vpe P,

where the involution 1 on V is the one induced by B. A non-degenerate e-symmetric
form which is compatible with v in this sense will be called a compatible form.

LEMMA 7.5.2. Let ¢ be a linear representation of (P, L) in V, and B : V — V* a
non-degenerate e-symmetric form. Then B is a compatible form (for 1)) if and only if B
s an isomorphism ¥ — Y*.

ProOF. That B is compatible means that (p*) Y(p)*t for all p € P. This
is equivalent with B((pt)) = ¥(p)°, and since 9(p)° = ¢*(pr), this is the same as
B((pt)) = ¢*(pt) for all p € P. O

The following is Proposition 2.5 (2) in [QSS79].

LEMMA 7.5.3. Let ¥ be an indecomposable linear representation in V of a poset with
involution (P, L). Then 1 is isomorphic to its dual if and only if there exists a compatible
form.

PRrROOF. If there exists a compatible form, then by Lemma [7.5.2] such a form defines
an isomorphism between 1) and *.

Conversely, suppose that B : ¢ — 9" is an isomorphism. Then so is B*, and hence the
symmetric and antisymmetric parts (B + B*)/2 and (B — B*)/2 of B are also morphisms
of representations, as are the endomorphisms B~(B + B*)/2 and B~!(B — B*)/2, whose
sum is the identity morphism. By Lemma the ring of endomorphisms of %) is local,
so the two summands cannot both be degenerate. It follows that either the symmetric or
antisymmetric part of B gives a compatible non-degenerate bilinear form. ]

4Note that if B: V — V* is a non-degenerate bilinear form such that there exist no A € k such that
B* = AB, then in general, for a given subspace A C V, one no longer has “the” orthogonal “AL”. but
rather one must consider the right- and left-orthogonal of A, which in general will not coincide.
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7.6. Symplectification

DEFINITION 7.6.1. The symplectiﬁcatioﬂ ¥~ of a linear representation v is the
representation

v (P L) — BV e V.Q), ¢ (z) =9 (2) ®Y(a),
where V* @V is endowed with the canonical symplectic structure

Q& v), (nw)) :=E&w) —nlv)  &EneV™ vweV
PROPOSITION 7.6.2. ¢~ s a symplectic representation.

PROOF. For any p € P, we have ¢~ (pt) = ¢*(pt) @ ¥ (pt) = ¥(p)° © ¥ (p*). This is
the symplectic orthogonal of 1 (p)° @ ¥(p) = ¥*(p) © ¥(p) = ¥~ (p). O

Here are some fundamental properties of the symplectification operation.

First of all, given a symplectic vector space V = (V,w), we denote by V the symplectic
vector space (V,w), where we define @ := —w. Given a symplectic poset representation
¢ on (V,w), we define a symplectic poset representation % on V by setting p(z) = ¢(z)
for all p € P, i.e. as morphisms of posets, ¢ and p are the same, only the form on V has
been changed. Given a symplectic poset representation (, recall that its underlying linear
representation is denoted .

PROPOSITION 7.6.3. For any symplectic representation @ on V', the symplectic repre-
sentations p~ = P* P on VOV and o & on V @V are isomorphic.

PROOF. An isomorphism of symplectic representations is given by
TP = @ B, (v,w) = (50 +w), v —w).

Indeed, 7 is a morphism of representations, since when (v, w) € px) ®P(x) = ¢(x)
A

p(z), then 7(v,w)) € O(p(x)) ® (z) = p(z4)° @ p(z) = ¢~ (). And 7 is a symplectic
isomorphism, since

Qr(v,w), 7(V", ")) = ta(v + w) (V' — W) — FO(V + ') (v — w)

[w(v,v") + w(v, —w') + w(w, V') + w(w, —w’)

NI—= D=

—w',v) —wl, —w) —w(w',v) —ww', —w)]

O

REMARK 7.6.4. The symplectic isomorphism used in the proposition above is the
same as the one behind the Weyl symbol calculus for pseudodifferential operators (c.f.
for instance [DdGP13]|, formula (7) and Theorem 8) and the definition of “Poincare’s
generating function” in hamiltonian mechanics (c.f. [Wei72]).

5This construction is sometimes known in a more general setting as hyperbolization (see Section
and also [QSS79]) because the analogue for symmetric bilinear forms leads to isotropic subspaces
in spaces with forms of signature zero, sometimes called “hyperbolic”. We use “symplectification” rather
than “symplectization” because the latter term already refers to the construction of symplectic manifolds
from contact manifolds by adding one dimension.
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PRrROPOSITION 7.6.5. The symplectification ¥~ of an indecomposable linear represen-
tation v is symplectically decomposable if and only if ¢ admits a compatible symplectic
structure.

PROOF. ¢ = 1~ is by definition decomposed linearly into the indecomposables ¢* and
1. Suppose that it is also symplectically decomposable into two symplectic representations,
@1 and @9. The latter decomposition is also a linear decomposition of ¢, and so by Theorem
the linear representations (¢ and @2 must be isomorphic to ¥* and % in some order.
In particular ¢ (as does ¥*) admits a compatible symplectic structure.

Conversely, suppose that ¢ admits a compatible symplectic structure. Then, by Propo-
sition m (@) = (@)* ® ¢ and p ® P are isomorphic symplectic representations. Since
the latter is decomposable, so is the former. O

PROPOSITION 7.6.6. If 1 and o are indecomposable linear representations, then i is
isomorphic to 1o or to 3 if and only if the symplectifications 1 and 15 are isomorphic
as symplectic representations.

In particular, two symplectifications of indecomposable linear representations are iso-
morphic as symplectic representations if and only if they are isomorphic as linear repre-
sentations.

PROOF. If 1; is isomorphic to 12 or to 13, then ] is isomorphic to ¢, or to (¥3)~.
If the former holds, we are done. For the latter, we must show that ¢, is isomorphic to
(15)~. They are clearly isomorphic as linear representations, but under the isomorphism
which exchanges the summands, the symplectic structures differ by a factor of —1. To
correct for this factor, we compose with the antisymplectic isomorphism (£,v) — (=&, v)
from 15 to itself.

Conversely, if ] (z) ® 11 (x) and 3 (z) @ 2(x) are isomorphic as symplectic represen-
tations, then they are in particular also isomorphic as linear representations. This implies
that their indecomposable summands are isomorphic in some order, so either ¥, ~ 19 or

Y1 =5 O
ExXAMPLE 7.6.7. The following are the symplectifications of the indecomposable rep-

resentations of the poset 2, i.e. nested pairs of subspaces. Each pair is contained in k, so
the symplectification is contained in k* @ k and is symplectically indecomposable.

e The symplectification of k D 0is k* Pk D 0 0.

e The symplectification of 0 D 0is k* 0 D k* ¢ 0.

e The symplectification of k Dk is 0k O 0 k.
The first example is self-dual, while the latter two examples are dual to one another, and
their symplectifications are isomorphic by a “90-degree rotation”.

Given a pair of linear poset representations, we say that they are mutually dual or,
synonymously, a dual pair if each representation is isomorphic to the dual of the other.
On the level of isomorphism classes, symplectification builds symplectic representations
by taking the direct sum of dual pairs of linear representations.

7.7. Relating symplectic and linear indecomposability

The following lemma, due to Quebbemann et al. [QSS79] (Thm.3.3) and Sergeichuk
[Ser87] (Lemma 2) will be an essential tool. It shows that symplectically indecompos-
able but linearly decomposable representations arise only through symplectification. The
analogous result holds in the symmetric setting.
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LEMMA 7.7.1. Suppose that ¢ : (P, L) — X(V) is an indecomposable symplectic rep-
resentation such that ¢ is (linearly) decomposable. Then there exists an indecomposable
linear representation 1 such that ¢ ~~.

PRrOOF. Because ¢ is linearly decomposable, there exists a non-trivial idempotent 7w, €
End(p). After two modifications, 7; will be conjugated into an idempotent endomorphism

tr =0 = 7! and 7 + 7t = 1 of Lemma [7.4.1, giving the

7 satisfying the hypotheses w
required decomposition.

By Lemma [7.4.3] the idempotent m! is also an endomorphism. By Lemma [7.4.4
mi # 7, since otherwise ¢ would be decomposable as a symplectic representation. Set
p1 = mml. Note that p; is self-adjoint and lies in End(¢). By Lemma p1 must be
either nilpotent or an isomorphism. But p; cannot be an isomorphism, since 7 and !
have nontrivial kernels and cokernels. So p; must be nilpotent.

Now set hi := s(p1), where s(X) is the binomial series for (1 — X)¥2; s(p1) is well-
defined because p; is nilpotent, which implies that the power series is just a polynomial in
p1. Note that h; € End(¢), and that hy is also self-adjoint. Furthermore, h; is invertible,
its inverse being defined by substituting p; in the binomial series for (1 — X)~1/2,

Define m := hlmhfl, and note that my lies in End(¢) and is again a non-trivial
idempotent. Furthermore,

mhme = K tmbh3ntht = hitm (1 — ma)wihyt = Ay Yt — mrd)ht = 0.
We are half-way there. Now py := o7} is a nilpotent, self-adjoint element of End(g),
and he := s(p2) is again an invertible, self-adjoint endomorphism of ¢. Then 7w :=
hy 'mohy € End() is a non-trivial idempotent such that

mrt = hylmohdnbhyt = hy tre(1 — monb)wbh ™! = hy 't (merh — manb)hst = 0
and

mim = homh(hy ?)mahy = homh(1 — momh) " mahy

= homh(1 + momb)mahy = ho(mhmy + Thmomhme)he = 0,

since mhmy = 0. Furthermore, m + 7! € End(¢) is idempotent: (7w + 7)2 = 72 + nlm +
arl + (%)% = m+ 7' But m+ 7! is also self-adjoint, so, by Lemma, 7+ ' must be a
trivial idempotent. It cannot be that 7 + w! = 0, since this would imply 7 = —7, whence
0 = 7lmr = —w? = 7, a contradiction to 7 # 0. Thus 7 + 7t = 1. O

COROLLARY 7.7.2. If two symplectically indecomposable but linearly decomposable rep-
resentations are isomorphic as linear representations, then they are isomorphic as sym-
plectic representations.

PROOF. By Lemma each of the two symplectic representations is the symplecti-
fication of an irreducible linear representation. Since the two representations are linearly
isomorphic, by Lemma [7.6.6] they are symplectically isomorphic. O

Lemma tells us that every indecomposable symplectic representation is either
linearly indecomposable or the symplectification of a linearly indecomposable representa-
tion, but not both. In the former case we say that ¢ is of non-split type; in the latter
case we say that ¢ is of split type.
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7.8. Uniqueness of compatible forms

We briefly discuss the question of uniqueness of compatible bilinear forms and formu-
late a lemma which will be the basis of our analysis of uniqueness of compatible forms.
Later we will verify the hypothesis of the lemma for the representations which concern us,
and one particular type will require a generalization. The proof uses ideas from that of
Lemma 5 in [Ser87]; it is interesting that the proof uses a version of the “square root”
construction of Lemma 2 of that paper (which is our Lemma . In addition, we use
an idea (simplified for our context) from Proposition 2.5 in [QSS79| when showing that
any two compatible forms must both be symmetric or antisymmetric.

LEMMA 7.8.1. Let ¢ be a linearly indecomposable representation in V' of an involutive
poset for which the endomorphism algebra E (which is local by C’orollary and has
the property that E = kid® RadE. If 1 admits two compatible bilinear forms, then these
forms are equal up to a constant scalar multiple and an automorphism of ¢. In particular,
the forms must both be symmetric or antisymmetric.

PRrOOF. If By and Bs are the isomorphisms from 1 to ¥* corresponding to two com-
patible forms, then C' = B[ !B, is an automorphism of 1.

Let T denote the antiautomorphism of E given by the operation of adjoint with respect
to By, i.e. Bi(Afz)(y) = Bi(z)(Ay), which is equal to A*(Bi(z))(y), so we have AT =
B{'A*B.

Define the signs €1 and €2 by B} = ¢;B;, and let € = €1£2. Then we have Ct=¢C. In
fact,

CT = (By'Ba)' = B{'B3(By)*By = B 'BoB ' By = ¢B; ' By = ¢C.

By our hypothesis, we may write C as cid — r;, where r; € R and ¢ is a scalar and
¢ # 0 since C is invertible. By replacing By by ¢ !B and repeating the argument up to
this point, we may assume that ¢ =1, so that C =1 —r for an r € R.

Now if € were equal to —1, we would have

1—rf=1—-r)T=—1-7),

which would imply that 14+1 = r' —r, which is impossible since R is closed under addition
and contains no invertible elements (and, by assumption, 2 # 0 in our ground field). So
e = 1, and both forms are either symmetric or antisymmetric. Furthermore, r = rf.

By Lemma [7.2.1] we know that r is nilpotent, and so we can use the formal power
series for /1 — r to construct an automorphism h such that hf = h and h? = C.

Now we have

h*Bih = Bih' By ' Bih = Bih'h = B1h? = B1C = B,
which shows that A is an isomorphism between the bilinear forms B; and Bos. O

REMARK 7.8.2. A form w on V and its scalar multiple aw are equivalent by a homothety
of V' (which is automatically an automorphism of any poset representation) if and only
if a is a square in the coefficient field. This means that the set of equivalence classes
of compatible forms under homothety is a principal homogeneous space of the square
class group of k, defined as the quotient k*/ k*? of the multiplicative group of nonzero
elements of k by the perfect squares.

Even if a is not a square, w and aw might, a priori, still be isomorphic by a linear
isomorphism which preserves a particular poset representation. This may also be the case
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if the representation is linearly decomposable, though in the present work we will not
consider the question of compatible forms for decomposable linear representations.

REMARK 7.8.3. In Section we will see that certain self-dual poset representations
fulfill the hypotheses of Lemma [7.8.1, In these cases it turns out that compatible forms
which differ by a scalar ¢ € k are in fact equivalent if and only if ¢ is a square.

For certain other self-dual poset representations, however, only a generalization of
Lemma [7.8.T] applies and both symmetric and antisymmetric compatible forms exist for a
given such representation; see in particular Sections and






CHAPTER 8

Isotropic triples

We transition now from the general theory of symplectic poset representations to an
analysis of the indecomposable symplectic poset representations connected to a specific
classification problem. In [LW15], the authors give a complete classification of pairs
of coisotropic subspaces in Poisson vector spaces and, equivalently by duality, pairs of
isotropic subspaces in presymplectic vector spaces. Each such pair is uniquely (up to iso-
morphism and ordering) decomposable as a direct sum of multiples of ten indecomposable
pairs, for which there are simple normal forms in ambient spaces of dimension 1, 2, or
3. These decomposition problems are special cases of the problem of classifying triples
of coisotropic or isotropic subspaces in symplectic vector spaces, with an extra condition
relating the third subspace to the first two.

In this chapter, we will deal with all (co)isotropic triples in symplectic vector spaces.
The decomposition into indecomposables is still possible with summands essentially unique,
but there are many more indecomposables. In dimensions up to 4, there are still only
finitely many isomorphism classes of indecomposables, while in higher dimensions the
moduli space of such classes includes parametrized families as well as single points which
may or may not be in the closure of such families.

The classification of pairs in [LW15] was done by elementary arguments in linear alge-
bra, but the results there (as well as those in [LW16] on the classification of (co)isotropic
relations) suggested links with the representation theory of quivers, particularly of those
associated with (extended) Dynkin diagrams and the closely related representation theory
of partially ordered sets (posets). (See e.g. Gabriel and Roiter [KS92].) We rely on these
to carry out the classification of triples. In fact, we largely reduce our problem to that of
studying representations which are maps from a certain 6-element poset with involution
to the poset of subspaces of a symplectic vector space with the involution given by sym-
plectic orthogonality. The classification of these representations, without the involution,
is essentially that of certain representations of a quiver associated to the extended Dynkin
diagram Eg, which is a tree consisting of a central vertex attached to three “branches”
containing two vertices each. The quiver in question is obtained from Eg by orienting all
of its edges toward the central vertex. Here are two depictions of this quiver; the first is
the most common, while we will use the latter, to emphasize the poset structure:

<—0<—o

e—>0—>0e< —o<—o e

For our results, we rely on the classification of representations of extended Dynkin quivers
given in [DR76] and [DF73], for the case of Fs. Representations of this particular quiver
have also been studied in quite some detail by Stekolchshik, see e.g. [Ste04] and [Ste07].
The study of poset representations in spaces equipped with an (anti-)symmetric inner

127
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product was first developed, to our knowledge, by Scharlau and collaborators; see [Sch75]
for a concise and enlightening overview.

For (co)isotropic triples, the connection with the Eg—type quiver described above is this:
the central vertex corresponds to the ambient symplectic vector space, while each branch
corresponds to an isotropic subspace and (adjacent to the central vertex) the coisotropic
orthogonal in which it is contained.

The associated six-element poset consists of the vertices in the branches, with partial
ordering given by the arrows connecting them, and (order-reversing) involution given by
exchanging the elements of each pair. We will use one of the standard notations, 242+ 2,
for this poset.

Since the operation of “taking the symplectic orthogonal” induces a one-to-one corre-
spondence between isotropic subspaces and coisotropic ones, in the following we focus on
and refer simply to isotropic triples. The concomitant results for coisotropic triples are
implicit.

A crucial part of our analysis is a result due to Quebbemann, Scharlau, and Schulte
[QSS79] and Sergeichuk [Ser87], which is formulated for poset representations in Lemma
For isotropic triples, this Lemma says that every indecomposable isotropic triple
in dimension 2n is either already indecomposable as a linear representation of the poset
2+ 2+ 2 or is obtained from an indecomposable linear representation of the same poset in
dimension n by a “doubling construction” known as hyperbolization (|[QSS79, p. 267]),
and which in our context we will call symplectification. (It is closely connected to the
cotangent bundle construction in symplectic geometry, though the latter always produces
lagrangian subspaces.) This dichotomy reduces our problem to deciding which such in-
decomposable linear representations actually come from indecomposable isotropic triples,
and finding the nonisomorphic isotropic triples which may give rise to the same indecom-
posable linear representationﬂ

8.1. Resumé

In this section we give a summary of our results. We hope that placing this summary
here, rather than as a final section, will give the reader an initial rough overview and a
place to refer back to. We include a short list of our most essential terms and notions:

e A linear poset representation (or just “poset representation”) of a poset P
in a vector space V (always assumed finite-dimensional) is an order-preserving
map from P to the poset of subspaces of V. Poset representations will usually
be denoted by the letter ¢). Representations of the poset 2 + 2 4+ 2 are called
sextuples.

e If a poset P is equipped with an order-reversing involution, then to each repre-
sentation ¥ of P in V, there is a dual representation * of P in V*. (For the
definition, see in Section ) In the present work, we always assume the
poset 2+ 2+ 2 to be equipped with the order-reversing involution that exchanges
the two elements of each of the three ordered pairs.

IThe simplest triple illustrating this possibility consists of three distinct lines in a symplectic plane.
These are lagrangian, so each one corresponds to both the isotropic and coisotropic subspaces in a nested
pair. If we forget the symplectic structure, there is no further invariant, but in the case of real coefficients,
there is a symplectic invariant given by the cyclic order of the three lines with respect to the symplectic
orientation. This is sometimes called the Maslov index or Kashiwara-Vergne index of the lagrangian triple.
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An isotropic triple ¢ is an ordered triple of isotropic subspaces of a symplectic
vector space. The three isotropics, together with their corresponding symplectic
orthogonals, form a sextuple of subspaces which define a linear representation of
the poset 2 4+ 2 + 2, the underlying linear representation ¢ of the triple. The
underlying poset representation ¢ of an isotropic triple is necessarily isomorphic
to its dual; i.e ¢ is “self-dual”.

Given a sextuple ¢ in V', a compatible symplectic form is a symplectic form
on V with respect to which 1 becomes the underlying poset representation of an
isotropic triple. (See Section [7.5])

Isotropic triples are examples of symplectic poset representations (see Defi-
nition . There are distinct notions of decomposition (and of “indecompos-
able”) for linear poset representations and for symplectic poset representations,
respectively (the latter are orthogonal decompositions.) In particular, an inde-
composable isotropic triple may be decomposable as a linear poset representation.
Any representation v of a poset P has an associated dimension vector: this is
the function which assigns to each element x € P the dimension of the associated
subspace 9(x). We usually write the dimension vector not as a function, but as
a tuple (i.e. a “vector”).

Throughout we assume that the ground field k is perfect and does not have
characteristic 2. The condition of “perfectness” is not a strong one: perfect fields
include fields which are algebraically closed, fields of characteristic zero, and finite
fields.

Resumé:

(1)

Symplectically indecomposable isotropic triples ¢ come in two kinds:

e Split: the underlying sextuple ¢ of the isotropic triple is decomposable as a
linear poset representation. By Lemma o is isomorphic to the sym-
plectification of some indecomposable poset representation ¢ of 2 + 2 4 2
which is not self-dual; in particular ¢ =2 ¢ ® ¥*.

e Non-split: ¢ is such that ¢ indecomposable and self-dual

Our main work is the identification of the duals of indecomposable sextuples and
the classification of the indecomposable non-split isotropic triples. Once this is
done, by Lemmal[7.7.1] the classification of the split-type indecomposable isotropic
triples is essentially automatic. Throughout, it is understood that when we speak
of classification of indecomposables, we mean the classification of isomorphism
classes of indecomposables.

In order to classify the non-split indecomposable isotropic triples, we first identify
which sextuples ¢ are self-dual. We have the following subcases (we use labels
(a) through (e), which are also referred to further below):

e Discrete-type: in these cases, 1 is based on an indecomposable nilpotent en-
domorphism. Up to isomorphism, 1 is uniquely determined by its dimension
vector d. There are the following types, with k € Z>q:

(a) ABk+1,0) withd = 3k + 1;2k + 1,k, 2k + 1,k,2k + 1, k),
(b) A(Bk+2,0) withd = (3k+2;2k+1,k+1,2k+1,k+1,2k+1,k+1).

e Continuous-type: in these cases, ¢ has a dimension vector of the form
(3k, 2k, k, 2k, k, 2k, k), with k € Z<q, and is based on an indecomposable
endomorphism 7 (this is a generalization of the A(k, A) of Donovan-Freislich
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[DF73], and we also use normal forms based on the homogeneous represen-
tations of Dlab-Ringel [DR76]). In our encoding, the underlying endomor-
phism 7 of a self-dual ¢ is necessarily such that 7 is similar to (id — n)*.
The following types of endomorphism 7 (up to similarity) account for all the
indecomposable self-dual continuous-type sextuples:
If n has an eigenvalue X in the base field:

(c) A= 1.
If n has has no eigenvalue in the base field:

(d) Over the reals: the complex eigenvalues of 7 are %i byv/—1 for unique
real b, > 0.

(e) Over perfect fields in general: n = %id + ¢ where ¢ # 0 is similar to
—(*. The characteristic (= minimal) polynomial of { is of the form
r(x)™ for an irreducible polynomial r which is of the form r(x) = p(x?)
for some polynomial p.

(3) With the indecomposable self-dual sextuples classified, we then determine which
of these admit compatible symplectic forms (and we give such forms explicitly via
coordinate matrices). We find that compatible symplectic forms exists as follows:

(a) for A(3k + 1,0) if and only if & is odd.

(b) for A(3k + 2,0) if and only if k is even.

(c) for n having an eigenvalue in k: if and only if & is even.
(d-e) for n having no eigenvalue in k: for all k.

(4) Following the question of existence of compatible symplectic forms for indecom-
posable self-dual sextuples, we then address the question of uniqueness. We find
that compatible symplectic forms for a sextuple 1 are unique up to isomorphism
(i.e. up to an isometry which is an automorphism of ¥) and, in

(a-c), multiplication by a scalar. There are no compatible symmetric forms.
(d), multiplication by a scalar. There are also compatible symmetric forms.
(e), multiplication by a ‘scalar’ Z € F;r. Here F' = k[z]/q(z) is considered as a
subring of k3>*3k and FE consists of all Z € F such that Z'H = HZ, where
H is the coordinate matrix of a particular compatible form. There are also
compatible symmetric forms.

(5) The following provides a complete list of isomorphism types of isotropic triples
in the non-split case. Given a non-split isotropic triple ¢ with symplectic form w
(and associated coordinate matrix H) there is an automorphism of ¢ which is

(a-d) an isometry from w to cw, for some 0 # ¢ € k, if and only if ¢ is a square
in k. Thus, compatible symplectic forms for a given sextuple ¢y = ¢ are
parametrized by the square class group k> /(k*)2.

(e) an isometry from H to HZ, for some 0 # Z € F, if and only if Z = X? —Y?
where X € Fji and Y € Fy;. Here, Fi; = {Z | Z'H = +tHZ}.

(6) For a fixed indecomposable sextuple 1, the set (if non-empty) of all compatible
symplectic formsﬂ is given via linear expressions involving

(a) k parameters,
(b) k+ 1 parameters,

(c-d) & + 1 parameters.

PROOF OF THE RESUME.

2Here we mean all compatible forms, i.e. not only up to isometry.
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(1) By Lemma
(2) For the cases (a-b), in Proposition it is stated which discrete-type inde-
composable sextuples are self-dual, and in Theorem [8.3.3] it is shown which ones
admit compatible symplectic forms.
For continuous-type indecomposable sextuples, it is established in Section
[8:4.5] that self-duality only occurs for framed sextuples, and from Proposition
it follows that a framed sextuple S, is self-dual if and only if 7 is similar
to id — n*. Furthermore, those &, which underly non-split isotropic triples are
identified:
(¢) in Theorem for the case when the underlying endomorphism has an
eigenvalue in the ground field.
(d) in Theorem for the case when k = R and the underlying endomorphism
has no eigenvalue in R.
(e) in Theorem for the general case when k is perfect and the underlying
endomorphism has no eigenvalue in k. See also Corrollary

(3) For (a-b), see Theorem for (c), see Theorem (d-e), see Theorem 8.6.9]

(4) For (a-b), see Theorem [8.3.12} for (c), see Theorem for (d), see Theorem
for (e), see Theorem The uniqueness statements in the theorems

above for (a-d) make use of Lemma and in the case (e), Theorem
makes use of Lemma
(5) As in the previous point: for (a-b), see Theorem for (c), see Theorem
for (d), see Theorem for (e), see Theorem [8.6.17
(6) For (a-b), see Remark for (c-d), see Theorem and Theorem
g

COROLLARY 8.1.1. For an indecomposable representation v of the poset P =2+4+2+2
in a vector space V' the following are equivalent

(1) There is a symplectic representation ¢ such that ¢ = 1).
(2) 9 is self-dual and dim' V' is even.

REMARK 8.1.2. The following topics are deferred to possible future work.
e For those representations which do not admit compatible symplectic structures
(since they are not self-dual or admit only symmetric structure), a detailed de-
scription of the isotropic triples resulting from their symplectifications.

Analysis of how the classification of isotropic triples changes when the ground
field is changed.
A description of the isometry groups of indecomposable isotropic triples.

A discussion of the classification of isotropic triples within the category-theoretic
framework of Quebbemann, Scharlau, Schulte [QSS79] and Sergeichuk [Ser87].
A further analysis of the relation between poset representations of 2 + 2 + 2

(sextuples of subspaces) and poset representations of 1 + 1 + 1 + 1 (quadruples
of subspaces).

e The study of how a general (not necessarily indecomposable) isotropic triple
decomposes into indecomposable summands; in particular the question of how
unique such a decomposition is.

e The question of defining invariants for isometry types of isotropic triples which
give multiplicities of indecomposable summands (in particular in relation to the
perfect elements established by Stekolchshik [Ste07]).
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e An explanation in further detail of the relation between isotropic triples and
linear hamiltonian vector fields.

8.2. Interlude: overview, preview, examples
8.2.1. Next steps. By Theorem and Lemma one obtains the following.

COROLLARY 8.2.1. For a given symplectic representation, consider orthogonal decom-
positions into symplectically indecomposable summands. Then any summand is either split
or non-split and the following are uniquely determined:

(1) The isomorphism types and multiplicities of split summands.
(2) The linear isomorphism types and multiplicities of non-split summands.

At this point, we have finished our discussion of the general theory of symplectic poset
representations and are ready to move on to specific cases related to isotropic triples. We
will do the following things.

e In section [8.2.2] we review some essentials of the theory of quiver representations
— as background for the classification results to be used. We explain how the
classification, obtained in [DE73l, [DR76], of indecomposable representations of a
quiver related to the Dynkin diagram Fj gives the classification of indecomposable
linear representations of the poset 2 + 2 + 2.

e As a warmup, we derive, in sections [8.2.3 and [8:2.4] the classification of isotropic
k-tuples, for kK = 0,1, 2, from the classification of representations of quivers as-
sociated with the Dynkin-diagrams A;, A3, and As. Then in section [8.2.5 we
give an overview of the quiver representation classification results for the Dynkin
diagram E@, which we will use for classifying isotropic triples. In section
again as a warmup, we discuss isotropic triples in ambient dimension 2, and give,
in section a preview of the situation in higher dimensions.

e Using the results of [DR76, [DEF73], we identify which indecomposable linear
representations of P = 2+ 2+ 2 are dual to one another when we equip 2+ 2 + 2
with the involution | which exchanges the respective elements of the three nested
pairs in 2+ 2+ 2. From now on we will use the term sextuples to refer to linear
representations of this poset with involution.

e From the general theory we know that self-dual sextuples admit compatible sym-
metric or symplectic forms (or both). We determine which self-dual sextuples
admit compatible symplectic forms (thus giving non-split isotropic triples), and
we give explicit constructions of such forms.

e For the self-dual sextuples, we reduce the classification of compatible forms to
a field-theoretic description. When k = R or when k is algebraically closed,
compatible forms are parametrized by the square class group k*/(k*)2. For
general perfect fields, a similar, though slightly more complicated, description is
obtained; see Theorem

8.2.2. Quiver and poset representations. We recall here some basic definitions
and results in quiver representation theory, referring to the literatureﬂ for more details. A
quiver Q is simply a directed graph, i.e. a set V of vertices and a set A of arrows, with
source and target maps s and ¢ from A to V. We allow multiple arrows with a given source

3For example {[Bar15|, [Ben|, [DW17|, [EGH 11|, [Kac80], [Sch14]} is a small sample subset of
the available references, to give the reader a starting point.
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and target, but assume the sets A and V to be finite. With a chosen ground field k, a
representation p of Q is simply an assignment to each vertex v a (finite dimensional,
for our purposes) k-vector space p(v) and to each arrow a a linear map p(a) : p(s(a)) —
p(t(a)). A morphism p from p; to py is a family of linear maps p, : p1(v) — p2(v) making
the obvious diagrams commute. When the family of linear maps consists of isomorphisms,
then g is called an isomorphism. The collection of representations of a fixed quiver with
their morphisms form a category.

A fundamental problem in the theory of quiver representations (as is the case for rep-
resentations of just about anything) is to describe the structure of the set of isomorphism
classes of representations, and, among these, the indecomposable representations, which
are those not decomposable into nontrivial direct sums.

The first basic result is the Krull-Schmidt theorem, which states that each representa-
tion of a quiver is isomorphic to a direct sum of indecomposables, and that the summands
in this decomposition, with their multiplicities, are unique up to isomorphism and reorder-
ing. This reduces the classification of representations to the enumeration of those which
are indecomposable. When the set of isomorphism classes of indecomposables is finite, the
quiver is of finite type.

As mentioned above, we will be studying isotropic triples by considering them as linear
representations of the poset 2 + 2 + 2. These poset representations can be identified with
particular representations of the following quiver; it is obtained by choosing the following
orientation on the extended Dynkin diagram E:

Cle——1y

v 3{62‘7 iz

(253) Coe—13

We'll refer to this quiver also as Eg. The labels on the vertices are in principle arbitrary
(and sometimes unnecessary); we fix this choice since it is suggestive for our application to
(co)isotropic triples. We identify the vertices other than v with the elements of the poset
2 + 2 4+ 2, with the partial order indicated by the arrows, i.e. i1 < c1, 12 < ¢9 and i3 < c3.

When considering representations of this quiver, we will denote the space associated
to the vertex v by V, and the spaces associated to the vertices c1, co, c3 and i1, 49,13 will
be denoted by C1, Cy, Cs and Iy, Io, I3, respectively. When it is clear what the maps are, a
representation of will be denoted by the 7-tuple of spaces (V; Cy, I1; Cy, I2; C3, I3) or
just (V;Cy, I;). We will also call such representations sextuples, just as we do poset rep-
resentations of 2+2+42. Abusing notation slightly, dimension vectors of sextuples will be
denoted (v, c1, o, c3,11,12,13), where the entries denote the dimensions of the (sub)spaces
of a representation (V; Cy, I1; Ca, I2; Cs, I3).

It is straightforward to see that, on the level of isomorphism classes, linear poset
representations of 2 + 2 + 2 are in one-to-one correspondence with quiver representations
of the quiver Eg where all arrows are represented by injective linear maps (we will call
these injective representations). This correspondence is compatible with the notions of
direct sum for poset and quiver representations, respectively. Furthermore, one can prove
that an indecomposable quiver representation of Fg is an injective representation if and
only if the space assigned to the central vertex is non-zero (see [Ste04], Proposition A.7.1).

Using this, one can read off the indecomposable representations of 24242 from those
of Eg as given in [DR76, DF73]. We will mainly use the explicit normal forms given
in [DR76]. Since that reference (in contrast to [DF73|) only treats the case when the
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ground field is algebraically closed, we will use a straightforward generalization of their
normal forms for more general fields. By inspection of the proofs [DR76], it is only the
normal forms for continuous-type representations that must be generalized. These are
discussed in Section [8.4l

An essential tool for the study of quiver representations is the Tits form of a quiver
Q. This is the quadratic form ¢ on the Z-module generated by the vertices defined by
qg(n) =3y n2 — Y vxy v,wloNew, Where n, is the coefficient of v in n, and a,, is the
number of arrows from v to w. Note that this form does not depend on the direction of
the arrows.

The idea behind the Tits form is that, if the coefficients of n are the dimensions
of vector spaces assigned to the vertices, then the second term is (the negative of) the
dimension of the linear space of all representations of @ in this family of vector spaces,
while the first term is the dimension of the group, acting on the space of representations,
whose orbits are the isomorphism classes. In fact, the scalar multiples of the identity act
trivially, so we may say that the “virtual dimension” of the moduli space of isomorphism
classes of representations with dimension vector n is 1 — g(n). The actual dimension is
at least this large (and larger if more of the group acts trivially), so if our ground field
is, e.g., the real or complex numbers, the only way in which there can be finitely many
isomorphism classes with dimension vector n is if ¢(n) is at least 1.

This suggests (but does not prove, for various reasons), that a quiver is of finite type
if and only if its Tits form is positive definite. In fact, this is true (for any ground field!)
and is part of what is known as Gabriel’s Theorem. The other part of the theorem
states that the connected quivers of finite type are exactly those for which the associated
undirected graph is a Dynkin diagram of type A, D, or E [Gab72]. For these quivers, it
turns out that the nonnegative solutions of ¢(n) = 1, known as the positive roots, are
precisely the dimension vectors of indecomposable representations, and there is exactly
one isomorphism class corresponding to each positive root.

The quiver relevant to the classification of isotropic triples is not of finite type.
It does belong, however, to the “next best” class, that of the so-called tame quivers. For
these, the Tits form is positive semidefinite, with one-dimensional null space which we
will denote by N. N has a smallest positive element, which is the dimension vector of
a family of representations whose isomorphism classes are parametrized, in the case of
k algebraically closed, by a 1-dimensional variety. The positive roots thus fall into lines
parallel to N. They still correspond to indecomposable representations, which now belong
to families indexed by the positive integers.

An extension of Gabriel’s theorem (c.f. [DR76], [DET3]) tells us that a quiver is of
(infinite) tame type if and only if the corresponding undirected graph is an extended
Dynkin diagram; these are obtained from certain Dynkin diagrams by the addition of
an edge attached to an extremal vertex. Among these, for instance, is lf?v4, consisting
of four edges attached to a central vertex. If the edges are all oriented to point toward
the vertex, the representations of the quiver are closely related to those of the partially
ordered set 1+1+4141 consisting of four incomparable elements. Representations of this
poset are just quadruples of subspaces in vector spaces. These were classified by Gel’fand
and Ponomarev [GP72], who showed that many classification problems in linear algebra
reduce to the classification of certain subspace quadruples. For instance, endomorphisms
of a vector space V' in dimension n correspond to certain kinds of quadruples of subspaces
of dimension n in V @&V (the “axes,” the diagonal, and the graph of the endomorphism).
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Indecomposable representations of this kind correspond to indecomposable endomorphisms
which, in the case of an algebraically closed field, are those given by a single Jordan block.
Since the diagonal element and the size of such a block is arbitrary, one sees immediately
the presence of 1-parameter families with arbitrarily large dimension vectors. This example
also shows the possible complications for fields which are not algebraically closed, where
indecomposable endomorphisms are parametrized by irreducible polynomials which are no
longer necessarily linear. We will see later that there are close connections between the
representations of bj; and those of Evﬁ, the latter also being connected to the classification
of endomorphisms.

In the next two sections, we reinterpret, via the theory of quiver and poset representa-
tions, the easy classifications of symplectic vector spaces and isotropic subspaces, followed
by the classification of isotropic pairs, c.f. [LW15]. The relevant Dynkin diagrams are
Al, A3, and A5.

8.2.3. Symplectic spaces, isotropic subspaces. We start with the classification
of symplectic vector spaces with no distinguished isotropic subspaces. We may think of
these as the symplectic representations of the empty poset, or of the Dynkin diagram
Ay, whose quiver consists of a single vertex with no arrows, and whose Tits form in
terms of the one-entry dimension vector (v) is the positive definite form v2. It is well
known that any symplectic vector space admits a basis (in fact many such bases) of
the form (e1, f1,...en, frn), with the symplectic form determined by the conditions that
w(ej, fj) = 1 for all j and w(a, b) = 0 for all other pairs (a, b) of basis elements. We call this
a symplectic basis. As a consequence, any symplectic vector space can be decomposed
as a direct sum of copies of the space k? with symplectic basis (e, f). The only invariant
of a symplectic space is its dimension, which must be an even nonnegative integer. This
is consistent with the fact that the Tits form has a single positive root, which is (1).

Another viewpoint here is that there is one indecomposable representation of the empty
poset, the 1-dimensional space k. The symplectification of this representation is k* @ k.
In fact, we will use this description of the 2-dimensional symplectic space, rather than k2.

We now move on to the example of individual isotropic subspaces, which correspond to
certain symplectic representations of the poset 2, i.e. nested pairs of subspaces, as noted
above, where isotropic I in V corresponds to the representation V O I+ D I.

The quiver associated to this poset is

® < L] L

with underlying Dynkin diagram As. For a dimension vector of the form (v, ¢, i), corre-
sponding to a representation V <« C « I, the Tits form is ¢(v, ¢, i) = v?+ 2 +1i? —ve—ci,
which can be rewritten as

S0P =0+ (e i) +2),

which is clearly positive definite. The dimension vectors of indecomposable representations
of the quiver are the positive roots, i.e. nonnegative integer solutions of ¢(v,c,i) = 1.
These must be vectors such that exactly two of the four squared summands are equal to 1.
Of the six such solutions, those for which the arrows are represented by injective maps are
(1,0,0), (1,1,0), and (1,1,1). Over a ground field k, the corresponding representations
are (1;0,0) ==k 2020, (151,0) :=k Dk D20, and (1;1,1) :=k D k D k. (1;1,0) is
self-dual, while (1;0,0) and (1;1,1) are (isomorphic to) the duals of one another.
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On (1;1,0), there are no symplectic formsﬂ

As we have seen in Example the symplectifications of these representations,
contained in k* @ k, are (1;1,0)" =k* @k D00, (1;0,00” =k*® 0 DO k*® 0, and
(L1,1)" =00k 2D 0ak.

The isotropic subspaces in k* @ k are the zero subspace in the first case, and (la-
grangian) lines in the latter two cases. The latter two symplectic representations are
isomorphic, but we will use both of them in the classification of multiple isotropic sub-
spaces.

8.2.4. Isotropic pairs. The relevant poset here is 2 4+ 2, to which we associate the

quiver
O «<——
* < o<— o

with underlying Dynkin diagram As.

For a representation of this quiver given by maps I; — C1 = V + Cy < I, we will
write the dimension vector in the form (v;cy,i1; ca,i2).

The Tits form may be written as

q(v;c1,iy;co,i9) = %[(v —c)? 4 (1 —i) 2+ (v—c2)® + (cg —in)? + i3]

Again, this is positive definite, and the positive roots are those vectors making exactly
two of the squared terms equal to 1. Those giving representations by injective maps
(which can be found by consulting a table of the positive roots of As) are as follows. The
only self-dual root is (1;1,0;1,0). The others, arranged together with their duals, are
(1;0,0;0,0) and (1;1,1;1,1), (1;1,0;0,0) and (1;1,0;1,1), (1;0,0;1,0) and (1;1,1;1,0),
and (1;1,1;0,0) and (1;0,0;1,1). Since the self-dual root has an odd-dimensional ambient
space, the corresponding representation does not admit a symplectic structure. We then
have five indecomposable isotropic pairs by symplectification, all lying in k* & k; they are
(0@ k,0® k) (two equal lines), (0@ 0,0 @ k) (zero and a line), (0@ k,0® 0) (a line and
zero), (k* @ 0,0 @ k) (two distinct lines), and (06 0,0 @ 0) (two zero subspaces). They
correspond exactly (in a different order) to the five symplectic indecomposables numbered
6 through 10 in Theorem 2 of [LW15].

8.2.5. Overview of indecomposable representations of the poset 2 + 2 + 2.
We come now to the central object of this chapter. As noted earlier, the quiver which we
associate with the poset 2 4+ 2 4+ 2 governing isotropic triples is

oE— o

oEc— O

and the corresponding extended Dynkin diagram is E\g. An explicit description of the
indecomposable l% representations has been given by Donovan and Freislich in [DE73],
organized into families described as follows: The dimension vectors of indecomposables
are arranged in lines parallel to N = N(3;2,1;2,1;2,1). Each of these lines contains a
least positive element, followed by vectors obtained by adding the elements of N. These
give sequences in increasing dimensions. The dimension vectors in N are referred to

4The compatible nondegenerate bilinear forms on (1;1,0) are symmetric; the group k*/(k*)?, where
k™ is the multiplicative group of k, acts simply and transitively on the isomorphism classes of such forms.
This quotient group is Z» in the case of a finite field or the real numbers, and the trivial group for an
algebraically closed field. It can be much larger, for instance in the case of the rational numbers. In any
case, the isotropic subspace is the zero subspace.
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as continuous, the others as discrete; we also use this terminology for the associated
indecomposable representations.

REMARK 8.2.2. The classification of discrete-type indecomposables is in fact indepen-
dent of the ground field k, while the classification of continuous-type indecomposables does
(partially) depend on k. This follows from DR [DRT76], or by inspection of the proofs in
DF [DF73].

REMARK 8.2.3. In view of Corollary and the fact that indecomposable discrete-
type sextuples are uniquely determined up to isomorphism by their dimension vectors, to
show that a sextuple is of a given isomorphism type of discrete type it is sufficient to show
that it has the required dimension vector and that its endomorphism ring is local.

An important step in classifying symplectic representations of the poset P = 2+ 2+ 2
with our chosen involution is to identify which linear representations are self-dual, since
these may admit compatible symplectic forms. For the discrete-type dimension vectors,
self-duality of the dimension-vector implies self-duality of the (uniquely) corresponding
indecomposable linear representation, c.f. Lemma In view of Remark the
self-dual discrete-type sextuples may be read off from the classification in [DFT73]:

ProproOSITION 8.2.4. The self-dual discrete dimension vectors of indecomposable rep-
resentations of 2 + 2 + 2 are of the form (3k + 1;2k + 1,k,2k + 1,k,2k + 1,k) and
B3k +2;2k+ 1,k+ 1,2k + 1,k + 1,2k + 1,k + 1). For each of these there is, up to iso-
morphism, a unique indecomposable, named A(3k+1,0) resp. A(3k~+2,0). In particular,
these are the only self-dual discrete sextuples.

Explicit descriptions of the isotropic triples associated to the self-dual sextuples A(3k+
1,0) and A(3k+2,0) are given in Sections and In Sectioncompatible sym-
plectic forms are constructed explicitly, and in Section we discuss their uniqueness.
The (more difficult) question of duality for continuous-type indecomposable sextuples is
discussed in Sections [8.4] 8.5 and [8.6]

In the present section we give some further explanations of the DF-classification
[DF73|. The discrete indecomposable sextuples are labeled in the form L4(3k + i,d),
where k can be any non-negative integer and i € {0, 1, 2,3} (but does not always run over
that whole set). 3k + i gives the dimension of the ambient space V', and d is the defect
Y>ocj+ > i;—3v. Lis aletter in {A, B,C, D} which encodes the degree of symmetry of
the dimension vector, with A = fully symmetric, i.e. all “arms” equal, B or C' = exactly
two arms equal, D = no arms equal. The subscript s is either empty (when L = A),
an integer in {1,2,3} when L = B or C, or a pair of unequal integers in {1,2,3} (when
L = D). This subscript encodes “where the asymmetry is”. In cases B or C, it tells which
arm has a different dimension vector. In case D, it tells how two asymmetric dimension
vectors can be related via permutation of the arms. For example, D12(3k +1,0) is related
to D31(3k + 1,0) via the permutation 1 — 3, 2 — 1, 3 — 2 (but only two indices are
needed to specify a permutation of 3 elements).

There is no essential difference between the cases L = B and L = C. The reason for
using two different letters seems to simply be that, in the defect —1 and +1 cases, if the
parameters k, i, d, and s are fixed, then there are still two distinct dimension vectors of
indecomposables.

The lowest dimensional members of each family of discrete-type indecomposable sex-
tuples are listed in the following table (with i = 1,2, 3):
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defect || dim 1 dim 2 dim 3

-3 | A(1,-3) A(2,-3)

-2 | Gi(1,-2) Ci(2,-2) Ci(3,-2)
S| BL-1) B2 -1) | BG-)
-1 | Gi(1,-1) Ci(2,-1) Ci(3,-1)
0 || Dit2:+1(1,0) | Dit2,+1(2,0)

0 A(1,0) A(2,0)

0 Dm+1(1, 0) Di,i+1(27 0)
1 21 | c@)
1 || Bi(1,1) (2,1) B;(3,1)
2 | Ci1,2) Ci(2,2) Ci(3,2)

3 A(1,3) A(2,3)

The row in the middle contains the lowest dimensional members of the two families
of discrete indecomposables which are self-dual, namely the families A(3k 4+ 1,0) and
A(3k + 2,0). For any other entry in the table, its dual indecomposable is found by
reflecting along the horizontal middle axis, e.g. A(1,—3) and A(1,3) are mutually dual,
Ci(1,-2) and C;(1,2) are mutually dual, etc..

In contrast to the discrete-type indecomposable sextuples, the classification of continuous-
type indecomposable sextuples is dependent on the ground field (again, this follows from
the classification in DF [DEF73] and DR [DR76]). Although we will ultimately work in
the setting where the ground field is only assumed to be perfect, for illustrative purposes,
we assume for the moment that the ground field is the complex numbers.

The indecomposable continuous-type sextuples can be arranged into families whose
lowest dimensional members are listed in the following table. Here, i = 1,2,3, and
the parameter A is understood as ranging in the disjoint union of the sets C\{0,1} and
{0;,11, 12, 00;}, where the latter 8 (formal) elements are labels for certain “exceptional”
indecomposables.

defect || dim 3
0 A(1,0;)

o o|lojo o
P e 4

0

As with the previous table, this one is also arranged so that dual sextuples are placed
symmetrically to each other with respect to reflection around the central horizontal row
(and leaving this row fixed); in particular, the only self-dual element of the table is

A1, -1

5We note that, for indecomposable sextuples of the type A(1,\) with A € C\{0, 1}, the separation
into two families (according to the absolute value of A and the sign of its imaginary part) is something we
have introduced “artificially” for this table in order to emphasize a separation into dual pairs. In fact, the
values of A are not intrinsic; the values used here are simply one of many possible ways to parametrize the
“moduli space” of continuous-type indecomposable sextuples.
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Finally, we review these results in the context of Section The quiver we work
with, Eg, is tame but not of finite type, and its indecomposable representations, and hence
those of the underlying poset, are infinite in number and of arbitrarily high dimension,
with some of them of discrete type and others of continuous type. Following the pattern
in the preceding subsections, we will denote a dimension vector by (v;c1,1i1; co,i2; 3, 13).
The Tits form

. . . 1 . .

q(v; c1,11; ca, do; €3, 13) 25[—1’2 + (v — 01)2 + (e1 — 21)2 + Z%

+ (v — 02)2 + (c2 — i2)2 + Z% + (v — 03)2 + (3 — i3)2 + Z?»J

is now positive semidefinite; its null space N is 1-dimensional, generated over the integers
by v := (3;2,1;2,1;2,1). Dlab-Ringel [DR76] give a nice presentation of (a constant
times) this form as a sum of six squares. Since there are 7 variables, this shows positive
semidefiniteness.

The discrete indecomposable sextuples are those with dimension vectors for which the
Tits form takes the value 1.

8.2.6. Triples in dimension 2. We will enumerate here the isotropic triples in
dimension 2, which are all symplectically indecomposable. Since many of them are linearly
decomposable, we will be using the description in Example [7.6.7] of the symplectifications
of the three nested pairs in k.

The following are the possibilities for a triple, in the symplectic plane k* & k, of pairs
each consisting of a coisotropic subspace containing its isotropic orthogonal. These are
necessarily symplectically indecomposable, but only the final example is linearly indecom-
posable. The rest are symplectifications of 1-dimensional linear representations.

(1) Three copies of k* @k DO 0@ 0. (The isotropics are all zero.) This is the
symplectification of the sextuple in k consisting of three copies of k 2 0, whose
dimension vector is (1;1,0;1,0;1,0). In the DF classification, this is A(1,0). It is
self-dual, but all compatible bilinear forms are symmetric rather than symplectic.

(2) Two copies of k* @k D 0@ 0 and one copy of 0 @k D 0@ k. (Two isotropics
are zero, and one is a line.) This is the symplectification of two copies of k O 0
and one copy of k D k (or its dual 0 D 0). In terms of the DF classification,
the linear representations being symplectified are of the type B, (1,1) (or its dual
B.(1,-1)), for r = 1, 2, or 3. Thus there are three possibilities here, depending
upon the value of r (i.e., on which of the three isotropics is a line). The B,(1,41)
are the first members of the families B, (3k + 1,+1). Bs(1,1), for example, has
the dimension vector (1;1,0;1,0;1,1), and its dual Bs(3k+ 1, —1) has dimension
vector (1;1,0;1,0;0,0).

(3) One copy each of k*®k 2D 000, k*®0 2 k*®0, and 00k DO 0@k. (One isotropic
is zero, and the other two are different lines.) This is the symplectification of one
copy each of k © 0, 0 D 0, and k D k. In terms of the DF classification, the
linear representation being symplectified is Dj2(1,0), D31(1,0), or Da3(1,0) (or
the dual Ds2(1,0), D21(1,0), or Di3(1,0) respectively). Again, there are three
possibilities, depending upon which of the three isotropics is zero. The D;;(1,0)
are the first members of the families D;;(3k + 1,0).

(4) One copy of k* @k D 0@ 0 and two copies of 0k O 0@ k. (One isotropic is zero,
and the other two are identical lines.) This is the symplectification of one copy
of k O 0 and two copies of k D k. In the DF classification, this is C,(1,2) (or its
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dual C,-(1,-2)) for r = 1, 2, or 3, leading again to three possibilities, depending
upon which isotropic is zero. The C,.(1,£2) are the first members of the families
Cr(3k +1,+£2).

(5) Three copies of 0 @k D 0@ k. (All three isotropics are the same line.) This
is the symplectification of three copies of k D k (or its dual 0 D 0). In the DF
classification, this is A(1,3) (or A(1,—3)). The corresponding dimension vector
is (1;1,1;1,1;1,1) (or (1;0,0;0,0;0,0)). The A(1,+3) are the first members of
the families A(3k + 1,+3).

(6) Two copies of 0 @k D 0@ k and one copy of k* 0 2O k* 0. (Two of the
isotropics are the same line, and the third one is a different line.) This is the
symplectification of two copies of k D k and one copy of 0 O 0 (or vice versa).
In the DF classification, this is Cy(1,1) (or its dual Cy(1,—1)), for r =1, 2, or 3.
Again we have three possibilities, depending upon which line is distinct from the
other two. The C,(1,=£1) are the first members of the families C;(3k + 1, £1).

(7) The final case, that of three distinct lines in a plane, is linearly indecomposable.
In the DF classification, as a linear representation, it is A(2,0), which is self-dual.
Its dimension vector is (2;1,1;1,1;1,1). The number of isomorphism classes of
symplectic representations with this underlying linear representation depends on
the ground field k. We may find a symplectic basis (e1, f1) whose elements
span I; and Is, respectively. I3 is then spanned by e; + af; for some nonzero
a € k. If we change the basis to bei, b~ ! f1, then I3 is spanned by be; + baf; =
be; + b%a(b~1f1). This implies that the set of isomorphism classes of triples of
lines may be parametrized (taking the case a = 1 as “basepoint”) by the square
class group k*/ k*? introduced in Remark Thus, when k is algebraically
closed, there is just one isomorphism class of this type, while in the case k = R,
there are twoﬁ In this case, the isomorphism class is invariant only under cyclic
permutations of the three lines, and the Maslov index of the triple distinguishes
the two possibilitiesﬂ A(2,0) is the first member of the family A(3k+2,0) whose
members for k£ even admit compatible symplectic structures. Those for odd k
require symplectification.

We conclude that the number of isomorphism classes of isotropic triples in dimension
2is14+34+3+3+1+3+ #(kx/kXQ), or 14 + #(kx/kXQ), where the last term is the
order of the square class group.

8.2.7. Higher dimensions: A preview. All of the isotropic triples in dimension
2 were listed in the previous subsection. Again, they are the symplectifications, for the
case k =0, of A3k +1,0), B,(3k +1,£1), D;;(3k +1,0), C,(3k +1,£2), A(3k + 1,+3),
Cy(3k 4+ 1,£1), along with the isotropic triples which arise from compatible forms for the
self-dual sextuple A(2,0).

For higher k, the members of the family A(3k + 2,0) are always self-dual (see Section
below), and they admit symplectic forms if only if k is even. Similarly, the members
of the family A(3k + 1,0) are all self-dual and admit symplectic forms if and only if k is

6For information about the square class group of other fields, we refer to [Bec01], [Lam99], and
[Raj93|. For instance, the square class group of a finite field has order 1 or 2 according to whether the
characteristic is even (i.e. 2) or odd. For the p-adic numbers, the order of the square class group is 8 for p
= 2, and 4 otherwise.

"Here we are referring to the Maslov index for Lagrangian triples, also known as the Kashiwara index,
see [Dui76], [LV80Q].
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odd. Thus, for k =1 or k£ = 2 one finds non-split indecomposable isotropic triples arising
from compatible forms for A(3 4+ 1,0) and A(6 + 2,0), respectively. These are in ambient
dimension 4 and 8, respectively. The symplectifications of A(3+2,0) and A(6+ 1,0) give
indecomposable isotropic triples in ambient dimension 10 and 16, respectively.

In dimension 4, beside the non-split isotropic triples associated with A(3 4+ 1,0), we
have, for k = 0, the symplectifications of A(3k + 2,+3), C,(3k + 2,£2), B,(3k + 2,+1),
Cr(?)k‘ + 2, :tl), and DU(3k‘ + 2, O)

In dimension 6, we have, for £ = 0, the symplectifications of the discrete sextuples
Cr(3k+3,£2), By(3k+1,£1), and C,(3k+ 3, £1), and for k£ = 1 the symplectifications of
the non self-dual continuous-type indecomposable sextuples. In addition, for £ = 2 there
are the non-split isotropic triples arising from compatible symplectic forms for the self-dual
continuous-type sextuples. As we will see later in this chapter, non-split continuous-type
isotropic triples pose the most intricate case to study, and the number of such isotropic
triples depends in particular also on the ground field.

We end our preview of the “higher landscape” of isotropic triples with the remark that
indecomposable isotropic triples exist in every even dimension. This follows from the fact
that there exist indecomposable non-self-dual sextuples in every given dimension; their
symplectifications therefore give indecomposable isotropic triples in every even dimension.

8.2.8. Hamiltonian vector fields. In this section we outline briefly how another
problem in linear symplectic geometry can be treated using symplectic poset representa-
tions of 1+1+1+1, and how this problem can in turn be encoded in isotropic triples. As
a result, we will get our first example of isotropic triple of continuous type.

Set P = 1414141 and consider the involution | on P which exchanges the first two
elements and leaves the last two elements fixed. This involution is trivially order-reversing,
since all elements of P are incomparable. Symplectic poset representations of (P, L) are
then subspace systems (V; Uy, U, Us, Uy) where V is symplectic, Uy and U, are mutually
orthogonal, and Us and Uy are lagrangian.

The problem we will discuss is that of classifying linear hamiltonian vector fields up to
conjugation by linear symplectomorphisms; in other words, the classification of the orbits
of the Lie algebra sp(V,w) under the adjoint action of the symplectic group Sp(V,w). This
is a problem whose solution is well-known and has a long history (going back to Williamson
[Wil37] in the 1930s). It has since been treated by various authors, in particular with
a view toward finding special normal forms adapted to applications; see, for example,
[Koc84], [LMT74].

Let (V,w) be a symplectic vector space. A linear hamiltonian vector field X on V
is an element of the Lie algebra sp(V,w); i.e. it is a linear map X : V' — V such that
woX = —X"*ow. One wishes to understand equivalence classes, where one linear hamil-
tonian vector field (V1, w1, X1) is equivalent to another, (Va,wq, X3), if there exists a linear
symplectomorphism ¢ : V; — V5 such that X5 0 ¢ = ¢ o X;. There is a natural notion of
direct sum, and any linear hamiltonian vector field is the direct some of indecomposable
pieces. We wish, here, to point out how one may view linear hamiltonian vector fields
as symplectic poset representations of (P, L). For this we proceed in two steps: first, in
the following lemma, we reformulate hamiltonian vector fields in terms of certain kinds of
subspaces.
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LEMMA 8.2.5. There is a bijective correspondence between linear hamiltonian vector
fields (V,w, X) and linear maps [ : V — V* such that graph(f) CV x V* is a symplectic
subspace with respect to the canonical symplectic form on V x V*,

PROOF. We give only a sketch. Given (V,w, X), it is readily checked that the graph
of fx := (o X) + @ is a symplectic subspace.

Conversely, if f:V — V* is a linear map whose graph is a symplectic subspace, then
the asymmetric part f, will be invertible, and hence defines a symplectic structure wy on
V. Setting X; := [t fs, one finds that X is hamiltonian with respect to wy.

It is straightforward to check that the two operations are mutually inverse to one
another. O

COROLLARY 8.2.6. A linear hamiltonian vector field (V,w, X) can be encoded in the
symplectic representation of (P, L)

(V x V*; graph(fx), graph(fx)*=,V x 0,0 x V*).

Although we do not show it here, the passage from a linear hamiltonian vector field to
the associated symplectic representation of (P, L) is functorial and compatible with the
respective notions of direct sum.

Next we show how the objects above can be encoded in isotropic triples. Observe that
the symplectic poset representation of (P, L) which we associated to a linear hamilton-
ian vector field is such that the first two subspaces, which are mutually orthogonal, are
symplectic subspaces; in other words, they are independent to each other. The last two
subspaces, which are lagrangian, are also independent, and all four subspaces have the
same dimension. In the following we will consider only those symplectic poset representa-
tions of (P, L) which are of this kind.

Given such a symplectic representation ¢ = (V;8, 8+, Ly, Ls), let wy denote the
symplectic form on V', wg the restriction of wy to the symplectic subspace S, and let S
denote a copy of S equipped with the symplectic form —wg. From ¢ we construct the
following isotropic triple in the ambient symplectic space V x S, with form w := wy x —wg:

I =L x0 C1:L1X§
(254) IQZLQXO 02:L2 Xg
Is ={(z,z) |z € S} C3 = I3+ (S* x 0)

The passage from ¢ to is also functorial and compatible with direct sums. Thus,
combining the above, we obtain a way of turning any linear hamiltonian vector field into
an isotropic triple. We will not analyze in full detail here exactly which types of isotropic
triples can be built from linear hamiltonian vector fields. The following, though, describes
a large class of isotropic triples which can.

PROPOSITION 8.2.7. Let ¢ = (V; C;, I;) be an isotropic triple such that
(1) V=0L&I,® I3, withdimI; =1/3dimV fori=1,2,3,
(2) I; + I is a symplectic subspace for all i # j.
Then we can construct from ¢ a symplectic form f, and a linear hamiltonian vector field
X on Iy such that ¢ is isomorphic to the isotropic triple (254}) obtained from (Ia, fq, X).

REMARK 8.2.8. Since the geometric description of the isotropic triples in this propo-
sition is invariant under permutation of the indices, the choice of Iy for carrying the
hamiltonian vector field is arbitrary. We make this particular choice in order to have
coherence with certain types of normal forms which we will use later.
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PROOF. We can write V as the sum S & S’ of I} & Iy and its symplectic orthogonal.
I) and I, being a lagrangian decomposition of S, we can identify [; with I5 and, hence, S
with the “cotangent bundle” T* 5.

Now I3 cannot intersect S’, or its sums with I; and Is would not be symplectic sub-
spaces. So I3 is the graph of a map ¢ : S «+ S’ which is antipresymplectic, since I3 is
isotropic. This means that this map g pulls back the symplectic form on S to the negative
of that on S’. This implies that ¢ is injective and that its image ¢g(S’) is a symplectic sub-
space of S which is independent of I and I5. Thus, g(S’) is the graph of amap f : Iy — I3,
which can be considered as a bilinear form on I. Since ¢g(S’) is symplectic rather than
isotropic, the form is not symmetric; in fact, it has a nondegenerate antisymmetric part
fa. Writing f = f, + fs as the sum of its antisymmetric and symmetric parts, since f, is
invertible, we can form the product f;!fs, which is a linear hamiltonian vector field on
the symplectic space (1o, fq)-

To see that the isotropic triple ¢ is isomorphic to the one of the form associated
to (12, fa, X), observe that g defines a symplectomorphism S < S’. It then easy to check
that the direct sum of g with the ‘identity map’ on S = I1® 1> defines a symplectomorphism
from ¢ to (254)). O

Let us look at an example, to see that isotropic triples of the kind in Proposition |8.2.7]
do exist. In fact the indecomposable ones come in families dependent on a parameter
taking a continuum of values. Indeed, the isomorphism class of the isotropic triple (254))
built from a linear hamiltonian vector field X depends on X up to conjugation of X by
symplectomorphisms, so the spectrum of X is an invariant of the isotropic triple.

EXAMPLE 8.2.9. Let V = R® with symplectic basis (f1, fo, f3,€1,€2,€3). Set [} =<
fa,er >, 1o =< fr,e3 >, and I3 =< =Afi + (A — 1) fa + f3,e1 +2 +e3 >, and let \ vary.

15 as above is given by the matrix whose two

Then some computation shows that X = &~
diagonal entries are 1 — A and 1 + A, so the associated triples for different values of A are

non-isomorphic and give a nontrivial 1-parameter family.

REMARK 8.2.10. In ambient dimension 6, it is easy to see directly that isotropic triples
of the kind in Proposition [8.2.7] are symplectically indecomposable. If there were a decom-
position, it would be an orthogonal splitting of the form k? @ k*. Looking at the possible
ways in which each of the isotropics decomposes, it is not hard to check that the induced
2 form on one of the sums must have rank 2 rather than 4, a contradiction.

8.3. Discrete non-split isotropic triples

Having given an overview of some background material in the representation theory of
posets and quivers, and its connection to isotropic triples, we begin now with the details
of our classification. In this section, we study those sextuples which are self-dual and
of discrete type, and how they may give rise to non-split isotropic triples. Discrete-type
sextuples are somewhat simpler to study than the continuous-type sextuples; the latter are
studied in the subsequent, remaining sections of this chapter (except for the last section).

Recall that the indecomposable discrete-type sextuples are uniquely characterized by
their dimension vector. In particular, self-dual indecomposable discrete-type sextuples are
precisely those whose dimension vector is self-dual, which means here that ¢; +i; = v
for j = 1,2, ﬁ Thus, such self-dual sextuples may be read off from the classification in

8See Lemma [7.5.1
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[DF73]. As stated already in Proposition the discrete indecomposable sextuples
with self-dual dimension vector are denoted A(3k +1,0), for k € Z; and i equal to 1 or 2.
The dimension vectors are

(3k +1;2k + 1, k; 2k + 1, k; 2k + 1, k) for A(3k + 1,0), and
(Bk+2,2k+1,k+1;2k+1,k+ 12k +1,k+1) for A(3k + 2,0).

By Lemmas and each of these representations admits a compatible form. The
degree of uniqueness of such forms is specified in Theorem below. Of course, for the
symplectic case, non-split istropic triples can only arise in cases of k odd for A(3k + 1,0)
and k even for A(3k+2,0), since only then is the ambient vector space V' even-dimensional.
In fact, whenever V is even-dimensional, the compatible forms granted by Lemmal(7.5.3| are
symplectic; this follows from Theorem [8.3.3] and Theorem The self-dual discrete-
type sextuples having odd ambient dimension, on the other hand, lead to isotropic triples
via symplectification.

8.3.1. Small dimensions. We give here brief geometric descriptions of the lowest-
dimensional non-split discrete-type isotropic triples. These follow, for example, from the
normal forms given in the subsections below.

In the previous section, we already saw the first example of a non-split isotropic triple:
the underlying sextuple is of type A(2,0) (it belongs to the A(3k+2,0)-family), consisting
of three distinct lines in a plane.

Next, the non-split isotropic triple arising from the sextuple A(4,0), which belongs to
the A(3k + 1,0)-family. Here, the dimension vector is (4;3,1;3,1;3,1). The three smaller
subspaces (in this case they are lines) are independent, and for each line, the 3-dimensional
subspace containing it is independent of the other two lines. With a compatible symplectic
form, the isotropic triple we obtain has the following form: the isotropic subspaces are
three lines I; in a 4-dimensional space V', and each of their orthogonal subspaces Cj is
independent from the other two isotropics. Furthermore, (C; N Cj) N (I; + I;) = 0 for any
1 # 7, so any two of the isotropics span a symplectic subspace. Since the three isotropics
are independent, their sum C has codimension 1 and is hence coisotropic. Its orthogonal
Ct=C1NnCyNC3 C I + I, + I3 is a line which must be pairwise independent with
each of the I;: if not, then C+ = I; would be the case for some 4, and hence C = C;
and so C; would contain all the istropics, a contradiction. Thus the I; and C+ are four
lines in general position in V. Symplectic reduction via the coisotropic C gives a non-split
isotropic triple of the type A(2,0).

Moving on, the next case is the sextuple A(8,0), which is in the A(3k + 2,0)-family.
We find the dimension vector to be (8;5, 3;5, 3; 5, 3), so the corresponding isotropics are a
triple of 3-spaces I; in an 8 dimensional symplectic space V. Though the isotropics I; are
pairwise independent, they are not fully independent: for each distinct triple of indices,
Qi := I;N(I;+1}) is aline. The three lines Q1, Q2, @3 are themselves pairwise-independent,
and span the 2-dimensional space

I= (Il + IQ) N (12 + Ig) N (13 + Il)
This space I is contained in its orthogonal,
C = (01 N CQ) + (02 N 03) + (03 N 01)

and is hence isotropic. Symplectic reduction by the coisotropic C gives a non-split isotropic
triple of the type A(4,0).
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We consider one more case. The underlying sextuple is of type A(10,0), which is in the
A(3k +1,0)-family. The dimension vector is (10;7,3;7,3;7,3). Thus we are again dealing
with 3-dimensional isotropics, but this time in a 10-dimensional ambient space. As in the
4-dimensional example above, the isotropics here are completely independent, and their
sum is a codimension 1 subspace C' which is therefore coisotropic. Its orthogonal,

ct = (Il—l—fg—i-fg)l =CiNCyNCs
is a line which is pairwise independent with each of the [;. Symplectic reduction via C
gives a non-split isotropic triple of the type A(8,0).
8.3.2. Implementing the A(3k + 1,0). Given k£ > 0 and a basis

B: (ela"'ek—‘rlvfla"'7fkaglv"'agk)
of a vector space V?, a sextuple (V5; c? I.ﬁ) of type A(3k + 1,0) is given by

1771

If = <€1 — fl, ey € — fk>,
Ig = <glv"'7.gk>7

I3 = (fi = g1, oo i — 1)
3 1 g1y Jk — Gk)>

(255)

cf = (€1 ey i1y 1y ey fE)

Cy = (€1, s €kt 1, 915 v Gk)

C’g = (e1,e2 — f1, ey €ht1 — frs f1 — 91y ooy & — G)-
Note that

Clﬁ = II'B + (€1, ..y €pt1)
025 = 12'3 + (€1, ..y €pt1)
C;f = Ig’? + (e1,e2 — f1, .y epp1 — fi) = If + (e1,€2 — g1, s €1 — Gk)-

In view of Remark to show that this really does define an isotropic triple of
type A(3k+1,0) it suffices to observe that the above sextuple has the required dimension
vector

dmV? =3k +1, dimI’ =k dimC’=2k+1
and that its endomorphism algebra is local. The latter follows from Lemma and the
following,.

LEMMA 8.3.1. Let ¢ be an indecomposable sextuple of type A(3k + 1,0). Then
End()) ~ End((U, n))

where n 1s an indecomposable nilpotent endomorphism and dimU = k + 1. In particular,

End(v) is local and End(vy) = kid ® Rad.

PrROOF. Let ¥ be given in the normal form . Consider the End(v)-invariant
subspace
U .= Clﬁ N 026 = <6’1, ...,€k+1>
and the indecomposable nilpotent endomorphism 7 of U defined by n(e;1) = 0 and n(e;+1) =
e;, for i = 2, ..., k. The endomorphism algebra of (U, ), i.e. the algebra of endomorphisms
of U which commute with 7, is local because 7 is indecomposableﬂ We will see now that
this algebra is isomorphic to the endomorphism algebra of the sextuple , hence the

95ee Lemma There it is also noted that this endomorphisms algebra FE is such that E =
kid @ RadFE.
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latter is local as well. To do this, we use the following map. Given an endomorphism a of
U which commutes with 7, we can extend it to an endomorphism @ of (255 by defining
linear isomorphisms

f : <ela ---aek> - <f1, "'7f/€>a f(el) = fl Vi = 1, "'7k7
g: <f17 afk) - <gl7"-7gk>7 g(fl) =i Vi = 1, "'7k7

and setting

Ql

= faf_l on <f13"'7fk3>7
a:=gag~"  on (g1,...,gk)-
(Note that domain of f is invariant under a.)

Since @ is defined via its action on the basis (3, it is easily checked directly that @ is
an endomorphism of 1) To see this, note in particular that Ilﬁ ={x—f(z) | x €
(frr s i)} and IS = {& — g(x) [ @ € (g1, - 98)}-

The map a + @ has as its inverse the operation of taking an endomorphism b of (255))
and restricting it to U = Clﬁ N Cg (which will necessarily be an invariant subspace of

(256)

b, since by assumption Clﬁ and Cg are b-invariant). To see this, notice that such a b
necessarily decomposes as the direct sum of its restrictions to the subspaces

U = <61, ...,6k+1>, F = <f1, ...,fk>, G = <g1, 7gk>

since these subspaces sum to V' and must be invariant under b:
v=clncl, F=1), a=cln’+1))

The invariance of Il’B and Ig under b then enforces that by, is related to b, and b, via
, and together with the invariance of C’g N Clﬂ it is ensured that b, commutes with
n. B

Thus if we restrict b to U and then extend to b, we recover b. Conversely, if we start
with an endomorphism a of U, the restriction of @ to U is of course, by definition, again
a.

Finally, it is clear from that the operation a — @ is a morphism of algebras. [

8.3.3. Implementing the A(3k+2,0). We will in fact work with A(3(k—1)+2,0) =
A(3k —1,0), which is a subquotient of A(3k + 1,0) for £ > 0, so that the construction of
compatible forms for sextuples of both types A(3k + 1,0) and A(3k + 2,0) can be treated
uniformly.

Given k > 1 and a basis v = (ea,...ek, f1,---, f&,91,---,9k) of a vector space V7, a
sextuple (V7;C/, I) of type A(3k — 1,0) is given by

1771
Il = (f1, fo — €2, .o, fr. —€x)
I;: <glv"‘7gk>7
Ig = <f1 _917"'7fk _gk>7

(257)

Cy = (eay el f1y ey fi)

C; = <62,...,ek,gl,...,gk>

C; = <f1 — €2, ..., fk,1 — €k, f1 — g1, ,fk — gk>.
Note that

Ciy = Iiy -+ <62, ...,6k> = Iiy + <f2, ,fk>
CJ =1] + (ea, ...,ex)
Cy =15+ (f1 — ez, ..., fo—1 — €x)-
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Again, in view of Remark it suffices to observe that such a sextuple has the
required dimension vector

dimVY =3k —1, dimI) =k, dimC) =2k —1

and local endomorphism algebra. For the latter, we proceed similarly as for sextuples of
type A(3k 4+ 1,0), combining Lemma and the following.

LEMMA 8.3.2. Let ¢ be an indecomposable sextuple of type A(3k — 1,0). Then
End(y) ~ End((U,n))

where 1 is an indecomposable nilpotent endomorphism and dimU = k. In particular,

End(v) is local and End(vy) = kid ® Rad.

PRrROOF. Let ¥ be given in the normal form . Consider the End(t)-invariant

subspace
U:={fi,.... ) =C] N (I3 + I7)

and the indecomposable nilpotent endomorphism 1 of U defined by n(f1) = 0 and n(fi+1) =
fi, for i = 2, ..., k. Similarly as in the previous section, the algebra of endomorphisms of
U which commute with 7 is isomorphic to the endomorphism algebra of .

To show this, we begin with an endomorphism a of U which commutes with n and
extend it to an endomorphism @ of V7 by defining maps f, g, and h by

fileay . en) = (fi, oo fr), fle)) = fi fori=2 .k,

g:{f1ye f) = (915 98), g(fi)=g; fori=1,. k,

ho:{fi,o fk) = (e2,...,ex), h(f1) =0, h(fi)=e; fori=2, .. k.
and setting
= haf on (e, ..., ).
= gag~! on (gi, ..., gk)-

Note that I] = {z — h(z) | x € (f1,..., fr)} and I] = {& — g(z) | z € (f1,..., i)}, and
that

(258)

el <l

E:<62,...,€k>, U= <f11"'7fk>7 G:<glvvgk‘>
are subspaces invariant under the endomorphism algebra of (257) since
E=C/nCy, U=C{n()+1)), G=1J.

For an endomorphism b of , the operation b — b, is inverse to the operation
a — a. Indeed, such a b decomposes as the direct sum b = b, @b, Db, and the relations
are enforced by the invariance of I] and I3 under b.

Finally, that the map a — @ is a morphism of algebras is evident from . ]

The bases § and ~ are referred to as standard bases for the respective types of
sextuple. For each fixed k > 0 one can view (257) as a subquotient of (255)) by considering
the subspaces I? C C8 C V5,

IB = <€1>a Cﬁ = <€1a -"7ek7f1a "'7fkvgla "'7gk>7

and letting V7 = C#/I®, where the basis v is induced (modulo re-indexing) by the elements
of the basis f which span C (i.e. all elements except e;41). Then we have the identifications

I=I°nc/1° and CF =(CPnCP)/IP fori=1,23.
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In fact, we can also view a sextuple of type A(3(k —2) +1,0) = A(3k — 5,0) as a
subquotient of a sextuple of type A(3k — 1,0). If a sextuple of the latter type is given in
the form (257)), then choosing

I’Y:<flvgl>7 7fk—17f17"‘

and passing to the subquotient C7/I7 gives a sextuple of type A(3(k —
standard basis induced from the standard basis of (257)).
In total, the (isomorphism classes of) discrete non-split sextuples form two “chains of

C’Y: <€27"‘7€k7f17"‘ 7gk—1>7

2) + 1,0), with

subquotients” (arrows indicate the passage to a subquotient):

k=0 k=1 k=2 k=3

A(3k + 1,0) A(l A(10,0)
X X XHOK

8.3.4. Existence of compatible forms.

A(3k +2,0) A(2

THEOREM 8.3.3. Any sextuple of type A(3k + 1,0) admits e-symmetric forms where
e = (=1)k. With respect to standard bases there is a recursion providing compatible c-
symmetric forms with coefficients in the prime subfield.

The existence will be shown by constructing matrices for these compatible forms with
respect to standard bases. These matrices will be of the shape , i.e. having a block
structure and built using a (smaller) matrix which we call “A”.

Fix k € N, let e = (=1)*, and let A = A;, € k*+D)x(k+1)  We consider the following
relations on the entries of A:

CONDITIONS 8.3.4.

(1) ajj=0 fori+j<k+2, a;#0 fori+j=k+2

(2) A=cAl
()a1]+1—az]_al+1]f0rlj—1 ok
(4) agr = g p+1 + Ohg1 k-

Further we define A = Aj, as the minor of A given by restricting to row and column

indices in {2,...,k} and we set

/
Ci = Qi k+1, C; = Q414
If (1) of Conditions holds, then the matrix A has the following form

I 0 0 0 0 0 a1 k+1 i
0 0 0 0 a27k a27k+1
0 0 0 ag k-1 ag j as k+1

A=

: : 0
0 0 ak—1,3 k—1k—1 Qk—1k | Ok—1k+1
0 ag2 ag3 ag k-1 agk Ak f+1

L Qk+1,1 | Ak+1,2 (k41,3 Ak+1,k—1  Ok+1,k | Ok+1,k+1

The vertical and horizontal lines inside of this matrix are intended solely as visual aids.
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010 0 c1 01]0 010 010
0 Co 0 0
0 Ck 0 0
d |y | Cryr || €] | & e 0
010 0 c1 01]0 0 c1
0 Co 0 Co

Ck Ck

0 0
0 0 0 0
00 0] 0 | |d |0 0]0
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and we interpret this matrix to be the coordinate matrix of a bilinear form B on V5 (c.f.

Section [8.3.2) with respect to the standard basis 8 = {e1, ..., €x+1, f1, s fks 915 --s gk} The
double lines in the matrix are visual aids for seeing the block structure

Hyy Hip His
H= | Hy1 Hy Hoa3
H3, Hsp Hss

related to the subspaces (e1, ..., ex11), (f1,..-s f&), and (g1, ..., gk)-
CramM 8.3.5. If (1) and (2) of Conditions hold, then B is non-degenerate and

e-symmetric

ProOOF. That B is e-symmetric follows directly from (?7). To see that B is non-
degenerate, note that the blocks of the matrix H are such that Hss, H3; and Hi3 are zero
and where Hy;, Ho3, and Hsg are square matrices having non-zero entries on the anti-
diagonal, and zeros above the anti-diagonal; in particular, the latter blocks are invertible.
Because Hi3 is zero and because a ‘copy’ of Hsj is contained in H;1, we can use row
operations to turn transform Hs; to zero in such a way that only Hao is additionally
changed under these operations. In a similarly manner we can also turn Hio to zero using
column operations. At this point our block matrix has the following form (tilde indicates

that there are changes)

) Hyi 0 0
H = 0 Hyy Hos
0 Hzyp O
and where fIgg is

olo --- 0 olo --- 0 olo --- 0
0 0 0
: A : A : A a
0 0 0

Now, clearly we can add columns from the third block column to the second block column
to transform Hso into the zero matrix, and this leaves all other blocks unchanged, since
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His and Hsg are zero. (Equivalently, we could have used row transformations using rows
from the bottom block row.) This puts our block matrix in the form

H:1 O 0
0 0 Hos
0 Hsx 0
which shows non-degeneracy, since the non-zero blocks are non-degenerate. ]

Cram 8.3.6. If (2) of Conditions holds, then
B(I{,CY) = B(Iy,CY) = B}, {e1,e2 — g1, ... exp1 — g)) = 0.

PROOF. . B(ei, ej—fj):aij—aij:Oforizl,...,k:—klandjzl,...,k.
(fz, €; — fj):aij—aij:Ofori,jzl,...,k.
B(ei,gj) =0fori=1,...,k+1,j=1,...,k. B(gi,g;) =0fori,j=1,...,k.
B(el, fi —9;) = Blex, fj) — Bles,9;) =0—-0=0fori,j=1,... k.
. B(fl — i, €j+1 —gj) = B(fi,ejﬂ) —B(fi,gj) —04+0= Qi j+1 — G541 = 0 for
,7=1,...,k.

O

Cramm 8.3.7. If Conditions hold, then B is e-symmetric and a compatible form
for the sextuple (V?;C7, 7).

177

PROOF. It remains to show B(I?’?, Cf) = 0. Consider B(f; —gi, f; —gj) = B(fi, f;) —

B(fi,g;) — B(gi, f;) + B(gi, g5) =: zij. Direct checking gives:
e x1=0+0+0+0=0.

21j=0+0+ag +0=0for j=2,..., k-1
Tij :aij—ai’j+1—ai+17j—|—0:0f0r ,7j=2,...,k—1hby (3)
:Uik:aik—ci—aHl,k—l—O:Ofori:2,...,k—1 by (3)
1 =0—c1 —agr +0 =0 by (3)
Tk = agr — ¢k — ¢, = 0 by (4).
In view of Claim [R.3.6] and that

I3IB = <f1 _gla"'afk: _gk‘>

CSB = <61762 - fl) vy €1 — fk‘)fl — 41, 7fk‘ - gk‘>
we have compatibility of B. O

CrAam 8.3.8. For each k = 0,1,2, ... there exist matrices Ay satisfying (??)—(?7?).

Proor. We proceed by induction on k. Let
0 ¢
Ag = A = 0
0=(c1), A (—01 0>, ¢ #

Assume that Ajp_o is given satisfying Conditions We define A = Aj, to have minor
A = Aj_o with respect to row and column indices 2, ..., k. Thus, we have

(1) for2<zj<k: ai;; =0if i +j5 <k +2, aw;é01fz+j—k+2

(2)) A=cAt

(37) Qi 41 = A5 — Gj415 for i,j = 2, ey k— 1,

(4) ap—15—1 = Qk—1 + Q1
It remains to grant

(1") a1j=a; =0ford,j=1,...,k and aj 41 # 0, ag41,1 # 0
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(2”) Ak41,i = €G4 k+1 fori=1,...,k+1
(3”) Qi j+1 = A5 — Qj4-15 fOIj:k,’i: 1,... resp. i:k,j: 1,...,]€—1
(47) akk = agp+1 + Gtk

Define
a1 k+1 = —02k
Qigy1 = Qi — Gy fori=2,... k-1
A ft1 = %ahk if k is even
arr+1 = arbitrary if k is odd
ak4+1,k+1 = arbitrary if k£ is even
ryik+1 = 0 if k is odd
k41,5 — E0Q4k+1 for i = 1, ey k.

Then (1”) and (2”) are obvious, as is (3”) for the cases when j = k, while for those cases
with ¢ = k we have ag ;11 = €ajp1h = €(ajk — @jk+1) = arj — Grg1,5. Finally, if & is
odd then ag, = eagr = 0 = ap 41 + €Ak jk+1 = Ak k+1 + agt1,k; and if k is even then
Akl = 3k + Ak = Q1 + Qo1 k- 0

PROOF OF THEOREM [B:3.3l For the A(3k+1,0), Claims[8.3.7 and [8.3.§ and the proof
of the latter give the recursive construction of such forms with respect to standard bases.
For A(3k—1,0), we view V7 as a subspace of V? and define on it a form given by a matrix
H' = Hj, obtained from H = Hj, by omitting all rows and columns indexed by e; or ej.
Then H’ defines an e-symmetric form B’ on V7. To see this, let S° := (e, ex41) and note
that H, g8 is non-degenerate and e-symmetric, and that we can make the identification
VY = (88t C VB, Hence H' = H|(Sﬂ>L is also non-degenerate and e-symmetric. It
remains to show that H’ is compatible with the A(3k —1,0) sextuple in V7 obtained from
the A(3k + 1,0) sextuple in V5.

Recall that if X C V? is an element of the sextuple in V?, then the corresponding
subspace of the sextuple in V7 is given by X := 7(X?NC#), where 7 denotes the projection
onto the second factor of the (orthogonal) decomposition V# = S @ V7. Since C? =
(CP)L @ V7 is coisotropic, this is an instance of coisotropic reduction; in particular

B'(X,Y)=B(XnC",YyNnCP)

for any X,Y C V8. Hence B(X,Y) = {0} implies that B'(X,Y) = {0}. Since we know
the dimensions of all the subspaces involved in our sextuples, this shows that for any
element X of the sextuple in V?, the orthogonal of X in V7 is the same subspace as
Xt O

REMARK 8.3.9. Suppose we are given sextuples of the types A(3k+1,0) and A(3k—1,0)
in terms of standard bases.

(1) With respect to the standard basis, any compatible form on A(3k + 1,0) is given
by a matrix Hy which is built from a matrix A as above, and such that A satisfies
Conditions m The analogous statement is true for compatible forms on A(3k—
1,0) in terms of matrices of the form H}, where Hj is obtained from Hj by
deleting the 1st and (k 4 1)th rows and columns.

(2) A parametrization of such matrices Hy, resp. Hj, is given by the parameters

ag+1,5, J=1,...,k+1 resp. arj, Jj=2,...,k
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Moreover, the matrix entries are obtained via linear expressions from the param-
eters.

PROOF. (i) According to the proofs of Claims and the structure of B and
Conditions are forced by the requirement of admissibility.
(ii) This follows from the recursive construction of the matrices Ag; in each step one
free parameter can be chosen.
O

ExAMPLE 8.3.10. Let k = 1. A sextuple of type A(3k + 1,0) has ambient dimension
4. To construct a compatible symplectic form (with respect to a standard basis) we begin

0 C1
Ay =
' < —a 0 )
where c¢; is any non-zero scalar. From this we obtain the matrix (259|) of a compatible
symplectic form; in this example it is

with the matrix

0 ca| 0 |0

H1 _ —C1 0 —C1 0

0 C1 0 C1
0 O0|—-c]|O

(note that Ay is the empty matrix). To obtain a compatible symplectic form for the
sextuple A(3k —1,0), with respect to a standard basis induced from A(3k +1,0), we only
need to drop the 1st and (k + 1)th rows and columns of the compatible form H; given

above. This gives
0 C1
Hi = :
' < —c 0 )

EXAMPLE 8.3.11. Let k = 3. A sextuple of type A(3k+1,0) has ambient dimension 10.
To construct a compatible symplectic form (with respect to a standard basis) we proceed
similarly as in the previous example. Following the recursion recipe given in Claim [8.3.8
above, we build from A; the matrix

0 0 0 c1
0 0 —c —a
Az =
3 0 C1 0 C2

—C1 C1 —C 0

where ¢ is a scalar that we may freely choose. Now from A3 we obtain the matrix (259))
of a compatible symplectic form; in this example it is

0o 0 O c1 0 0 0 |0 O 0
0 0 —C1 —C1 0 0 —C1 0 0 0
0 C1 0 C2 0 C1 0 0 0 0
—C1 C1 —C2 0 —C1 C1 —C9 0 0 0
0o 0 O c1 0 0 0 |0 O c1
H; =
0 0 —C1 —C1 0 0 C1 0 —C1 —C
0 C1 0 C2 0 —C1 0 C1 0 C2
0O 0 O 0 0 0 —c1 |0 O 0
0o 0 O 0 0 c1 0 |0 O 0
0 0 0 0 |—cq1 ¢ —c9| 0 0 0
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To obtain a compatible symplectic form for the sextuple A(3k —1,0), we drop the 1st and
(k + 1)th rows and columns of Hs. This gives

0 —c1| O 0 —c |0 0 0
cc O 0 c1 0 |0 O 0
0 0 0 0 0 [0 O c1
Hé _ 0 —C1 0 0 C1 0 —C1 —C1
C1 0 0 —C1 0 C1 0 (&)
0 O 0 0 —c |0 O 0
0 0 0 c1 0 |0 O 0
0 0 —C1 C1 —C2 0 0 0

8.3.5. Uniqueness of compatible forms.

THEOREM 8.3.12. The (—1)F-symmetric forms on an A(3k £ 1,0) are unique up to
isometric automorphism and multiplication by scalars; there are no (—1)k+1—symmetm'c
forms on an A(3k +1,0).

If B is a compatible e-symmetric form on A(3k +1,0) and ¢ € k, then there is an
automorphism n of the sextuple which is an isometry, in the sense n*B = c¢B, if and only
if ¢ is a square in K.

PROOF. Dealing with A(3k + 1,0), we continue the discussion from Subsection
By Lemma we may apply Lemma this yields the first claim.

Now, suppose there exists an automorphism 7 of A(3k + 1,0) such that f*B = ¢B,
and let ny to be its restriction to U = C’f N CQB , which is invariant under n. We may
assume that B is given by a matrix By in terms of a standard basis as above. Thus,
U = (e1, ..., ex+1) is non-degenerate and the restriction of B to U has matrix A which is
zero above the anti-diagonal. By Observation nu has upper triangular matrix (7;;)
with diagonal entries all the same. It follows that

k1
cB(ekt1,¢1) = B(negs1,mer) = BOY | mikgreimaer)
=1

= B(Mt1,p41€k41,Mm1€1) = B(miegs1,mier) = ni Blegi1, er)

whence ¢ = n};. (Conversely, given a square ¢ = b? € k, one can of course always find an
isometry between B and c¢B: simply take b -id.)

For k > 1, a similar reasoning works for A(3k —1,0), with U = C7 N C3 = (ea, ..., ).

0

8.4. Continuous types: sextuple classification and duality

By definition, continuous-type indecomposable sextuples are those indecomposable
sextuples which have dimension vectors of the form (3k;2k, k; 2k, k; 2k, k), for integers
k > 1. Note that this is a self-dual dimension vector.

As mentioned above, and proven in [DF73| Section 4.6], when k is algebraically closed
the (isomorphism types of)) continuous-type indecomposable sextuples in a given dimension
(indicated by k) consist of:

e a collection A(k; \), labeled by scalars A € k\{0,1},
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e so-called exceptional continuous-type sextuples, which are labeled

Aj(k,1) for j € {1,2},
A;(k,0) for j € {1,2,3},
Aj(k,00), for j € {1,2,3}.

In the case of more general fields, the continuous-type indecomposable sextuples
A(k; \) must be replaced by indecomposable sextuples A(k;~), where v ranges over all
indecomposable endomorphisms of k¥ which do not have 0 or 1 as an eigenvalue. The
exceptional continuous-type indecomposable sextuples remain the same. Thus the iso-
morphism classes of continuous-type indecomposable sextuples in a given dimension 3k
are parametrized by the disjoint union of the sets

{7 | 7 indecomposable endomorphism of k*, with 0,1 ¢ spec(y)}

and
{017 027 037 117 127 01, X2, 003}7

where the latter set consists of formal labels for the exceptional types.

We review the classification and structure of continuous-type sextuples in Subsection
below. To further analyze continuous-type sextuples, we recall the notion of a frame
in Subsection [8:4.2] and use these in Subsection to build continuous-type sextuples
from underlying linear endomorphisms. In Subsection [8.4.4] we give a detailed description
of morphisms of such sextuples, and in Subsection [8.4.5| we identify which indecomposable
continuous-type sextuples are dual to which. This sets the stage for the analysis of self-
dual continuous indecomposable sextuples and their compatible forms in Sections [8:5] and
3.0l

Naturally, when k is not algebraically closed, the classification of indecomposable
sextuples and associated isotropic triples becomes more complicated. First of all, the
indecomposable endomorphisms « underlying the sextuples have a richer structure. Fur-
thermore, self-dual continuous-type indecomposable sextuples may admit more compatible
forms when k is not algebraically closed. The general question of uniqueness of compatible
forms is treated in Subsection [R.6.5

As always, if we are looking for compatible symplectic structures, we can restrict our
attention to the cases where the integer k is even.

8.4.1. Classification of continuous sextuples. With the sole exception being the
type Az(k; 1), all indecomposable continuous-type sextuples (up to isomorphism) may be
obtained via a functor S from the “continuous-type” indecomposable representations of
the extended Dynkin quiver A (with a certain orientation, as reflected in the diagram
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(260) ) Indecomposable representations of this As quiver have the following normal form

Xo

(260) a1 B2

where X; = Y; = k¥ for some k € Z~, and i € {1,2, 3}, and the linear maps «; and f3; are
all the identity map on k¥, with one exception. The map which is an exception — we call it
~ — is a linear endomorphism of k¥, and the representation of As is indecomposable if and
only ~ is an indecomposable linear endomorphism. The following are the continuous-type
indecomposable representations of As, up to isomorphism (in each case, k runs over Zsq):

e Z(k;~): 7 runs over isomorphism classes of automorphisms of k* and we assume
v = B1. Any other choice of “position” of v, e.g. 7 = a1, leads to a representation
which is isomorphic to Z(k; ') for some 7' = ;.

e =;(k;0) and Z;(k;00): v is the unique indecomposable nilpotent endomorphism
on k¥ in Jordan normal form (for nilpotent  this normal form always exists),
and i € {1,2,3}. The convention is that =;(k;0) denotes the case when v = f;
and Z;(k; 0o) denotes the case when v = «;.

Although DF [DE73] work over algebraically closed fields, their classification of the inde-
composable representations of As does not depend on this, and admits the straightforward
generalization above, where single Jordan blocks are replaced with the condition of inde-
composability. Our notation is a slight modification of their notation.

The image under S of a continuous-type Aj representation is the sextuple

(261) V=X1eX® X3, C; =X; P X1, I; :Im(ai Xﬁi),

where indices are understood modulo 3. It will be convenient for us to cast these normal
forms in slightly different notation. We set X = k*,

X1 =Xx0x0, Xo=0xXx0, X3=0x0x X,

and V' = X x X x X. We call an endomorphism exceptional if it has 0 or 1 as eigenvalue.
Otherwise, it is non-exceptional. Note that any direct summand of a non-exceptional
endomorphism is again non-exceptional.

For non-exceptional 7, the sextuples which are isomorphic to SE(k; _V)E will be called
of type A(k;~). Normal forms for these sextuples are

L ={(z,—vz,0) [z e X} Ci1=XxXx0

(262) I, ={(0,z,z) |z € X} Co=0xXxX
Is ={(z,0,2) |z € X} C3=Xx0xX.

10gee [DE73], pages 44 and 46
HThe change of sign in front of 4 here follows the conventions of DF [DF73].
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For indecomposable v having eigenvalue 1, the sextuple SE(k; —v) is called of type A (k;1);
its normal form is the same as above. The only continuous-type indecomposable sextuple
not isomorphic to a sextuple in the image of the functor S is the type Ag(k;1). It is
obtained from Aj(k;1) via certain functor 6 (see [DE73], p. 38 and 46); a normal form
for Ag(k; 1) is:

1 {(00$>|$€X} Clz{(y,’)/y,l‘)|$,y€X}
(263) I ={(2,0,0) |z X} Co={(z,y,—y) |2,y € X}
I3 ={(0,2,0) |z € X}  C3={(-y,z,y)|z,y € X},

where ~y is indecomposable and with eigenvalue 1. Finally, for the cases when + is nilpotent
we set A;(k;0) := S=;(k;0) and A;(k; 00) := SE;(k; 00), for ¢ = 1,2,3. For normal forms
we take the same spaces C, Co,C3 as in (262)), and

e for Ay(k;0) and A;(k;00), respectively:

11:{($77$70)|x6X} 1
I, ={(0,z,z) |z € X} and I
Is = {(z,0,2) |z € X} I3

{(yz,z,0) |z € X}
{(0,z,2) |z € X}
{(z,0,2) |z € X}

o for Ay(k;0) and Aa(k;00):

I ={(z,2,0) |z € X} L ={(z,2z,0) |z € X}
I, ={(0,z,vz) |z € X} and I ={(0,yz,z) |z € X}
13:{($,0,1U)|£EEX} 13:{(:E,O,:E)|CC€X}

e for A3(k;0) and As(k;00):

L ={(z,2,0) |z € X} L ={(z,2,0) |z € X}
I, ={(0,z,2) |z € X} and I, ={(0,z,2) |z € X}
Is = {(yz,0,z) |z € X} Is = {(z,0,yz) |z € X}.

The following will be useful for identifying isomorphism types.

LEMMA 8.4.1. Let (V; I;, C;) be an indecomposable continuous-type sextuple with dim V' =
3k. Consider the following eight subspaces: Iy + Iy + I and C1 N Co N Cs, I N C3 and
IsNCy, IbNCy and I; N Cy, I3sNCy and Iy N Cs. Let € = (eq, ..., €g) be the corresponding
8-vector of the dimensions of these spaces. The different possible types of indecomposable
continuous-type sextuple have the following associated 8-vectors e.

(1) A(k;v), then e = (3k,0,0,0,0,0,0,0)

(2) Ay(k;1), then e = (3k — 1,0,0,0,0,0,0,0)
(3) Ag(k:1), then € = (3k,1,0,0,0,0,0,0)
(4) Ay(k;0), then ¢ = (3k,0,1,0,0,0,0,0)
(5) Ag(k;o00), then ¢ = (3k,0,0,1,0,0,0,0)
(6) As(k;0), then e = (3k,0,0,0,1,0,0,0)
(7) Ay(k; 00), then € = (3%,0,0,0,0,1,0,0)
(8) As(k;0), then e = (3k,0,0,0,0,0,1,0)
(9) As(k;00), then € = (3k,0,0,0,0,0,0,1)

PrOOF. Consider first the sextuples for which « is an isomorphism. It is straightfor-
ward to check, e.g. using the normal forms above, that for such sextuples dim I; N C; = 0
for all j # 1. Thus ez through eg are zero for the types A(k;v), A1(k;1) and Ag(k;1).
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Furthermore, if a sextuple is of type A(k;vy) or Aj(k;1), then from the normal form
(262)) we see that C1 NCy N C3 =0 and that

(xay7 Z) € Il N (IQ + I3) g (xvya Z) = (.’IJ, —")/.’L',O) with z — YT = Oa

so Iy N (Is + I3) # 0 if and only if v has 1 as eigenvalue. In the case Aj(k;1) when 5
does have 1 as eigenvalue, the corresponding eigenspace has dimension 1 (because 7 is
indecomposable) and so dim I; N (I2 + I3) = 1. Thus in this case

d1m([1 + IQ —|—I3) = dlm]1 =+ dlm(IQ —|—Ig) —1=3k—-1=dimV — 1.

So, we have found that (e1,€2) = (3k,0) for A(k;~y) and (€1, €2) = (3k — 1,0) for Ay (k;1).

For sextuples of type Ag(k; 1), it follows from the normal form that 1N(Ix+13) =
0 and that

CiNCynCs = {(z,yz,—yz) | © = Y}

Since for the type Ag(k;1) the map v has a 1-dimensional eigenspace for the eigenvalue
1, we find that dim C; N Cy N C3 = 1. So, in this case (e1, €2) = (3k, 1).

Now consider the type Aj(k;0). The same arguments as for the case A(k;~y) show
here that (e, e2) = (3k,0). Note that

L NCs={(x,yx,0) € I | vz = 0} = ker~,

which is 1-dimensional since « is an indecomposable nilpotent map. From the normal
form for Ay (k;0) is easily check that the other intersections I; N Cj, j # [, are zero. Thus
e3 = 1, and ¢4 through eg are zero.

The remaining cases are very similar to the case Aj(k;0) and may be treated analo-
gously. O

COROLLARY 8.4.2. Suppose we are given an indecomposable continuous-type sextuple

with ambient dimension 3k. The sextuple is of type
(1) A(k;~) if and only if dim(I; + I + I3) = dim V' and dim(C7; N Ce N C3) = 0.

(2) Ai(k;1) if and only if dim(I; + Iz + I) =dimV — 1
(3) Aa(k;1) if and only if dim(C1 N CaNC3) =1
(4) Ai(k;0) if and only if dim(I; NC;—1) = 1.
(5) Ai(k;00) if and only if dim(; N Ciyy1) = 1.
8.4.2. Frames. Following von Neumann [vIN98|, we introduce an abstract kind of

coordinate system. Given a vector space V, a frame for V is a collection of five subspaces
Aq, Ag, Az, A1a, Ass satisfying the following relations:

(264) V=A@ Ay @ As
(265) Al +As=A1 QA=A DA
(266) Ay + Az = Ay @ Aoz = A3 © Ao3

As a shorthand notation, we refer to a frame as A. The notions of morphism and iso-
morphism of frames are the obvious ones (i.e. view a frame as a special kind of poset
representation. )

The following shows that the definition could also be phrased in a way that is more
symmetrical.

LEMMA 8.4.3. Suppose we are given a frame Ay, As, Az, A1a, Aoz C V. We define Asy
by
(267) Asz1 = (As + A1) N (A + Asgs).
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Then
(268) A3+ Ay = A3 @ Az1 = A1 © Az

PROOF. To see that A3 N Az; = 0, note that dim V' = 3n for some n € N, and

Az N Azp = A3 N [(A1 + Az) N (A2 + A2z)] = A3 N (Agg + Agg).

Thus

dim(Asz; N A3) = dim A3 + dim(Aj2 + Ag3) — dim(As + Ajg + A23) =3n—3n =0
since, via (264)), (265), (266]), and (267),

Ao NA3=0 and Az+ Ajg+ Az =A3+ A3+ Ay =A3+ A1+ A =V.

Similar dimension arguments can be used to show that A; N A3y = 0 and that dim Ag; =
n. ]

COROLLARY 8.4.4. If A1, Ao, A3, A2, Aas C V is a frame, and As1 defined as above,
then

(269) Arg = (A1 + Az) N (Ags + A31),
(270) Aoz = (Ax + Az) N (Az1 + Ai2).
PRrROOF. If {A;, Ay, As, A12, A3} is a frame, then by Lemma also { A1, Ag, As, Asz, As1}

is a frame. Application of Lemma to this latter frame gives (269)); an analogous ar-
gument gives ([270]). U

The relations (264)), (265]), (266), and (268) imply that dim A; = dim As = dim A3 =
1/3dim V' and that each A;; can be interpreted as the negativﬂ graph of a linear isomor-
phism hij A — Aj, i.e.

Ay ={z = hij(z) | x € A},
where ij € {12,23,31}. We set hj; :=id and hj; := h;jl.

LEMMA 8.4.5.

1) Given a frame in 'V, the associated maps satisfy h;i o hy; = hi, for any indices
J J
i,7,k € {1,2,3}.
2) Any frame is isomorphic to one built from a vector space U in the following way:
( y D i g way

V=UxUxU

Ay =Ux0x0 Algz{(l‘,—a},O)‘IL‘EU}
A =0xUx0 Ags ={(0,z,—z) | z € U}
As=0x0xU Az ={(z,0,—z) |z € U}

PROOF. (1) Since we are dealing only with invertible maps, equations of the form
hji o hij = h;, are equivalent to ones obtained by applying, to both sides of an
equation, the operations of inversion, or pre- or post-composition with one of the
“h” maps. This allows one to reduce to the case of showing a single identity, say

(271) hog o hiz = his.

12Following von Neumann, we use negative graphs for symmetry reasons when dealing with frames.
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The negative graph of hj3 is As; (this subspace is the negative graph of hs;, and
hence also of the inverse hiz). So it is sufficient to show that the negative graph
of hoz o h1s is A3zy. But

graph(—h23 o hlz) = {ZL‘ —Zz | x € Al,Z S A3,Z = (h23 o hlg)(ﬂj)}
= {:L' — hlg(m) -+ hm(l’) - h23(h12(.%')) ’ T € A,z € Ag}
C (A + Az) N (A1 + Azs) = Az,

and the last inclusion is, for dimension reasons, actually an equality.

(2) Suppose we are given a frame A in some vector space W. Set U := Ay and let
v1,...,Un be a basis of As. A basis of A; is defined via u; := ho1(v;), i = 1,...,n,
and a basis of Ajs is defined by w; := has(v;). Since is equivalent to

(272) hg1 0 hag o hig =ida,,

it follows that u; = hs1(w;) for each i. Now the linear isomorphism which sends
the basis uq, ..., Up, V1, .., Un, W1, .., Wy to the basis of V' := U x U x U built canon-
ically from w1, ..., v, has, as its image, a frame of the desired form.

O

REMARK 8.4.6. One might think of (272)) as a kind of cocycle condition which says
that that the endomorphism obtained from the “loop” A TN As has, As LEIN A1 is trivial.

Given a frame A on V, with dimV = 3k, we define a frame basis for A to be an
ordered basis

{ul, ey Uy U1y ooy Uy W1y ouny ’wk}
of V such that
e {uy,...,ur} is a basis of Ay, {v1,...,vx} is a basis of Ag, {w1,...,wy} is a basis of
A37
° hlg(ui) = vy, hgg(vi) = W;, h31(wi) = U; for all i = 1, ...,k.
A frame basis always exists (c.f. the proof of Lemma [8.4.5)).
We define an augmented frame in V to be a frame A in V together with a subspace
C C V such that A; + As = Ay @ C. This latter condition says that C is the negative

graph of a linear map h : As — A; (which is uniquely determined by C). In particular,
an augmented frame determines uniquely an endomorphism

n:=hpoh: Ay — Ay

which we call the underlying endomorphism of the augmented frame. If n is the
underlying endomorphism of an augmented frame we write this as (A4, 7). As was the case
for frames, augmented frames can be viewed as special kinds of poset representations, with
the inherited notions of morphism and isomorphism.

LEMMA 8.4.7. Let (A,n) in V and (A',n') in V' be augmented frames. There is a
bijective correspondence between morphisms (Aa,n) — (AL, ') and morphisms (A,n) —
(A1)

When (Aa,n) = (AL, 1), this gives an isomorphism between the endomorphism algebras
of (A2777) and (Aﬂ?)
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PROOF. Suppose f: V — V' is a morphism of augmented frames. In particular then
f(A1) C Al f(Ay) C Al f(A12) C A, and f(C) C C’, which implies that the diagrams

f f

PISLINY, PRI

hi ih’ h12l ihllg
f f

A 2L o4 Ay 225 41

commute. Stacking the second diagram under the first, we obtain that

bi
Ay 225 4,

commutes, as desired.

Conversely, if we have a linear map f : As — A} such that fon = n o f, then it
extends to a morphism f of augmented frames by setting f = hy o fohjg on A and
f:h/23ofoh32 on Ag.

It is easy to see that the thus defined operations “restriction from V to As” and
“extension from A to V7 are mutually inverse.

Now assume (Ag,n) = (A4%,7"). To show that the mutually inverse “extension” and
“restriction” maps define algebra isomorphisms between the respective endomorphism
algebras of (Az,n) and (A, ), it is sufficient to check that one of these maps is a morphism
of algebras. This is easiest to check for the restriction map: the operation of restriction is
clearly compatible with composition, addition, scalar multiplication, and the units in the
respective endomorphism algebras. [l

8.4.3. Framed sextuples. Given an augmented frame (A4, C) = (A, n) in V we define
an associated sextuple S, in V' by

L = A4 Ci =41+ A4
(273) Iy = As Cy = Ay + As
IS = (C+A3) M (Al +A23) 03 = A12 +I3

A sextuple which is isomorphic to one of this type will be called a framed sextuple.

LEMMA 8.4.8. Let (A, n) and (A',1') be augmented frames in'V and V', respectively .

(1) Given a sextuple S,, the underlying augmented frame can be recovered via

A =1 Ao =C1NCs
(274) Ay =C1NCy A23:(13+Il)ﬂ02
Az =1 Azp = (A1 + A3) N (Agg + Agz)

C=L+13)NC

(2) If S is a sextuple such that the expressions define an augmented frame,
then S is a framed sextuple, i.e. of the form .

(3) A linear map f :V — V' is a morphism (A,n) — (A", ') if and only if it is a
morphism S, — S,y.
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(4) Any sextuple S, built from an augmented frame (A,n) is isomorphic to one with
the following form, where U = As:

V=UxUxU
(275) I1=Ux0x0 Ci=UxUxQ0
ILh=0x0xU Co=0xUxU
Is={(—nz,z,—z) |z € U} Cs ={(z,—x,0) |z €U} + Is.
PROOF. (1) This can be checked using elementary linear algebra resp. modular

lattice calculations. For example, C; N Cy = (A1 + Ag) N (Ag + A3) = Aa, since
by assumption V = A; @ Ay @ As. To see that C = (Iy + I3) N Cy, we plug in the
definitions of I, I3 and C and calculate
(I2+I3) N Cy = (A3 + [(C + A3) N (A1 + Ag3)]) N (A1 + A2)
C(C+A3)N (A1 + Az + A3)| N (A1 + Ag)
=[(C+A3)NV]IN (A1 + A) =C.

The obtained inclusion is actually an equality, since
dlm(];:, + IQ) NnNCy = dlm(h D 13) + dim Cq — dlm(IQ + I3+ 01) = 1/3 dimV = dim C.

The equations for Ao and As3z can be checked in a similar manner, and the
equation for Ag; holds by the definition of a frame.
(2) Assuming that (274) defines an augmented frame, we need to show that the

relations (273)) hold.

The expressions for I; and Is are trivially satisfied, so it remains to show the
expressions for I3, C7, C9, and Cj.
We first make some intermediate observations:

(276) A1+C:A1+01Q(A3+Ig):Clﬂ(Al—i-Ag-f-Ig),

using the modular law for the last equality; from (276)) and the assumption that
we have an augmented frame,

V=A1+A2+A3:A1+C+A3:Clﬂ(Al—i-Ag-i-Ig)-i-Ag

270 = (C1+ 43) N (A1 + A3+ ),
again via the modular law for the last equality. But implies that
(278) V=C+A3=41+ A3+ I,
and using we find that
(279) As+ A3 =C1NCy+ A3 =CaN (Cr + Az) = Oy,
where the application of modular law is justified since A3 = Iy C C5 by assump-
tion. This is the desired expression for Cs.
The expression for C] now follows from and
(280) A+A=4+C=4+CiNL+L)=CiN(A+ L+ I3) =Cy,

using modularity via the fact that A1 = I, C Cf.
To obtain the expression for I3, we first note that

(281) C+A3:(IQ—FIg)ﬁCl—I—A:;:(Ig—l-fg)ﬂ(cl—i-Ag):Ig—l-Ig
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since Az = Iy C Iy + I3 and, via ‘ , C1+ Ay = V. Now,
(C+ A3) N (A1 + Ags) = (C + A3z) N (A1 + (I3 + A1) N Co)

(C+ 43) N (A1 + (Is + A1) N (A2 + A3))

méd (C + AS) N (Ig + Al) N (A1 + Ag + Ag)

2;8 (C + Ag) M (Al + 13) 13 + (C =+ Ag) n A1

=L+ (CNA) =13,
using for the second-to-last equality that C' C A1 & Ay and V = A1 ® Ay & As,

and for the last equality that C'N A; = 0 by definition of an augmented frame.
Finally, the desired expression for C'5 follows from

A+ I3 = (01 N 03) + I3 mod 3N (Cl + 13)
=C3N (Al + A9 + (C+A3) N (A1 +A23))

"o 0y 1 (Ag + (A1 + C + A3) N (A1 + Asg))
=C3N (AQ + A + A23) = (s,

using in the second line the already-obtained expressions for C; and I3, and in
the last line the fact that Ay + C+ A3 = A1+ A+ A3 =V.
Suppose first that f is a morphism of augmented frames. Since the subspaces
I;,C; and I[,C! of the respective associated sextuples can be expressed entirely
via lattice terms built only of subspaces in the respective augmented frames, it
follows that f(I;) C I! and f(C;) C C! for each i.

Similarly, by part [I]above the underlying augmented frames can be expressed
via lattice terms built from subspaces in the respective sextuples, so f is a mor-

phism of augmented frames if it is a morphism of the associated sextuples.
From Lemma it is clear that any augmented frame (A,7) is isomorphic to
one of the following form:

V=UxUxU

Ai1=Ux0x0 Algz{(x,—$,0)|.’£€U}
Ay =0xUx0 Ao ={(0,z,—2x) |z € U}
A3 =0x0x U Aglz{(l‘,o,—x)‘l‘EU}

C={(—nz,z,0) |z €U}

The sextuple associated to this augmented frame is precisely (275)), and by part
of this lemma, it is isomorphic to S,,.
O

REMARK 8.4.9. Together, parts [I] and |2 give a complete characterization of framed
sextuples in lattice theoretic terms: a sextuple is a framed sextuple if and only if the
expressions define an augmented frame, and augemented frames are themselves
defined in lattice-theoretic terms.

PROPOSITION 8.4.10. Let (U,n), (U',n') be spaces with endomorphisms.

(1)

There is a bijective correspondence between morphisms (U,n) — (U',n') and mor-
phisms Sy — Sy, When (U,n) = (U', 1), this correspondence is an isomorphism
of the respective endomorphism algebras. In particular, (U,n) is indecomposable
if and only if S, is.
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2) Let Ul ey Upyy ULy oery Upyy W4 ooy Wy, and Uy, ....ou!  vh . 00 wh, .. w! be frame bases
1, sy Uny ULy ooy Uny W1,y .oy Wn 1y =0y UpHy U1, y Uny W1y oy Wy

of the underlying frames of sextuples S, and S,s. Let f : Sy — S,y be a morphism

and f its restriction f : Ay = (v1,...,0n) = Ay = (v}, ...,v},). If the coordinate

matriz of [ with respect to the bases (v1,...,v,) and (Vi,...,vl) is M, then the

coordinate matriz of f with respect to the respective frame bases is

M 0 0
(283) 0 M 0
0 0 M

PRrROOF. (1) The said correspondence is the one defined in the proof of Lemma

By Lemma and Lemma 2., it maps morphisms (U, n) — (U', ')
to morphisms S, — S, and when (U,n) = (U’,7), this correspondence is an

isomorphism of algebras. The statement about indecomposability follows then
from the fact that (U,n) and S, are each indecomposable if and only if their
respective endomorphism algebras are local, and the fact that “local-ness” is
preserved under isomorphism.

(2) By definition, f = (hb;0 fohi2)® f @ (hhzo fohss) : A1@ Asd Az — Al Ay & Al
(c.f. Lemma. The form follows now from the fact that, with respect
to frame bases, all of the maps hja, haz, hb,, ks, have coordinate matrices which
are the identity matrix.

O

REMARK 8.4.11. The correspondence in Proposition [8.4.10} is functorial.

8.4.4. Identifying framed sextuples. In this section we identify which continuous-
type indecomposable sextuples are isomorphic to a framed sextuple.

From Lemma and Corollary we see that, for n indecomposable, S, =~
A3(k;0) when 7 is nilpotent, and S, ~ Ag(k;00) when n has eigenvalue 1. Indeed, if
7 is nilpotent, then

IzNCy={(—nz,z,—z) |z e UNO0xU xU) 2{(0,z,—x) | z € kern} # 0.
And if n has eigenvalue 1 with associated eigenspace Uy, then
LNCy=0x0xU)N{(y—nz,z—y,—z) | z,y € U} 2 {(0,0,—x) |z € U} #0.

We will call an indecomposable endomorphism exceptional if it is nilpotent or has 1 as
eigenvalue. Note that any non-exceptional indecomposable endomorphism is an automor-
phism.

It remains now to identify the sextuples S,, with 1 non-exceptional, in terms of the
classification discussed in the previous section.

PROPOSITION 8.4.12. On the level of isomorphism classes (and for fixred ambient di-
mension 3k), there is a one-to-one correspondence between the sextuples Sy, and the sex-
tuples A(k;~y), where v and n are non-exceptional indecomposable endomorphisms. If one
views both n and v as endomorphisms of k¥, the correspondence is given by

(284) n=—1

or, in inversely, v = 77’%1
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PROOF. We start by considering an indecomposable continuous-type sextuple A(k; ),
with 4 non-exceptional. From Section we know that A(k;~) is isomorphic to a
sextuple which has the form

V=X10X2®0 X3, Ci=X;+Xiy1, L =Im(e; ®B;)=T(Bic;")

where «; @ Y; — X; and 8 :Y; — X;41 are all invertible, and v = 3 o al_l. In particular,
we can identify the Y; with the I; (since the maps «; @ (; are injective), and we have

To show that A(k;vy) ~ S, for some endomorphism 7, we “guess” an underlying
augmented frame (using Lemma to make our ansatz), and we show that this is an
augmented frame whose associated sextuple is isomorphic to A(k;v). In this case we
know that 1 must be non-exceptional, since S, ~ Az(k;0) or S, ~ As(k;00) when 7 is

exceptional.
As our ansatz for the underlying augmented frame associated to (V; C;, I;), we set
A=Y A= X1+ Xo)N( X3+ X1) =X
Ar = (X1 + Xo) N (X2 + X3) = Xy Az = (Y3+Y1)N (X2 + X3)
A3 =Y, Az = (A1 + A3) N (A2 + Ag3)

C= Y2+ Y3)N(X1+ X2)

and check that this defines an augmented frame. In order to verify a @-relation, it suffices
to check the +- or the N-relation, if the dimensions of the subspaces involved are known
and add up properly. Thus, to see that V = A1 ® Ay & As, it suffices to note that

A1+ A+ A3 =Y+ X+ Yo =X+ X+ Yo=X1+ X+ X3=V.
Similarly, A1o & A1 = A12 @ Ay = Ay + As follows from

Ap+Ai=X1+V1=X1+Xo=41+ 4,
Ap + Ar = X1 + Xo = A1 + Ao,

To see Az B Ay = A3 P A3 = Ay + Az, note that
Az + A = (Y1 +Y3)N(Xo+ X3) + Xo = (Y1 + Y3+ Xo) N (X2 + X3)
=Xo+ Xz =Xo+Ye=Ay+ A3
A+ A3 =Y1+Y3)N(Xo+X3)+Yo= Y1+ Y5+ Y2) N (X2 + X3)
=Xo+ Xg=Xo+Yy=A5+ A3
using modularity (and that X5, Y, C X5 + X3) to obtain the second equality in each line,

respectively. At this point it is not yet clear that the lefthand sums are direct, since the
dimension of Asg is not yet determined. This can be checked directly, for example:

Yi+Y3+Xo=X1+Y3+ Xy = X1+ X3+ Xo =V whence AygN Ay = (Y1+Y3)QX2 =0

and
Ags N Az = (1/1+Y3)ﬂ§/2 =0.
Finally, A1 & C = A; 4+ Ay because

A1+C=Y1+(Y2+Y3)Q(X1+X2):(Y1+Y2+Y3)Q(X1+X2):X1+X2:A1+A2
AlﬂC:Ylﬂ(YngYg)zo

using modularity in the first line (with the fact that Y7 C X7 + X5).
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This establishes that we have an augmented frame. It remains to verify that the

original sextuple (V,I;,C;) is the one associated to this augmented frame, i.e. we check
that the equations (273]) hold:

o [ =Y =4

° IQ = Y2 = A3

o [3=Y;3 = (}/2+}/;3)Q(Y1+}/:‘5) = (C+A3)Q(A1+A23),

using for the last equality that
Yo+ Y; = (YQ-i-Y;J,)ﬂ(Xl-i-Xg—i-Xg) = (Yg—i—Yg)ﬂ(Xl—i-Xz—l-Yg)
=Y+ Y3)N(X1+Xo)+Ya=C+H A3
and
Vi+Ys=Y1+Y3)N(X1+Xo+ X3) = (Y1 +Y3) N (Y1 + Xo+ X3)
=Y1+ (Y1 +Y3) N (X2 + X3) = (A1 + A23)

e C1=A1+AH=Y1+Xo0=X1+X2=C;

o Oy =Ar+A3=Xo+Yo=Xo0+X35=0C>

e O3 =Ap+(C+A3)N(A1+A3)=Ap+L=X1+Y3 =X+ X3=C3
This establishes that every sextuple A(k; ) is isomorphic to some Sy, with 7 non-exceptional.
It remains now to show that every S, with  non-exceptional is isomorphic to some A(k; 7).
For this it is sufficient to prove the formula (284]) and note that this formula defines a bijec-
tion (in fact an involution) of the set of non-exceptional indecomposable endomorphisms
of k*.

Consider again a sextuple of type A(k;~). Set X = k*. We’'ll use normal forms which
are isomorphic to the ones (261)): let V =X x X x X, and
X1 =X x0x0, Xo=0xXx0, X3g=0x0xX.

Thus normal forms for these sextuple are

I =T(frah) = {(z,—z,0) | z € X} Ci=XxXx0

(286) I =T (a5 ") = {(0,2,2) | z € X} Co=0x X xX

I =T(B0a;") = {(2,0,2) |z € X} C3=X x0xX.
Set g; = ,Bioz;1 and g := g19392. Note that ¢ = —v when these are viewed as maps
X — X.

For such a sextuple, we compute the endomorphism 7 underlying the associated aug-
mented frame. By definition, 7 = hj2 o h, so we need to compute his and h. From the
first part of this proof we know that for this frame

A =1
As = X5
Az =1

Ap =T (=h12) = X3
C = F(—h) = (IZ + IS) N (Xl + XQ).

In particular one finds easily that
hia : A1 — Ag, (z,912,0) — (0, g1,0),
C ={(—g3g27,2,0) | x € X}, and
h:Ay — Ay, (0,2,0) — (93g2(9 + 1) 2, g(g + 1)1, 0).
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It follows that
n: Ay — As, (0,2,0) — (0,9(g + 1) 'z,0).
Y

Thus, viewed as endomorphisms of X, n = = ]

REMARK 8.4.13. Since 1 and v commute, if v has an eigenvalue, say A, then 7 will

also have an eigenvalue, say A,, and any eigenvector for A\, will also be an eigenvector for
Ap. In this case, Ay = A\y/(Ay — 1) and A\, = \,;)/(\,; — 1).

8.4.5. Duals of continuous sextuples. In this section, we identify the duals of
indecomposable continuous-type sextuples. We recall:

e The dual of a sextuple (V;Cy, ;) is (V*; 17, CY), where, for U C V, the subspace
U°={feV*| f(U)=0} is the annihilator of U.

e A sextuple is self-dual if it admits an isomorphism (of poset representations) to
its dual. A pair of sextuples is called mutually dual if each is isomorphic to the
dual of the other.

e The operation of taking the annihilator obeys the rules
(Ul—i-Ug)O:UfﬁUQO and (UlmUQ)O:U]_O+U207

for any subspaces Uy, Us.

From the structure of the dimension vector of indecomposable continuous-type sex-
tuples it follows that the dual of a continuous-type sextuple is again of continuous type.
Identifying the duals of the exceptional continuous-type sextuples is easiest.

LEMMA 8.4.14. The indecomposable sextuples of type A1(k;1) and As(k; 1) are mutu-
ally dual.

Proor. This follows from Corollary if (V;C;, 1;) is a sextuple of type Aq(k; 1),
then dim(I; + Iz + I3) = dim V — 1. Thus for the dual (V';C/, If) will hold C1NCLNCY =

17

I;NI3NIS = (I1 + Ia+ I3)° = 1. This implies, by Corollary that the dual is of type
Ay (k;1) (the dual must be indecomposable and of continuous type). O

LEMMA 8.4.15. The indecomposable sextuples A;(k;0) and A;—1(k;00) are mutually
dual. In other words, in each ambient dimension 3k, we have the following three pairs of
mutually dual indecomposable sextuples:

A1(k;0) and As(k;00),  As(k;0) and Ai(k;00), As(k;0) and Ag(k;o00).

PRrROOF. Suppose (V;C;, I;) is a sextuple of type A;(k;0). By Corollary this
sextuple will satisfy dim(Z; N C;—1) = 1. In particular then

dlm(Iz + Cz'—l) =dimI[; + dim C;_1 — dlm([z N Ci—l) =k+ <2k) —1=dimV — 1.
The dual sextuple (V’/; C!, I!) will therefore satisfy

dim(I_; N C}) = dim(C{_; N IY) = dim(I; + C;_1)° = 1.
This implies, via Corollary that (V'; CI, I!) is of type A;—1(k; o) O

1771

REMARK 8.4.16. From Section [8.4.4] we know that Ag(k;0) and A (k; oo) are isomor-
phic, respectively, to the indecomposable framed sextuples S, where 7 is either nilpotent
(in the first case) or has eigenvalue 1 (in the second case). Thus the above shows that the
sole two exceptional framed sextuples are dual to one another.
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Now we consider the non-exceptional indecomposable continuous-type sextuples A(k; ).
From Corollary it follows that the dual of such a sextuple is again a non-exceptional
indecomposable continuous-type sextuple; let A(k;+') be the type of the dual. Our goal
now is to determine the relationship between v and +'.

From Proposition we know that A(k;v) and A(k;~’) are isomorphic, respec-
tively, to sextuples S, and S,/, with  and 7’ non-exceptional.

PRrOPOSITION 8.4.17. Consider a non-exceptional indecomposable endomorphism n €
End(U) with associated sextuple S,. Let f = (u1,...,ug,v1, ..., 0, W1, .., wy) be a frame
basis for this sextuple. Then:

(1) The dual of S, is isomorphic to S,y, with ' = (Id—n)* € End(U*). Moreover,

* * * * * *
(=W, ey —WE, V] 5 ey Ugoy —UT ooy —UJ)

is a frame basis for S,y, where B* := (uj, ..., wy) is the dual basis of 3.
(2) A bijective correspondence
B:S,—= S8y — b:(U,n) — (U, Id—n")

s given by restricting maps B to U.
With respect to the bases 3 and 3%, any isomorphism B : S, — S, has
coordinate matriz of the form

O O —-M
Hy = O M O ,
-M O O

where M € k**F is the coordinate matriz of the corresponding isomorphism b :
(U,n) — (U*,n) with respect to the respective bases (v, ...,vx) and (v, ...,v}) of
U and U*.

Note, in particular, that B is (skew)-symmetric if and only if the correspond-
ing map b is.

PROOF. By definition, &, has ambient space V = U x U x U, and the associated
augmented frame (A,n) is ; in particular A1 = U x0x0, Ab = 0x U x 0 and
Az = 0x0xU. We view the dual sextuple Sy = S,y = (V';C}, I}) as having ambient
space V! = U* x U* x U*, paired with V. = U x U x U via (£1,£1,&3) : (u1,u2,u3) —
&1(u1) +&(u2) +&3(us). The sextuple S/, expressed in terms of the underlying augmented
frame of S, is

I =C=A3NA3=0x0xU* Cl=I2=A5=0xU*x U*
(287) I, =C5=A3NA3=U*x0x0 CL=1I3=A3=U*xU* x 0
Iy =05 = A3, N[(C°N A3) + (AT NASy)] O3 = I3 = (C° N A3) + (A] N AS;)

We compute the underlying augmented frame (A’,n’) of this sextuple, using (282)) as an
aid for the calculations:

A= =0x0xU*

A, =C1NCy=0xU*x0

Ay =T, =U*x0x0
(288) AIlQ = Ci N CZ/’, =L+ 1) ={(y,z,—2) |2,y e U}* ={(0,£,§) | £ € U"}

Apg = (I3+11)NCy=[(C3NCh) + ] ={(£,£,0) [ € U™}

Ay = (A} + A3) N (A}, + AY)

C'= I+ 1)NC =[(C2aNCs) + L]° ={(0,¢,(id—n)*) | £ € U™}
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For the computation of C’, for example: CoNCs = {(y — nz,x —y,—x) | z,y € U,y —
nx = 0}, and [ + CoNCs = {(y,2 — nz,—x) | x,y € U}, so C' is precisely those
(€1,62,&3) € U* x U* x U* such that £ = 0 and & = & 0 (id — 7).

!/

We can now read off the maps h;; ; and h' associated to this augmented frame:

o A}, =T(—h},) implies that h}, : A} — A}, (0,0,¢) — (0,—¢,0).

o AL, =T'(—hls) implies that hb, : A — A%, (0,£,0) — (—=£,0,0).

i hgl - (h/23 ° hll?)i1 : A{S — All? (570’0) = (0707§>

e ¢/ =T(—h') implies that b’ : Ay — A1,(0,&,0) — (0,0, —(1id — n)*¢)
In particular, ' = hly 0o B’ = (id — n)*. We also see that, taking (—v7, ..., —v}) as a basis
of A5 = 0 x U* x 0, a frame basis is given by (w7, ..., wy, —v], ..., —v§, uj, ..., u}), since

wf = hby(—v}) and uf = hbs(—v}), i = 1,..,k. The remaining statement of the current

proposition follows now from Proposition [8.4.10} In particular, any isomorphism S, — S,y
has, with respect to the bases 5 and 8*, coordinate matrix of the form Hj;, where M is
the coordinate matrix of an isomorphism U — U* such that M AM ! = id — A’. ]

COROLLARY 8.4.18. The sextuples A(k;~y) and A(k; (y™1)*) are mutually dual.

PROOF. Viewing v and 7 as endomorphisms of the same space, and similarly for ~/
and 7/, we have by (284]) that n = % and 7/ = 77,7771.
latter equation, using the former equation and simplifying gives 7/ = (y~1)*. O

Substituting n” = 1 — n* in the

COROLLARY 8.4.19. A sextuple A(k;~) is self-dual if and only if (K*,~) and (K*)*, (y~1)*)
are isomorphic endomorphisms (in the sense of Section . In this case, if v has an
eigenvalue A\, then A\, = —1.

PROOF. The first part follows from Corollary and the fact that, by Propositions
18.4.12) and [8.4.10;, A(k;~1) and A(k;~2) are isomorphic sextuples if and only if v; and 7,
are isomorphic endomorphisms. The statement about eigenvalues follows from the fact

that v* has the same eigenvalue as v (when such exists), and that « cannot have eigenvalue
1 (by the assumption that 7 is non-exceptional). O

8.5. Continuous non-split isotropic triples over C and R

We turn now to the classification of non-split isotropic triples of continuous type. The
special cases where the ground field k is either C or R are of particular interest. We treat
these cases first, which allows for a simpler analysis. Furthermore, the case k = R provides
basic intuition for understanding the more involved classification over perfect fields, which
we undertake in the next section.

Throughout this and the next section, N will always denote a nilpotent square matrix
which has “1” everywhere on the first upper off-diagonal and all other entries “0”, and
whose size will be specified, or clear, depending on the context. We call N the standard
indecomposable nilpotent matrix (of a given size). For example, if the size happens to be
3 x 3, then
010
0 01

000

For block matrices, we will use the following convention, which generalizes multiplica-
tion of matrices by scalars: if M is a block matrix with square blocks of size [ x [, and if
K is an [ x [ matrix, then KM will denote the block matrix whose blocks consist of the
blocks of M each multiplied on the left by K. We define M K similarly.

N =
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8.5.1. Classification in case of eigenvalue in ground field. Given a 3k-dimensional
indecomposable sextuple S, we call a frame basis

(U eeey Uk, V1 ey Vppy Wy vy W)

a Jordan basis for S, if (v1,...,vx) is a Jordan basis for 7 for some (unique) A € k, i.e.
n(v1) = Avy, n(vj) = vj_1 + Av; for j > 1. Note that any Jordan basis for 7 extends to
one for §,.

THEOREM 8.5.1. Consider an indecomposable sextuple Sy, of dimension 3k with under-
lying endomorphism 1 having eigenvalue A € k; fix a Jordan basis for S,. Let M ¢ khxk
be of the form

0 (_1)j+1

i.e. the entries of M satisfy m;; = (—1)7*1 fori=k—j+1, and m;; = 0 else.
(1) The sextuple is isomorphic to its dual if and only if A = %

Now assume \ = %
(2) The matrix

O O -M
Hy = O M O
-M O O
defines a compatible form B which is symplectic if k is even, symmetric if k is

odd.

(3) Up to isomorphism and multiplication with a scalar, B is the only such form. For
even k there is no symmetric compatible form, for odd k no symplectic one.

(4) For any 0 # c € k, ¢B and B are isometric via an automorphism of the sextuple
if and only if ¢ is a square in k.

(5) A complete list of compatible symplectic resp. symmetric forms is given by the
matrices Hyrg, where Q € kF>*k is of the form Zf:_ol a;N*, with ag # 0 and a; = 0
for i even.

REMARK 8.5.2. Observe that the particular value A = % arises from the way the
endomorphism is related to the sextuple. Other ways would give a different (but also
unique) value.

Also note that, setting ¢ :=n— %, we have that n = %—I—C underlies an indecomposable
self-dual framed sextuple if and only if  is similar to —(*. Furthermore, n has an eigenvalue
if and only if ¢ does, and in the case of self-duality, the unique eigenvalue of ¢ is 0. The
description “n = %4—( ” is helpful to keep in mind in the proof below, and in the subsequent

sections.

Proof of Theorem With respect to v1, ..., v, the matrix of nis A=A+ N. In
particular, A is similar to A’ via the permutation matrix P corresponding to reversing the
order of the basis.

Proof of[1] and[3 Assume that S, is isomorphic to its dual. Then by Proposition [8.4.17]
I — A! is similar to A, and hence to A*. Thus, A is similar to I — A. In particular, I — A
necessarily also has A as its unique eigenvalue. On the other hand, given an eigenvector



170 8. ISOTROPIC TRIPLES

v for A, we have (I — A)v = v — Av = (1 — \)v, which means that 1 — X is an eigenvalue
of I — A. By indecomposablilty, I — A can only have one eigenvalue, thus A =1 — A, i.e.
A=1.

Now, assume \ = % and define B by Hjys. It remains to show that B is compatible,
i.e. that H)ys defines, with respect to the given basis and its dual, an isomorphism from S,
onto its dual. By Proposition this means to show that M defines an isomorphism
(Ag,m) — (A3, (id — n)*), i.e. MAM~! = (I — A)!. Here, observe that M = DP, where
P = P! has anti-diagonal entries 1, zero else, and where D = D~! is diagonal with
entries dj; = (—1)/*1. Now, PAP = A' = 31 + N* and DN'D = —N', and hence
MAM™' =3I+ DN'D =11 - N'=71— A".

Proof of[3 - [f| By Lemmal[7.3.3] the algebra E of endomorphisms of Ay commuting with
A= %I + N is local and E = kid @& RadE; Proposition establishes an isomorphism
of E onto the endomorphism algebra E’ of S,, which shows that E’ is local, too, with
E’ = kid ® RadFE’. Thus, Lemma applies, proving uniqueness. The proof of 4. can
be copied from that of Theorem Moreover, units in the ring E’ are given by block
matrices as in . Thus, due to |2, any compatible form is given by a matrix Hyq
where Q € k¥** is the coordinate matrix of an automorphism of (As,7). In particular,
this means that @ is of the form Zf:o a;N' with ag # 0. Thus MQ = Efzo a;MN'. Note
that M N'! is skew-symmetric if I = & mod 2 and symmetric if [ # k& mod 2:

(MNl)ij = Zmi7p(Nl)P7j = mi,k*iﬁ*l(Nl)k*iﬁ*l,j = (—1)k7i fori+j=01+k+1
p
(MNY;; =0 else,

and so, fori+j=1+k+1,

It follows that MQ = Y, soen @MN" + 3, 4q @M N is the (unique) decomposition of
M@ into its symmetric and skew-symmetric parts: when k is odd, the first summand
is the symmetric part and the second summand skew-symmetric; when k is even, the
reverse is the case. The second summand is non-invertible, while the first summand is
invertible (since ag # 0). Thus all compatible (non-degenerate) forms are of the form
Hpg, where MQ =", (on iMN ¢, For k odd they are symmetric; for k even, they are
skew-symmetric. O

EXAMPLE 8.5.3. Let £ = 4, and consider the self-dual sextuple S, with underlying
indecomposable endomorphism having eigenvalue A = % Then §,, admits only compatible
symplectic forms. These are parametrised by the set {(ag,a2) € k? | agp # 0} and given,
with respect to a fixed Jordan basis and its dual basis, by the matrices

O O -A
Hy= O A O ,
-A O O
where
0 0 0 —ag
0 0 a O
A=
0 —ap 0 —a9
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8.5.2. Classification over R.

THEOREM 8.5.4. Let S, be an indecomposable sextuple over R of dimension 3k with
underlying n having no real eigenvalue.

(1) The sextuple admits an isomorphism onto its dual if and only if n has, in C,
etgenvalues A = % + v/—1r, with real r > 0 (both of geometric multiplicity 1).
(2) Assume the case of self-duality. Then k = 2l and both symmetric and symplectic
compatible forms exist. Furthermore:
(a) There is a frame basis (u;, v;, w;) such that the matriz A of n is in real Jordan
normal form with respect to the v;, and there are “canonical” compatible
forms B and B', where “B' = \/—1B”. Ifl is odd, B is symmetric and B’
is symplectic; if | is even, B is symplectic and B’ is symmetric.
With respect to the frame basis, B is given by the matric H = Hjys where
M € kKF¥F has 2 x 2-blocks M;; with

; 10 L 00

and the matrix H' of B’ is obtained from H by setting H' = SH, where S

is the matriz
0 -1
Cx —
J_<1 O).

Multiplication with ¥ is understood in sense of “scalar multiplication by
“/—=1" for 2 x 2 block matrices”.

(b) All symmetric resp. symplectic compatible forms are given, up to isomorphy
and multiplication with £1, respectively by

H resp. SH if | is odd, H resp. H if | is even.

In particular, multiplying with & changes the symmetry of a compatible form.
There is no automorphism which is an isometry from H to —H or from SH
to —SH.

(¢) A complete list of compatible symmetric, respectively symplectic, forms is
gwen by the matrices Hyrg resp. SHpyg where M is as above and where
Q € R¥*F is of the form Zé;é a;N%, a; € R, a9 # 0, and a; = 0 for i
even. These are symmetric, respectively symplectic, if | is odd; symplectic,
respectively symmetric, if | is even.

Proor. With respect to a suitable basis of Ao, n has coordinate matrix in real Jordan
form

A=ZI+ N?, WhereZ:<Z _2>

and a + v/—1b are the complex eigenvalues of 1 (b # 0 by hypothesis). Here, ZI is
the block diagonal matrix with diagonal blocks Z and N the standard indecomposable
nilpotent matrix. In view of Proposition self-duality means that (I — A)! is similar
to A. Now, I — A and (I — A)! have the same complex eigenvalues, and these are also
those of A, by similarity. Thus, A is an eigenvalue of A if and only if so is 1 — A and so
both have the same real part which then must be % This proves that

Ea—
Z:<2 1),7"#0
o2
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On the other hand, any such Z satisfies (I — Z)! = Z, and thus corresponds to a self-dual
sextuple.

Now, to prove that Hg is a compatible form, we can mimic the proof of [2] in Theorem
8.5.1] replacing scalar matrix entries there by 2 x 2-blocks here: 0, 1, and —1 are replaced
by zero, unit, and negative unit matrix, % by B, and m;; by M;;. Thus Hg defines an
isomorphism onto the dual. The further statements are then obvious.

Proof of . Observe that matrices

=(5 )
y
belong to a subring F' of R?*? which is isomorphic to C. F is the field in R?*? obtained
by adjoining, for example, (? ') to the field {(§ ) | z € R} C R?**% For any Z € F, let
ZI denote the block diagonal matrix in R¥** with diagonal blocks Z. Now, C is in the

(coordinatized) endomorphism algebra E of (Ag,n) if and only if it commutes with the
matrix A of n. By Proposition [8.6.11| below, F consists of the matrices C' of the form

-1
C=> ZiN¥ Z€F
=0

By Proposition S, has endomorphism algebra consisting of the block-diagonal
matrices CI, with C € E (i.e. there are three diagonal blocks, each one a copy of a given
C € E). In particular, these matrices commute with Hj;. Now the proof of Lemma
generalizeﬂ to yield uniqueness of compatible forms up to isomorphism and multiplication
with Z € F'; that is, up to isomorphism, compatible forms are of the form ZHy; = Hzy

with
7 = ( ””; ‘xy ) e F\{0}.

If y =0, then ZM has blocks

(5 5) (5 %) (5 )

along its anti-diagonal, and so ZHy; = xHjs. In this case, the scaling map 1/4/|z| - Id is
an isometric isomorphism to from xH s to sign(z)H .
If £ = 0, we have blocks

(b o) (5 0) (0 0)

on the anti-diagonal of M, and so ZH)y = ySHys. The scaling map 1/4/]y| - Id is an
isometric isomorphism to from ySHys to sign(y)SHyy.
If x # 0 and y # 0 then we have

() (5 n) G-

on the diagonal of ZM, and neither symmetry nor skew-symmetry.
It remains to show that there is no isometric isomorphism from Hjs to —Hjs (such a
map would also give an isometric isomorphism between SH and H). Assume that f were

L3For a more thorough discussion, see Subsection W
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such an automorphism and C' the matrix of f|4,. From the above description of C' € E
one reads off that C' is upper block triangular with

C11 = C2k—12k—1, C21 = C2k2k—1-
On the other hand, by inspection of Hy; we have
B(vy,vak—1) = B(va,v9) =1, B(vy,v;) =0 for i # 2k —1, B(ve,v;) =0 for i # 2k.

Thus, one would get the contradiction

2%
—1 = —B(vi,v1) = B(fv1, fvap-1) = Blenivr + carva, Y cigk—10i)
i=1
= B(c11v1, ¢1.2%—102k_1) + B(ca1v2, cop ok 1v2k) = 1y + 31

Proof of . As in the proof of 4. in Theorem one obtains matrices as stated
above, but initially with a; € F. To have symmetry or skew-symmetry in M@, though,
all a; have to be in RI or RSI. Conversely, this grants symmetry resp. skew symmetry,
depending on the parity of [. O

ExaMpPLE 8.5.5. Let k£ = 6, and let n be an indecomposable endomorphism over R,
with complex eigenvalues % ++/=1r, r > 0. The corresponding sextuple S, is self-dual
(and it lives in ambient dimension 3k = 18); compatible symmetric resp. symplectic forms
are given by matrices Hps, where M is of the form

0 0 0 0 a O 0 0 0 0 0 —ao
0 0 0 0 0 ap 0 0 0 0 a O
0 0 —a O 0 O resp. 0 0 0 a O 0
0 0 0 —ap 0 O 0 0 —a 0 O 0
a 0 0 0 aj 0 0 —a 0 0 0 —aq
0 ago 0 0 0 al an 0 0 0 al 0

for (ao,al) S RZ, ago 7'5 0.

8.5.3. Hamiltonian vector fields over R from non-split framed sextuples.
In this section we return to the connection, discussed in Section between linear
hamiltonian vector fields and isotropic triples. We show here that each non-split isotropic
triple (over R) has an associated linear hamiltonian vector field.

Let S, be an indecomposable self-dual continuous-type sextuple over R. We know
that the spectrum in C of n must be {% + y/—1r} for some value of r > 0. Suppose that
we make S, into an isotropic triple by choosing a frame basis and choosing a compatible
symplectic form given by a matrix Hjsg as in Theorem or Theorem (depending
on whether n has the eigenvalue % or not). Set T':= M@ and let A denote the coordinate
matrix of n with respect to the frame basis. Recall that when Hr is skew-symmetric, as
we have assumed, then so is T'. From the normal form given in Lemma part 4} we
can assume that S, has the form

V=UxUxU
(289) L=Ux0x0 Ci=UxUx0
L=0x0xU Co=0xUxU

I3 = {(—7795,56, —.CE) ’ T e U} 03 = {(.le, —l‘,O) | TE U} +I3>

and from Proposition [8.4.17] it follows that T is the coordinate matrix of an isomorphism
(U,n) = (U*,1 —n*). In other words, TA = (1 — AYT.
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We claim now that an isotropic triple whose underlying sextuple is satisfies
the hypotheses of Proposition [8.2.7] which gives sufficient conditions for constructing an
associated hamiltonian vector field. To verify the hypotheses, note first that clearly V =
I © I, @ I3. Second, we must check that I; + I; is a symplectic subspace for all ¢ # j. For
this, we check that

(L+I)N(L+ 1)t =L+ )NnC;NC; = 0.
Fori=1,5 =2,
(L+L)NCiNCy={Ux0xU)N(0xU x0)=0.
Fori=3,j=1,
(Is+0L)NCsNCL={(—nz+y,z,—z) |z,yc Ut N{(2,-2,0) |y U} =0,

since an element (—nx + y,x, —x) of this intersection would need to satisfy —z = 0, and
hence —nx = 0. But then (y,0,0) = (2, —2,0) holds for some z € U only if y = 0.

Finally, for i = 2,5 = 3,

(I + I5)NCoNCy = {(—nz,z,y) | 2,y € U N {(0,—nz +2,—2) | 2 € U}
={(0,2,y) [,y €eUnz =0,2=ny —y} =0.

Indeed, nx = 0 implies that = = 0, since 7 is invertible, and so ny = y must hold. By
assumption 7 cannot have eigenvalue 1, so also y = 0.

Now we will follow the proof of Proposition[8.2.7]in order to find the hamiltonian vector

field associated to (289). We have the symplectic decomposition V = (&)@ (1 D)+ =
(Ux0xU)®(0x U x0). I3 is the graph of the map g : (I ® I)* — I} @ I, given by

OxUx0—-Ux0xU, (0,z,0)— (—nzx,0,—x),

so the image of ¢ is the graph of the map Iy — I1,(0,0,z) — (nz,0,0). With respect
to the chosen frame basis, the coordinate matrix of this map is A, and the matrix of the
identification of Iy with I3 is 7. Thus the image of g corresponds to a map f : I — I
whose coordinate matrix is TA. Using TA = (1 — A)T and that T is skew-symmetric, we
find that the antisymmetric part f, is given by

FTA-AT=LTA-T'(1-A4)=1iT(A+ (1-A) = 3T,

and for the symmetric part f

F(TA+ AT = L(TA+T'(1-A)=iT(A—(1-A)) =LiT(24-1).

Thus we obtain the hamiltonian vector field X = f, ! f; given in coordinates by the matrix
2A — 1. We have proved the following:

PROPOSITION 8.5.6. Non-split isotropic triples satisfy the hypotheses of Proposition
18.2.71: we can construct an associated hamiltonian vector field.

If © is such a triple, we may assume that its underlying sextuple is a framed sextuple
Sy, built from an endomorphism (U,n). In this case, the symplectic form w of ¢ induces
an isomorphism U — U* which defines a symplectic form wy on U. The hamiltonian
vector field associated to ¢ is (U,wy,2n — id).

REMARK 8.5.7. Normal forms for indecomposable linear hamiltonian vector fields over
R are given, for example, in [LMT4]. These come in both “split” and “non-split” types,
and are labeled by their (complex) eigenvalues. For a non-split isotropic triple as above
with underlying indecomposable endomorphism 7, the associated hamiltonian vector field
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2n —id is also indecomposable and non-split. The possible such 7 are parametrized by
% ++/—1-r with r € [0,0); the corresponding hamiltonian vector fields 2 —id correspond
in [LMT74] to the non-split ones labeled by complex eigenvalues +/—1 - v (setting v = 2r
in order to use their notation), where v € [0, 00).

ExAMPLE 8.5.8. Let k£ = 4, and let  be an indecomposable endomorphism over R
with complex eigenvalue %, i.e. with respect to a Jordan basis 1 has the coordinate matrix

/2 1 0 0
0 1/2 1 0
0 0 1/2 1
0 0 0 1/2

A:

We can make the corresponding self-dual sextuple S, into an isotropic triple by choosing
the compatible symplectic form given, with respect to a Jordan frame basis, by the matrix
I{T7 with

0 0 0 1
0 0 -1 0
= 0 1 0 O
-1 0 0 0

The associated hamiltonian vector field on the symplectic space (R?, T) is given, with
respect to a Jordan basis for 7, by the matrix

o O O O
S O O+
O O = O
O = O O

ExAMPLE 8.5.9. Let k£ = 4, and let  be an indecomposable endomorphism over R
with complex eigenvalue % + \/—1%1/, where v > 0, i.e. with respect to a (real) Jordan
basis 7 has the coordinate matrix

—V

[\
O O X =

1
0
0

0
0
T =
0

O = O O
|
—

—1

we obtain the associated hamiltonian vector field on (R?,T) given by

0 —v 1

v 0 0 1
0O 0 0 —v
0 0 v O
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8.6. Continuous non-split isotropic triples over perfect fields

We continue working with a ground field k with char(k) # 2, and additionally we
assume that k is perfectlﬂ, in order that we may use the normal forms discussed in Propo-
sition below. No other assumptions are made on k.

According to Proposition isomorphisms of a sextuple S, onto its dual arise
from matrices M such that M 1AM = (I — A)! where A is the matrix of 1 with respect
to some basis; and the induced compatible form is (skew-)symmetric if and only if M is.
As indicated by the results over the complex or real number field, the crucial case is when
n has irreducible minimal polynomial ¢(z). We deal with this case first.

8.6.1. Irreducible characteristic polynomial. Let ¢(x) = Zé:o a;x* € k[z] be an
irreducible polynomial, with a; = 1. Adjunction to k of a zero A of ¢ yields an extension
field k(\) = k[\] 2 k[z]/q(z) which as a k-vector space has basis 1, \, A2, ..., X'~ With
respect to this basis, the k-linear map m) defined by my(r) := Ar has as its coordinate
matrix the Frobenius matrix N* 4+ C

0 0 ... 0 —ap
1 0 . 0 —-a
0 1 )
: 0 —a;_o
0O ... 0 1 —a;q
where C' = (; denotes the matrix whose last column is —ag, —a1, —a2,...,—a;—1 and has

all other entries zero.

In particular, by the Cayley-Hamilton theorem the above applies to any endomorphism
n of an vector space U having characteristic polynomial g(x), where n plays the role of A
abovﬂ Here we view k(n) as a subring of End(U) with subfield {aid | a € k} = k. In
this situation, any v; # 0 extends (uniquely) to a basis {vi, nv1,...,n" tv;} such that the
corresponding coordinate matrix of 7 is the Frobenius matrix of ¢(z). In other words, if
A € k¥ has q(z) = det(xI — A) irreducible, then k(A) = k[A] is a subring of k! which
is an extension field of {al | a € k} = k with primitive element A, a zero of ¢(x).

LEMMA 8.6.1. Let q(z) € k[z]| be an irreducible monic polynomial with degq =1 > 1.
Let X\ be a zero of q in some extension field of k, and set E = k(\).

Suppose q(1 — X) = 0. Then there exists p € E and an automorphism g of E over k
such that k(n) = E and g(u) = —p. This implies that:

(1) Only even powers of x occur in the minimal polynomial r(z) of p over k; in
particular degr = I must be even.

(2) With respect to the basis {1, u,...,;t'=1} of E over k, g has diagonal coordinate
matriz D, with entries di; = (—1)¢, fori=0,...,1 — 1.

(3) g is a k-isomorphism (E,m_,) — (E,m,), i.e. m,g=gm_,.

PROOF. Since ¢(\) = ¢(1 — A) = 0, there exists an automorphism g of E = k() over
k such that g(A\) =1 — A. Settingu::)\—%, Wehave)\:%—i-,u andl—)\:%—,u; in

A field k is perfect if every algebraic extension of k is separable. Examples of perfect fields include
all finite fields, and all fields of characteristic zero.

15Recall that for indecomposable endomorphisms, the characteristic and minimal polynomials coincide.
Also note that, when the characteristic polynomial is irreducible, the corresponding endomorphism is
necessarily indecomposable.
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particular k(\) = k(u) and g(u) = —p. Note that —p # p, since —p = p would imply
A = 1/2 € k, and hence that [k()\) : k] = deg(q) = | = 1, contrary to the assumption
{ > 1. For the minimal polynomial

r(z) = qz' + a2+ L+ ez +oag (with a; = 1)

of u over k it follows that r(—u) = r(g(p)) = g(r(n)) = 0, using that g fixes k. This
implies that only even powers of x occur in r(z), by comparing the coefficients of r(—pu)
and 7(u). Indeed,

S g = () — () = 0

k odd
since 7(p) = r(—p) = 0, so u is a zero of 6(x) := >, sqq ", and hence 7(z) | 6(z). If
r(x) were to have odd degree, then §(z) and r(x) would have the same degree and hence
would be equal (since they are both monic). But this would contradict the irreducibility
of r(x), because for a polynomial with only odd powers of x, one can always factor out
the polynomial p(x) = x. Therefore it must be that 6(x) =0, i.e. ax = 0 for all odd k.

The statement about the coordinate matrix of g is clear. For point 3., we check on the

basis elements u¢ of E:

m(9(1)) = mu((—1)ipf) = (~1)ipt ™ = —(=1) it = glm, ().
O

PROPOSITION 8.6.2. Let 0 # A € k'*! such that q(x) = det(zI — A) is irreducible.
Then the following are equivalent:

(1) A and (I — A)t are similar to each other

(2) A and I — A are similar to each other

(3) gq(A) =q(1 — X) =0 for some X in some extension field of k.

(4) For any X in any extension field of k: if g(A) =0, then ¢(1 — \) = 0.
Suppose now that any of these equivalent conditions holds. Then degq(x) is even. More-
over, setting A = A — %I, the minimal polynomial r(x) of A satsifies r(—A) =0 and, for
any invertible T,

TAT ' = (I -A)! & TAT' = A"

PrOOF. That 1. and 2. are equivalent follows from the fact that a matrix and its
transpose are always similar, and that similarity is a transitive relation. 2. implies that
q(I —A) =0, and thus that 3. holds in the field k(A) = k[A] € k'*!. To see that 3. implies
4., it is enough to consider extensions k(\) of k such that ¢g(A) = 0; these are all isomorphic
via isomorphisms fixing k, and hence in each of them also the equation ¢(1 — \) = 0 is
satisfied. Finally we show that 4. implies 2.. Since gq(A) = 0, 4. implies ¢( — A) = 0 and
thus that ¢(x) is also the unique elementary divisor of I — A. The multiset of elementary
divisors is a complete invariant for similarity, so 2. follows. That degq is even and that
r(z) satisfies r(—A) follows from Lemma m O

REMARK 8.6.3. In the subsequent, we’ll use the following fact. Let E D k be a finite
field extension, so E is a finite-dimensional vector space over k, and let 7 : E — k be a
non-zero k-linear map. Then the bilinear form on E defined by

(u,v) — 7(uv)
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is non-degenerate. Indeed, if for fixed v € E\{0} we have 7(uv) = 0 for all u € E, then
it would follow that 7(u’) = 0 for all u’ € E, since any u’ can be written as v'v~'v. This
would contradict the assumption that 7 # 0.

PROPOSITION 8.6.4. Let I > 0, and let 0 # A € k™! be a Frobenius matriz with
irreducible characteristic polynomial r(x) such that r(—A) = 0. Then there are skew-
symmetric as well as symmetric invertible T € k! such that TAT ! = —A?,

PROOF. We may restate the task as follows. We are given V' = k(u), dim V' = [ even,
with irreducible monic r(z) = Zi:o a;z" such that r(u) = 7(—u) = 0, in particular a; = 0
for odd i. Let m,(v) = pv for v € V. The task is to find an isomorphism §: V — V*
such that

(290) By, = —m};3,

L and its dual basis

and such that the matrix T of 8 with respect to the basis 1, s, ..., !~
1%, pu*, ... is skew-symmetric resp. symmetric. Because of these bases, within the scope of
this proof we use indices which always live between 0 and [ — 1.

We consider the skew-symmetric task first. From [QSS79|, page 276, we know there
exists symmetric S such that SAS~! = A!. Namely, one has the linear form 7 € V*

defined on the basis 1,4, ..., !~ by
() =1 ifi=1-1, 7(u") =0 else

and we take S to be the matrix of the non-degenerate symmetric bilinear form (u,v)
7(uv), i.e. the entries of S are

sij = (") 0<i,7<l-1.

Let Vp be the k-subspace of V spanned by {u’ | 0 < i < [, ieven }; let V; be the
k-subspace spanned by {u‘ |0 <1i <1, i odd }.

CrAM 8.6.5. For any i € N, pu’ € Vp if i is even, p € Vj if i is odd. In particular
7(u*) = 0 for all even i € N.

Proof of the claim. We use induction. Clearly, the claim holds for ¢ < [. Also, note that
= —Zj<l ajuj where a; = 0 if j is odd, and so pt € Vo. In particular, we see that
uVo € Vi and puVi C V. Now let ¢ > [. If ¢ is odd, then by the induction hypothesis
w1 e Vp, and so put = pup'~' € uVy C Vi. The analogous argument applies for i even. [

It follows that S has an following properties: using indices i,j € {0,...,l — 1}, the
entries s;; of S only depend on i + j, with s;; = 0 for ¢ +j <1 —2 or i + j even, and
sijzlfori+j:l—1 .

Now consider T := SD, where D is the diagonal matrix defined in Lemma [8.6.1] i.e.
the diagonal entries are dy; = (—1)% for i = 0,...,] — 1. Thus T has entries tij = s if j is
even, t;; = —s;; if j is odd. In particular then, t;; = 0 if i + j is even (since s;; = 0if i+
is even) and t;; = —t;; if i + j is odd (since 7 and j must have different parity when ¢ + j
is odd). So T is skew symmetric.

With respect to the basis 1, u, 2, ... and its dual basis, S provides (according to
[QSS79] Prop. 4.4) an isomorphism (V,m,) — (V*,m}), while by Lemma D
provides an isomorphism (V,—m,) — (V,m,). Thus T" = SD gives an isomorphism

(V,=my) — (V*,m},), as desired.
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With the skew-symmetric case done, we now turn to the symmetric case. Recall that

we want to find 8 such that (290)) holds; for this we work with the coordinate matrix 7" of

$ with respect to the basis 1, y, ..., "' and its dual basis.

For convenience, we write T' = (t;j)i j—0,.1—1. Summations will be for 0,...,1 —1
unless stated otherwise.

CrAmM 8.6.6. Equation (290)) holds for 7' if and only if all of the following are satisfied:
(1) tpj+1 = —tgtrj for ok <l-—1

(2) Zh —aptpn = _tk—l—l,l—l for j = -1, k<l—-1

(3) tl—l,j—l-l = Zh ahthj for j <l- 1, k=1-1

(4) =X nanticapn =) paptpga for j=k=10-1

Proof of Claim. Let j,k < | — 1. The matrix entries corrsponding to i and —i*f,
respectively, are

xjx =(Bh( j))(uk) = (B(Mj“))(uk)
Yk =(—0B (")) (1*) Ztu thaﬂl (A(p th” )
and (290) holds if and only 1f xji, =y, for all j, k § [ —1. Now,

ZZtinui* M =thip ifi<i-1

Yk = th Py =ty ik <1

Ti-1) = ﬁ(ﬂl)(uk) = 5(2 —anp") Z —aptini™ (1) =) —anten
h
Y1 =— Yt (! thgu Z —anp) = tianu™ (u") = thjan
i ih h
Thus, that z;, = y; for all j, k is equivalent to the equations stated in the claim. ]

Define 7 € V* by
Fu)y=1ifi=1-2, F(u')=0else
(note that we use that { > 0). By Remark the matrix S whose entries are 3;; =
7(u'*7) is invertible. Note that 7(u*) = 0 for odd k € N, since 7|y, = 0. In particular,
(=1 7 (pt7) = (—1)7H17(uitd) for all 0 < 4,5 <[ — 1, since both sides are zero when i
and j have different parity. Thus, if we define
tij = (_1)i+1%(ui+j) — (_1)j+1,/:<ui+j)
we obtain a symmetric matrix 7. Note that T = —SD, so T is invertible. The entries tij
only depend on i + j, up to sign. For for i + j < | — 2 they are zero; for i +j =1 — 2,
tiy = (=1)" = (=1)".
It remains now only to check that this T fulfills the conditions of Claim [8.6.6
(1) thjpr = (D)MF(EEIT) =ty for k<11
(2) thpra-1 = (“DRF(EH) = (DF 2, —anF (W) = 2y an(-1)MF (M) =
> h Ghtin
forj=1-1k<l—1
(3) i = (V7)) = (1) ) —an7 (W) = X an(-1)FF (W) =
2 Ohlh;
forj<li—1,k=1-1
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(4) =X panti—1.h = — D p even @hti—1,n = 0 since | — 1 + h is odd for even h.
Similarly, >, anthi—1 = D}, cven @hthi—1 = 0 since [ — 1 + h is odd for even h.
]

8.6.2. Generalized Jordan blocks. In this section we recall some well-known facts
about normal forms for endomorphisms. Let m,l € N be natural numbers, and consider
ml x ml-matrices A with [ x [-blocks A;;. Let N be the standard nilpotent matrix of size
ml. Then N'! has blocks I; as first upper off-diagonal of blocks, and all other entries zero,
ie.

o I, O
N O O I

Note that for any invertible matrix K € k'*!, one has (KI)N'(K~'I) = N', where

K O O
KIi=| O K O

PROPOSITION 8.6.7. Let n be an indecomposable endomorphism of the n-dimensional
vector space V' over a perfect field k. Then

(1) There is unique m € N and irreducible monic q(x) € k[z] such that q(x)™ is the

minimal (= characteristic) polynomial of n; that is, q(x)™ is the unique elemen-

tary divisor of . In particular, ml = n where | = degq(x). Moreover, as an

k[z]-module, V is isomorphic to k[x]/q(x)™; in particular it is cyclic.

(2) Let q(x)™ be the unique monic elementary divisor of n. There is a basis v of V

with respect to which n has matriz

Z I 0
aezran—| @2
00 Z

where q(z) = det(zl; — Z). Conversely, for any basis with respect to which the
coordinate matriz of n is of the form A = ZI + N, one has det(zI; — Z) = q(z)
and det(zI — A) = q(x)™.

Proor. 1. This follows from the theory of a linear operator on a finite-dimensional
vector space. In general, the k[z]-module V is isomorphic to the direct sum of the
k[x]/d;(z) where the d;(x) = ¢;(x)™ are the elementary divisors of 1, the ¢;(z) being
coprime irreducibles. The characteristic polynomial is [[; d;(z) = det(zf — A). That n
is indecomposable means that there is only a single elementary divisor ¢(z)™, and so the
characteristic polynomial and minimal polynomial of A coincide with g(z)™.

2. For the existence of such a basis and corresponding normal form we use our as-
sumption that k is perfect; see [Mal63| for a discussion of this normal form, and [Rob70]
and [Dall4] regarding necessary and sufficient conditions for its existence. Conversely,
given such a normal form for 7, it follows from the behaviour of block matrices and deter-
minants that ¢(z)™ = det(zI — A) = (det(xl; — Z))™. By the uniqueness of factorization
of monic polynomials into irreducible polynomials, and by comparing degrees, it follows

that det(zl; — Z) = q(x). O



8.6. CONTINUOUS NON-SPLIT ISOTROPIC TRIPLES OVER PERFECT FIELDS 181

REMARK 8.6.8. We refer to the normal form given in part [2| above as “generalized
Jordan normal form”. The matrix Z is, in coordinate form, a “generalized eigenvalue” of

7.
8.6.3. Admissible forms for self-duals.

THEOREM 8.6.9. Given an indecomposable sextuple S, with no eigenvalue in k, the
following statements are equivalent:
(1) it is self-dual
(2) it admits compatible symplectic forms
(3) it admits compatible symmetric forms.

In the case of self-duality, compatible e-symmetric forms can be given, with respect to
suitable bases, by matrices of the form

O O —M : :

HM = 0] M O , with M = @) @ T c kleml’
-M O O O -T O
T O O

where T € k™! and q(z)™ is the characteristic polynomial of 1, with q(x) irreducible and
degq(z) = I. Clearly, e(Hy) = e(M) = (—1)™*'e(T). Suitable bases are frame bases
{u,v,w} where the basis U = vi,...,Vy Tenders n in normal form (%Il + Z)I + N with
Frobenius matriz Z € kKX!. Here, T can be chosen according to Proposition .

PRrROOF. Given compatible forms, self-duality is obvious. Conversely, consider self-
dual indecomposable S, and consider a basis ¥ such that the corresponding matrix of 7 is
A= ZI+ N'as in 2. of Proposition Let g(x)™ be the unique elementary divisor of
71, where ¢ is irreducible over k with degq = 1.

By Proposition A is similar to (I — A)'. Thus, g(x)™ is also the unique ele-
mentary divisor of (I — A)!, implying in particular that det(xl;, — (I; — Z)!) = q(z) (c.f.
the proof of part 2. in Proposition . So Z and (I; — Z)! share g(z) as their unique
elementary divisor, and are hence similar. Now by Proposition m Z=27- %Il has
irreducible characteristic polynomial 7(z) with 7(—Z) = 0.

Since r is irreducible, there exists invertible K such that KZK~! is Frobenius. Note
that KZK ' =11+ KZK~' and KAK—' = 11 + KZK~'T + N'. Thus we may assume
directly that n has matrix A = ZI + N! with Z = %Il + Z where Z is a Frobenius
matrix with irreducible characteristic polynomial r(x) satisfying 7(—Z) = 0. Moreover,
TZT-' = (I, — Z)! if and only if TZT~! = —Z' for any invertible T' (c.f. Proposition
8.6.2). By Proposition there exist T', skew-symmetric as well as symmetric, which
satisfy TZT—! = —Z*. Choose such a T and let M be defined as above in the statement
of this proposition. By Proposition it suffices to show that MAM ™! = (I — A)’.

For this, observe first that M = TQJ = QT J where J is block-diagonal with diagonal
blocks J;; = (—1)7*11; and Q is block-anti-diagonal with blocks Q;; = I for i +j = m+1,
and all other entries being 0. Also, observe that Q? = I and that @ acts as permutation
of blocks: acting on the right it exchanges block-columns j and m + 1 — j, acting on the
left it exchanges block-rows ¢ and m + 1 — ¢. Furthermore, the following properties are
easily seen:

e QDQ = D if D is block-diagonal of the form X1 for some X € k!*!
¢ QN'Q = (N)!
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e J2=1,and JDJ = D if D is block-diagonal
e JN'J = —N!
o T(NHY!T~! = (NY! since (N)! has only unit and zero blocks.
It follows that
MZIM™' =QTJZIJT'Q=QTZIT'Q =Q(I, — 2)'IQ = (I, - Z)'I
MN'M~' =TQJN'JQT' =TQ(-NHYQT ! = —T(N)!'T~! = —(N})!
and hence
MAM™ = MZIM '+ MN'M~' = (I, - 21T — (NY)! =T — A,
as desired. ]

COROLLARY 8.6.10. Up to isomorphism, the indecomposable sextuples underlying non-
split continuous-type isotropic triples are paremetrized by indecomposable linear endomor-
phisms n of the form

n=3+¢
where ¢ is an indecomposable endomorphism which lives in an even-dimensional space and
1s such that ¢ is similar to —C*. Such endomorphisms ¢ are themselves parametrized by
the set

{r™ | m € Z~o, r monic irreducible and r = p(x*) with p € k[z]} U {(z*)™ | m € Zso}.

PROOF. From Proposition we know that (isomorphism classes of) indecompos-
able self-dual continuous-type sextuples are in one-to-one correspondence with (isomor-
phism classes of ) indecomposable endomorphisms 7 such that 7 is similar to 1 —n*. Setting
¢:= % — 1 it easily seen that ¢ is indecomposable if and only if 7 is, and that

*

7 similar to 1 —n* & ( similar to — (™.

Moreover, Theorem and Theorem imply that the underlying sextuples of non-
split isotropic triples, up to isomorophism, are parametrized by all endomorphisms 7 as
above, with the exception of those which have an eigenvalue in the ground field and live
in an odd-dimensional space.

In the case when n has no eigenvalue in the ground field, it follows from the above
proof of Theorem [8.6.9] and from Lemma [8.6.1] that the corresponding endomorphism ¢
has a minimal polynomial of the form r(x)™, with r irreducible and with only even powers
of the variable appearing, i.e. 7(x) = p(x?) for some p € k[z]. (The irreducible polynomial
7 here is the minimal polynomial of the “eigenvalue” Z of ¢ which appears in the proof of
Theorem for Lemma we use Z in the role of y).

In the case when 7 does have an eigenvalue in the ground field, the corresponding
endomorphism ( is nilpotent, and hence, if it lives in an even-dimensional space, it has a
minimal polynomial of the form r(z) = (2%)™ for some m € Z~g O

8.6.4. Endomorphism algebras. In order to address the question of uniqueness of
compatible forms, we first recall the structure of endomorphism algebras of indecomposable
sextuples S;. We've seen that these are isomorphic to endomorphism algebras of vector
spaces with indecomposable endomorphism, i.e. endomorphism algebras of k[z]-modules
Vik[n)» where 7 is an indecomposable endomorphism of a vector space V' over k. These are
well-known; we recall some basic facts.

PROPOSITION 8.6.11. Given n, Z, A, v as in Proposition[8.6.7, the following hold:
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(1) The endomorphism algebra E of Vi, is isomorphic to the k-algebra k[z]/q(x)™,
which is of dimension n = ml = dimy V', where [ is the degree of the irreducible
minimal polynomial q(x) of n. In particular, E is local with radical E - q(z).

(2) With respect to v, E is given by the matrices C' such that CA = AC. We have
C € E if and only if C = Zf:_ol Z;N" with Z; € k(Z), and this representation
is unique. In particular, C is upper block triangular with diagonal blocks C11 =
... = Crp = Zo and C is invertible in E if and only if Zy # 0.

PrOOF. 1. Rephrasing the definitions, E is the collection of k-linear endomorphisms
of the vector space V' which commute with 7. For n indecomposable, E is simply k[n] C
End(V), and hence is isomorphic to k[z]/q(x)™. One way to see this is to note that since
n is indecomposable, there exists a basis of V of the form {v,nv, ...,n" v} for some v € V.
For any f € E, observe that fv = 2?2—01 cin'v for some ¢; € k; it follows then that in fact
f= Z?:_ol ¢;n' since the latter expression coincides with f on the above given basis of V.

2. The first statement is clear. To prove the first “if” it suffices to observe that, for
W € k(Z), one has WZ = ZW since k(Z) is commutative and WIN! = N'WT since N
has zero and unit blocks only. Thus, matrices C' = Zf:_ol Z;N" form a subalgebra E' of
E.

To prove the “only if”, we show that £’ and E have the same dimension over k. For
this, we compute the dimension of E’ as an k(Z)-algebra. Since N m — (), induction on m—
h > 0 shows that I, N', N®2 ... N'™=1 are independent over k(Z): if Z;”;hl Z;NV =0
then, applying N!, we get E;”:_If Z;N G+1) = 0 and hence, using the induction hypothesis,
that Z;, = ... = Z,,—1 = 0. Thus, E' has dimension m over k(Z) and so dimension
ml =n = dim E over k, since k(Z) has dimension [ over k. Thus, E' = F. O

8.6.5. Uniqueness: General result. In this section we generalize Lemma [7.8.1| in
a way which applies to all poset representations and also to endomorphisms (V, 7). Recall
(see Section that for the latter there is a natural notion of direct sum, morphism, etc.,
and that for an indecomposable endomorphism (V,7), its endomorphism algebra

End(V,n) ={f:V =V | fn=nf}

is always local. For our application, we will use the following notion of the dual of an
endomorphism: we define

(Vin)™ := (V5 Id = 7).
Analogous to the definition for poset representation, a compatible form for (U,7) is an
isomorphism B : (V,n) — (V*,Id — n*) which defines either to a symmetric or skew-
symmetric bilinear form on V.

Within the current subsection, the word “representation” and the notation “y” will be
used to denote a poset representation or an endomorphism (unless further specification is
given) and similarly for compatible forms, etc.. Given a bilinear form B we write ¢(B) = 1
if B is symmetric, and ¢(B) = —1 if B is skew-symmetric. Similar notation also applies
for matrices, we set A~% = (A=), and we use A* = A! interchangeably.

Consider now the following situation. Assume that we are given an indecomposable
representation ¥ in V' of dimension ml, a basis of V, and a subfield F' of k'*! such that the
endomorphism algebra E of 9 is given by block matrices (with  x [-blocks) of the form

m—1 ‘
>z
i=0
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with unique Z; € F and such that ZN! = N'Z for all Z € F. In particular, E is
commutative and has radical radE = EN! = ZZ’;I X;Nb.

Further, assume that we are given a compatible form for ¢, which we call By. Denote
the corresponding coordinate matrix by H7, which is itself necessarily also a block matrix
as above.

DEFINITION 8.6.12. Let o), F, Hy be as above. For A € k!, set Al := HflAHl. The
anti-involution “(—)1” restricts to one on F via ZT := (ZI)t. We define

Ff ={ZeF|Z' =27} Fp ={ZeF|Z'=-2}.
Note that
Fy ={ZeF|Z'H = HZ} Fp ={ZeF|Z2'H =—-HZ}.

REMARK 8.6.13. F = F;;l @® Iy, by the usual argument: any Z € F' has a unique
decomposition
Z=Yz+2+ 32~z

into selfadjoint and anti-selfadjoint parts.

REMARK 8.6.14. If 0 £ Z € FI'{"I, then H := H{Z determines a compatible form B
such that e(B) = ¢(By), since in this case

(H1\2)' = Z'H! = 1 Z'Hy = 1 H, Z.

Similarly, given 0 # Z’ € Fy; , then H' := H1Z defines an compatible form B’ such that
e(B') = —e(By).

LEMMA 8.6.15. Consider, in addition to By, another compatible form By for 1, with
associated coordinate matrixz Hy. Set e1 := e(By), €2 := £(Ba) and € = €1&3.

If e =1, there exists 0 £ Z € F;Irl and an automorphism f of ¥ which is an isometry
from Bs to the compatible form given by H1Z.

Notation: In this case we say that By and By are equivalent up to automorphisms of ¥
and multiplication with “scalars” in F.

PROOF. Let T denote the antiautomorphism given by the operation of adjoint with
respect to Hy, i.e. Al = H 1 YA'H,. Note that when A is in the endomorphism algebra E
of ¢, then so is AT. Note also that (H; ")t = H ™.

Observe that H, ! H, determines an automorphism of 1, so

H1_1H2 = Cyl — Ry for some invertible Cy € F and Ry € radFE.
It follows that

(Col)' — Ry = (Hy "Ho)' = Hy(H; ") = Hy 'HH\Hy

= H 'esHyHie1H; bt = eH [ Hy = €Col — €Ry.
Since E = FI®rad E and this decomposition is preserved under taking adjoints, (Copl )Jr =
eCol and R:S = €Rp; in particular Cy € F, .
Let ¢ = 1. Since A — AT is an anti-automorphism of E, (C; ' = eCy'T = C;'I.

Set

R:=Cy'Ry=RoCy', Hz:=HyCy', C:=H'H3;=1-R
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Then R' = (Cy 1)]LRJr =Cy 'Ry = R and since R is nilpotent we can proceed as in Lemma
and construct a unit h € E such that h*Hih = H3 (where Hs here plays the role of
Hy in that Lemma). Setting f := h~! and using that F is commutative, we obtain

[THyf = f*H3Cof = f*H3fCy = H,Cy.
]

LEMMA 8.6.16. Let By be as above, and assume that its matrix Hy is zero above the
[ x I-block anti-diagonal. Let By be another compatible form, with matrix H1Z for some
non-zero Z € F.

There is an automorphism f of 1 which is an isometry from By to By if and only if
there exist X € Fﬁl and Y € Fy, such that Z = X% — Y2,

PROOF. If Z = X? —Y? with X € Fj; and Y € Fj; then define f by (X +Y)I. In
this case,

FHIZf=(X+Y)HZX+Y)=(X"+Y)H (X +Y)Z
= (X'+Y)YX'-YYHZ = Z'H\Z = Hy,

using in the last step that Z = X2 — Y2 implies that Z € F ;{rl.

Conversely, let f € End(¢) be an isometry from By to B;. The matrix A of f is of the
form A=3", Z;N* with Z; € F and A'H;A = H,Z. Observe that N commutes with the
Z; and that applying N on the right of a matrix moves all columns of blocks one step to
the right (with overspill) and sets the first column to zero. Similarly, application of Nt on
the left shifts block rows downward. Thus, since H; is zero above the block anti-diagonal,
(N')IH; N has zero block anti-diagonal if i + j > 0. Now

H\Z =A"HiA=> Z{(N"YHN'Z
i?j
and H;Z is zero above the block anti-diagonal, and on the block anti-diagonal the blocks
are
T;;7 = Z{T;;Zo, withi+j=m+1
where the T;; denote the blocks of H;. By hypothesis, Zyp = X 4+ Y for some X € F;IL1 and
Y € Fy . It follows that

Z=T;' (X'+Y)T;(X+Y)= (X -Y)(X+Y) =X -V
O

8.6.6. Uniqueness for sextuples §,. For indecomposable self-dual framed sextu-
ples S, we obtain the following uniqueness result for compatible forms by applying Lemma

8.6.15/ and Lemma [8.6.16| to the underlying endomorphism (U, 7). minimal polynomial

THEOREM 8.6.17. Let S, be an indecomposable self-dual framed sextuple such that n
has no eigenvalue in k, and let g(x)™ be the minimal polynomial of n, with q(z) irreducible,
degq(z) = 1.

Let By and By be compatible (skew)symmetric forms for S,. Set e1 := e(By), €2 =
e(B2), and € := e1e9. Furthermore:

e choose a basis of U which is as in Proposition [8.6.7 and extend this to a frame
basis for S,;
e define a subfield F C kX! by F =k(Z), with Z from Proposition .
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In terms of the respective coordinate matrices Hi and Ho of the compatible forms By and
Bs, we have:

(1) If e = 1, then Hy and Ho are equivalent up to automorphisms of S, and multi-
plication with “scalars” in F;I'l.

(2) Given 0 # K € F, there is an automorphism f of S, which is an isometry from
H to Hi K if and only if there are X € FEI andY € Fy such that K = X2-v2.

PROOF. In view of Proposition and Propositions we can apply Lemma
to the underlying endomorphism (U, 7). It follows then from Proposition and
Proposition that we can transfer the uniqueness statement from Lemma to
the corresponding statement in part above for compatible forms for ;.

We turn to proving part 2l If K = X2 — Y? for some X € FEI and Y € Fy,, then an
isometry is given by (X + Y)Id as in the proof of Lemma So assume that Hj is
equivalent (isometric) to H1 K.

Without loss of generality we can assume that H; is given by one of the canonical
compatible forms defined in Theorem Indeed, suppose that the statement to be
proved were true for those canonical forms (and let H; represent, for a moment, a form
which is not necessarily such a canonical one). Suppose moreover that there exists an
isometry f between H; and HyK. Choose the appropriate canonical compatible form H
such that e(Hy) = e(Hy1) = ¢(H1K). Then, by part 2. above, there exists some C € Fl}rl
and an isometry g : Hyp — HyC. This will also be an isometry g : HoK — H|CK =
H{KC. From all this we obtain the isometry

g 'fg: Hy — HyK.

By assumption, this implies that K = X2 — Y2 for some X € F 121L1 and Y € Fyy .

So we can assume H; is a canonical compatible form. Now we wish to proceed in an
analogous manner as we did in proving parts 1 and 2, but this time using Lemma [8.6.16
It remains only to check that the hypotheses of Lemma are satisfied by (U, n).

Note that from Theorem and Proposition it follows that the coordinate
matrix Hil|y is of the form

0] O T c kmlxml7
O -T O
T O O

where T € k'*! is chosen as in the proof of Theorem In particular, Hy is zero above
the [ x [ block anti-diagonal, as required by Lemma [8.6.16 g



Part 3

Duality involutions and Morita theory



We transition now to the context of representations of (associative) k-algebras. Given
such an algebra A, for us a representation on a k-vector space V is a map of algebras
A — End(V) given by a right A-action

VxA—YV (v,a)—>v-a.

Thus representations of A are also called A-modules. It is well-known that the category of
(right) modules Mod4 over an algebra A provides important information about A itself.
Indeed, much of modern algebra is concerned with the study of categories of representa-
tions and their structures. A classical notion of equivalence between algebras is Morita
equivalence, introduced in [Mor58|: two algebras A and B are Morita equivalent if their
categories of right modules Mods and Modp are equivalent. An elegant reformulation
of Morita equivalence between algebras can be obtained via the language of bicategories.
Briefly, by regarding algebras as objects of a Morita bicategorﬂ Morita equivalence cor-
responds to the notion of equivalence internal to a bicategory. Since the Morita bicategory
is a convenient (higher) categorical environment where algebras and their equivalences live,
it is natural to investigate the various structures that such a bicategory supports.

In this part of the thesis, which is essentially a reproduction of the paper [LV19], joint
with A. Valentino, the protagonist is the notion of weak duality involution for bicategories.
This concept was recently introduced in [Shul8] and is a bicategorical version of the notion
of duality involution studied in Part[l] An archetypical example, defined on the bicategory
of categories, is the operation of “taking the opposite category”, together with opposite
functors and natural transformations. In our work here, we study duality involutions in
the context of Morita bicategories of algebras.

Concretely, we construct a canonical duality involution on the fully dualisable sub-
bicategory of the Morita bicategory Algy of finite-dimensional algebras. The full dual-
isability condition, the details of which we explain later, can be morally regarded as a
finiteness condition on objects and 1-morphisms of a bicategory. The appearence of fully
dualisable bicategories opens an interesting relation to the study of framed fully extended
2d topological quantum field theories, as in [Lurl7, [Sch11]. More precisely, the core of
the fully dualisable part of Alg, corresponds to the symmetric monoidal bifunctors from
the framed two-dimensional bordism category Bordgr to Alg, itself. It is then natural to
expect that BordgT comes equipped with a duality involution of geometric origin. Though
this is one of the hidden motivations behind our work, we leave this line of research to
future developments.

After quickly discussing how the 2-category KV of Kapranov-Voevodsky vector spaces
corresponds to the fully dualisable part of LinCaty, we show that KVy can be canonically
equipped with a strict duality involution. We then consider the bifunctor Rep which
sends an algebra to its category of representation. We prove that Rep can be canoni-
cally equipped with all the necessary data of a duality pseudofunctor. Since Rep is an
equivalence of bicategories, this can be regarded as an instance of the strictification theo-
rem proven in [Shul8|, which states that any bicategory with weak duality involution is
biequivalent to a 2-category with strict duality involution via a duality pseudofunctor.

The constructions presented in Section and are structural enough to allow
for a generalisation. In the last chapter of this part of the thesis we consider the case of

16See the discussion of the name at

https://mathoverflow.net/questions/225701/reference-request-morita-bicategory .
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algebras in a symmetric semisimple finite tensor category C, and their Morita bicategory
Alg,(C). We identify the target of the representation bifunctor Rep® as the 2-category
Mod?®**(C) of semisimple module categories over C. After equipping Mod**(C) with a weak
duality involution, we argue that Rep® can be made into a duality pseudofuntor.

The material is organized as follows.

In Section [0.1] we review weak duality involutions on bicategories and duality pseudo-
functors.

In Section [10.1] we provide some background material concerning modules over finite-
dimensional algebras.

In Section we briefly recall some basic aspects of the Morita bicategory of finite
dimensional algebras, and we fix some notation regarding modules over an algebra.

In Section we discuss finite linear categories and illustrate some properties of
fully dualisable bicategories. We also discuss Kapranov-Voevodsky vector spaces and the
representation bifunctor.

In Section we construct a weak duality involution on the fully dualisable sub-
bicategory Alggd of the Morita bicategory of finite dimensional algebras. This is the
content of Theorem [10.4.2

In Section [10.5] in Theorem we show that the representation bifunctor Rep :
Alggd — KV can be canonically equipped with the structure of a duality pseudofunctor,
providing a strictification biequivalence.

Finally, in Chapter [11] we briefly describe a generalisation of the results obtained in the
previous sections. In particular, we consider module categories and argue that they come
equipped with a canonical weak duality involution. We then state a claim concerning the
representation pseudofunctor RepC : Alggd(C) — Mod**(C).

Throughout this part of the thesis we assume the reader to be familiar with the lan-
guage of bicategories and associated higher categorical constructions. Also, we always
assume the field k has characteristic 0 and is algebraically closed.






CHAPTER 9

Duality involutions on bicategories

9.1. Definition and basic theory

In this section we briefly recall the notion of a duality involution on a bicategory as
introduced in [Shul8], which we also use as the main source for the details needed in the
present section.

In the following, 4 and B denote bicategories.

DEFINITION 9.1.1. Let A be a bicategory. Then A denotes the bicategory with the
same objects as A, and

(201) A(@,y) = Ala,y)?, Yo,y e A

In other words, A is the bicategory obtained from A by reversing 2—m0rphismsE|
One has that any bifunctor F' : A — B induces a bifunctor F° : A — B, defined
in the obvious way, and similarly for natural transformations and their modiﬁcationsﬂ

DEFINITION 9.1.2. A weak duality involution on A is defined via the following collec-
tion of data:

e a pseudofunctor (—)° : A — A;
e a pseudonatural adjoint equivalence (U70D7a7am) in [A, A], with

A A
((—)O)C\ }U %)O '

In particular, vy consists of 1-cells

(292) Pp:x—a° VeeAd
and invertible 2-cells
(293) 050y f = 0, Vi:x—yeA;

e an invertible modification ¢ : n* 1(_yo —> 1(_yo x 1, given in components by
invertible 2-cells

(294> Cw Py = (Uw)o, Vz € A.

IThe “co” is not an abbreviation (such as “op” is an abbreviation for “opposite”); rather it is used in
the sense of a prefix which often means something like “complementary”. In the context of category theory,
the prefix “co” is more specticifcally often employed when a certain directionality is reversed; compare
with “product and co-product” or “algebra and co-algebra”.

2Beware of the fact that 6 : ~v¢? — 0 for a modification 6 : p — v .

191
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This data is required to satisfy, for every x € A, the following coherence condition

Y00
TN x°° 00
(295) x —2 oy g0 ﬂCxo x°o° = V I~ N
N~ A TN
(z0)° T x°° ﬂ(i 2°°°°
o
Dzo °

where, in the right-hand diagram, the unlabeled 2-cell is the coherence 2-cell vy
from for the special case when f =1,.

If (—)isa strictﬂ pseudofunctor, y is a strict pseudonatural isomorphism, and ¢ is
the identity modification, we speak of a strong duality involution on A. Moreover, if in
the case before y is the identity as well, we have a strict duality involution on A.

ExAMPLE 9.1.3. A prototypical example of a (strict) duality involution is provided by
taking the opposite category. Indeed, denote with Cat the 2-category of small categories,
and consider the following 2-functor

(296) (=) : Cat® — Cat

defined as follows:

e to a category C it assigns the opposite category C°;

e to a functor F' between C and D it assigns the opposite functor F°P between CP
and D°P; and

e to a natural transformation ¢ between F' and G it assigns the opposite natural
transformation €P between G°P and FP.

Note that (—)° is defined on Cat® since taking the opposite of a natural transforma-
tion between functors changes its direction.

Since taking the opposite twice is strictly the identity operation, we can choose the
components of §) to be the identity 1-cells; moreover, we can choose the 2-cells witnessing
the naturality to be identity 2-cells as well. Finally, if we choose the components of ¢
to be identity 2-cells also, one can easily show that the above data satisfy the required
compatibility diagram. Hence, we have that (—)°" canonically provides a strict duality
involution on Cat.

ExampPLE 9.1.4. Consider the bicategory LinRel where O-cells are finite-dimensional
vector spaces over a fixed ground field k, 1-cells are linear relations, and 2-cells are in-
clusions between linear relations. In other words, given vector spaces V and W, the
“hom-category” LinRel(V, W) is the poset (with respect to inclusion) of linear subspaces
of V@ W, viewed as a category.

We proceed to define a duality involution on LinRel. First, we define a pseudofunctor
(—)° : LinRel®® — LinRel as follows:

e given a 0-cell V', we define V° := V* = Hom(V, k);
e given a l-cell R: V — W, we define R° := (R*)! as in Example 4.2.17 i.e.

(R ={(&,x) eV &W* | £(v) = x(w) Y(v,w) € R};

e given a 2-cell R C @, “C°” is the inclusion R° D °.

3This requires A to be a strict bicategory.
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It is straightforward to check that “(—)°” is indeed a pseudofunctor. The associator
coherence isomorphisms are equalities (as they must be, since equalities are the only
invertible inclusion relations); indeed, the composition of linear relations is associative on
the nose. The coherence isomorphisms for identity 1-cells are also equalities, i.e. 1y =
(1v)°.

Next we define the pseudonatural transformation vy : 1pjhrel = (—)° o ((—)°)“° for the
duality involution. For this we need to define, for all O-cells V', a 1-cell yy : V' — V°° and
for all 1-cells R, an invertible 2-cell hr : yw R = R°°yy. We let yy : V — V™ v — ev,
be the standard canonical isomorphism. And for the yr we have equalities: indeed, given
R :V — W, we have, on the one hand,

(297) pwR={(v,L) e VeW"™|3weW:L=ev, and (w,v) € R}
while on the other hand
(298) R*°yy ={(v,L) e Vo W*™ | (evy, L) € R°°}.

To see that yyy R C R°°yy, let (v, L) € ywR, i.e. L = ev,, for some w € W such that
(w,v) € R. Then (evy,evy) € R°°, because, for any (&,() € R°,

evy(§) = §(w) = ((v) = evy((),

where the middle equality holds since (v,w) € R. The inclusion yy R C R°°yy is in fact
an equality, since dimR = dimR°°, c.f. Remark

In order to exhibit y as part of an adjoint equivalence (1, y”, o, "), we let y™ be defined
by components which are the inverses of the corresponding components of y. It is easily
seen that, since all the 2-cells involved are idenities, - oy is the identity transformation;
thus we may choose the unit o of the adjunction to also be the identity. By Theorem
this determines an adjoint equivalence (1,9", a, a5).

As a last piece of data, we need to specify the invertible modification ¢ involved in the
definition of a duality involution, namely we need the equality yyo = (yy)° for every V.
These equalities are indeed given: in Example it was shown that yy~ and (t)i‘/)f are
equal as linear relations V* — V***,

Finally, we must check the coherence condition (295). But this is trivial, since all
2-cells involved are equalities. A

DEFINITION 9.1.5. Let A and B be bicategories equipped with weak duality involutions,
both denoted (—)°. A duality pseudofunctor from A to B is a pseudofunctor F : A — B
equipped with

e a pseudonatural adjoint equivalence (i,i”, o, o) in [A%, B, with
ACO Fee s BCO
Cr| 2 |er

In particular, i is specified by 1-cells
(299) iy 1 (F°2)° — F(2°) Voe A®
and invertible 2-cells

(300) ir iy (F(f)° = F(f°)ix Vo —ye A%;
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e an invertible modification 8 whose components are 2-morphisms in B of the fol-
lowing form

(Fa) s Py

, FIT ﬂgz limo , Ve e A,

Fz —>F(%) F(x°°)

satisfying a compatibility diagram involving ¢, v and i; see [Shul§].

Similar to the case of a weak duality involution, we have the notion of a strong duality
pseudofunctor and strict duality pseudofunctor.

The notion of a duality pseudofunctor allows to formulate the following theorem, which
is one of the main results in [Shul8§].

THEOREM 9.1.6. Let A be a bicategory with a weak duality involution. Then there
exists a 2-category A" with a strict duality involution and a duality pseudofunctor A — A’
that is a biequivalence.

The theorem above is essentially a coherence theorem for bicategories with duality
involutions, which ensures that there is no loss in generality in considering only strict
duality involutions. In [Shul8]|, the theorem is proven by using the theory of 2-monads
and representable multicategories.

In Theorem which constitutes the main result of the next chapter, we provide a
concrete illustration of the above theorem involving naturally occurring bicategories with
duality involutions.



CHAPTER 10

Bicategories of algebras and duality

10.1. Modules over finite-dimensional algebras

In the following, we recall the basic material that we need regarding finite-dimensional
modules over finite-dimensional k-algebras. We fix a field k which is of characteristic 0
and algebraically closed. We will mainly follow [SY11], to which we refer the reader for
the proofs of the various statements.

Let A be a finite-dimensional k-algebra. Recall that the category Mod 4 of finite-
dimensional right modules over A is an abelian category. Recall also that for any right
A-module M, the vector space hom (M, A) comes equipped canonically with a left A-
module structure induced by left multiplication on A.

DEFINITION 10.1.1. An object P € Mod 4 is called projective if the functor hom (P, —) :
Mod 4 — Vecty is exact.

THEOREM 10.1.2. Let A be a semisimple finite-dimensional k-algebra. Then any finite-
dimensional module over A is projective.

We recall also the notion of tensor product over an algebra

DEFINITION 10.1.3. Let M and N be a right and left A-module, respectively. The
tensor product over A of M and N 1is the vector space given by

(301) M@aN:={zy|lze M,ye N} /{za®y —z® ay}
The following lemma is immediate

LEMMA 10.1.4. Let M and N be a right and left A-module, respectively. The canonical
braiding on Vecty induces a linear isomorphism

(302) M@ N~N @0 M

Notice that if M is a (B, A)-bimodule and N is a (A, C)-bimodule, then M ®4 N
canonically inherits a (B, C)-bimodule structure. Moreover, the isomorphism in Lemma
is compatible with this bimodule structure.

The following theorem, called the adjoint theorem, asserts that for any (A, B)-bimodule,
the functors (—) ® 4 M and hompg (M, —) form an adjoint pair

THEOREM 10.1.5. Let A and B be k-algebras, and let M be a (A, B)-bimodule. Then

for any right A-module X and right B-module Y the linear map
homp(X ®4 M,Y) — homa (X, homp(M,Y))

303
(303) g— (x— fy:mr— g(x @m))

s an tsomorphism.

In the case in which Y is a (C, B)-bimodule, the vector spaces homp(X ®4 M,Y’) and
hom 4 (X, homp(M,Y)) aquire a canonical structure of left C-module, induced by the left

195
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C-action on Y. It is routine to show that the isomorphism in Theorem [10.1.5|is C-linear.
Similarly if X is a (C, A)-module.

THEOREM 10.1.6. Let A be a k-algebra, and let P be a projective right A-module.
Then:
e homy (P, A) is a projective left A-module; and
e the linear map
p : P — hom gop(homy (P, A), AP)
pr— (¥p(p) : g — 9(p))

is an isomorphism of right A-modules.

(304)

Notice that in the above theorem, we regard a left (right) A-module as a right (left)
A°-module. Similar to the previous theorem, in the case in which P is a (B, A)-bimodule,
it is routine to check that the isomorphism in Theorem is B-linear. Moreover, ¢p
is natural in P.

THEOREM 10.1.7. Let A and B be k-algebras, and let P be a (B, A)-bimodule which
s projective as a right A-module. Then for any right A-module X the linear map

X ®4 homy (P, A) — homa (P, X)

(305) r®g+— (pr—z-g(p))

18 an isomorphism of right B-modules and natural in X.

Again, if X is a (C, A)-bimodule, it is routine to check that the isomorphism in The-
orem [10.1.7is C-linear.

10.2. The Morita bicategory of algebras

In this section we briefly review some aspects of the Morita bicategory of algebras,
and some standard notation regarding modules and bimodule over finite-dimensional al-
gebras. We refer the reader to [Ben67, Lei98]| for the terminology and details concerning
bicategories and their functors.

DEeFINITION 10.2.1. The Morita bicategory of algebras Alg, is the bicategory where

e the objects are finite-dimensional k-algebras;

e the 1-morphisms from A to B are finite-dimensional k-vector spaces which are
(A, B)-bimodules; and

e the 2-morphisms are intertwiners of bimodules, i.e. k-linear maps of bimodules
which are compatible with the respective left and right actions of k-algebras.

Throughout the chapter, the terms “algebra” and “bimodule” will always refer to the
sort appearing in the definition of Alg,; similarly for “right modules”, etc.. Moreover, if
M is an (A, B)-bimodule, we indicate this by writing 4 Mp, though at times we will drop
the subscripts. In the following, we schematically recall some basic features of Alg, and
related notions which will be useful in later sections of the chapter.

The composition operations for 1- and 2-morphisms in Alg, are defined as followsH

e composition of 1-morphisms: for 4 Mp and pN¢ bimodules, their composition is
defined as

(306) NoM := 4(M®p N)c

1We work under the assumption that representatives for tensor products have been fixed.
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e horizontal composition of 2-morphisms: for f : AMp — aNpg and g : pM'c —
BN’ intertwiners of bimodules, their horizontal composition is defined as

(307) ge"fi=f®pyg

e vertical composition of 2-morphisms: for f: asAMp — 4aNp and g : AN — aPp
intertwiners, their vertical composition is defined as

(308) ge' fi=gof
The coherence data for the bicategory Alg, arise as follows

e associators: for 4Mp, gN¢ and ¢ Pp, the associator isomorphism

~

(309) aynp:Po(NoM)— (PoN)oM

is given by the canonical isomorphism (M ®p N) ®c P ~ M ®p (N ®¢ P) of
tensor products of bimodules;

e unitors: for any algebra A, the unit 1-morphism 14 : A — A is given by A itself
regarded as a (A, A)-bimodule; for any (A, B)-bimodule M, the left and right
unitor isomorphisms

(310) lpoM~M=>~Moly

are given by the canonical isomorphisms M ®p B~ M ~ A®4 M.

The isomorphisms above satisfy the compatibility diagrams for the coherence data of a
bicategory.

REMARK 10.2.2. Our notation for the Morita bicategory of algebras differs from the
one used in [Lur09].

Recall the following

DEFINITION 10.2.3. Let B be a bicategory. A I1-morphism [ : x — y is called an
equivalence if there exists a 1-morphism g : y — x, and invertible 2-morphisms

(311) idy > gof, [fogidy

Two objects  and y in a bicategory B are called equivalent if there exists an equivalence
between x and y.
The following is a well-known result.

ProrosITION 10.2.4. Two algebras are equivalent as objects in Alg, if and only if they
are Morita equivalent.

The following notation will be used (hopefully) consistently throughout the chapter.

If 4Mp and ¢ M’'p are bimodules, we denote with homy (M, M’) the vector space of
k-linear maps from M to M’. Given bimodules 4 Mp and pNp, homp(M, N) denotes the
set of right B-module morphisms, namely elements of hom (M, N) which, additionally,
are compatible with the right B-action. We avoid completely the analogous notion for left
modules, so that our notation for morphisms of right-modules is unambiguous.

Given bimodules 4Mp and ¢Np, the vector space homp(M, N) may naturally be
equipped with a left C-action and a right A-action. Indeed, these are defined as

homp(M,N) x A — hompg(M, N)

(312) (f,a) = fa:xw— f(ax)
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and
C x homp(M, N) — hompg(M, N)
(¢, f) = cf iz cf(x),

respectively. We write chomp (M, N) 4 to indicate this bimodule structure, and we always
assume these left and right actions unless otherwise indicated.
Recall that from any algebra A we obtain an opposite algebra A°P. This is the k-

(313)

algebra which has the same underlying vector space as A, and the same unit, but where
the multiplication is inverted. For notational ease, we denote multiplication using juxta-
position when it is clear which algebra A is at play; the notation x indicates when we are
multiplying in the opposite algebra.

Finally, recall that any left A-module can be viewed as right A°’-module. Indeed, for
M a left A-module we can consider the following right A°P-action

M x A - M

(314) (mya) —a-m

It is readily checked that this does indeed define a right action. In a similar fashion,
bimodules 4 Mp may be viewed as bimodules gor M 40r. We will make this kind of switch
tacitly when no confusion is to be feared.

10.3. Finite linear categories and dualisability

In this section we provide a review of well-known material, mainly following [EGNO15|,
EOO04, DSS19]. This will be useful both to give a precise characterisation of the bifunctor
Rep, and in view of the general setting of Chapter

10.3.1. Finite linear categories. For k a fixed ground field, recall that a linear
category is an abelian category enriched over Vecty, the symmetric monoidal category of
k-vector spaces, not necessarily finite-dimensional. A linear functor is an additive functor
which is also a functor of Vecty-enriched categories.

DEFINITION 10.3.1. A linear category C is called finite if:

e C has finite-dimensional vector spaces as spaces of morphisms;
e cvery object of C has finite length;

e C has enough projectives; and

e there are finitely many isomorphism classes of simple objects.

ExAMPLE 10.3.2. An example of a finite linear category is Vecty, the category of
finite-dimensional k-vector spaces.

The following proposition is important for recognizing finite linear categories.

ProrosITION 10.3.3. A linear category C is finite if and only if it is equivalent to the
category Mod 4 of finite-dimensional (right) modules over a finite-dimensional k-algebra

A.

Recall that an additive functor between abelian categories is called left exact if it sends
left exact sequences to left exact sequences. The notion of a right exact functor is similar.

We can consider now the 2-category of finite linear categories.

DEFINITION 10.3.4. For a fized ground field k, the 2-category LinCaty has:

e finite linear categories as objects;
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e right exact functors as 1-morphisms; and
o natural transformations as 2-morphisms.

We can consider LinCaty as a linearization of Alg, via the representation bifunctor.
More precisely, consider the bifunctor

(315) Rep : Algy — LinCaty
defined as follows:

e to a finite-dimensional algebra A it assigns the category Mody;

e to a finite-dimensional (A, B)-bimodule 4Mp it assigns the right exact functor
(—)®4 Mp : Mod4 — Modp; and

e to an intertwiner f between 4 Mp and 4 Np it assigns the corresponding natural
transformation between (—) ® 4 Mp and (—) ®4 Np.

Notice that the various isomorphisms needed to make Rep into a bifunctor arise canonically
from the properties of the tensor product of modules.
As pointed out in [BDSV15], following [DSS19, [Sch11] one obtains

ProrosiTiON 10.3.5. The bifunctor Rep is an equivalence of bicategories

REMARK 10.3.6. The bifunctor Rep is actually an equivalence of symmetric monoidal
bicategories. See [Stal6] and [Sch1l] for details on symmetric monoidal structures on
bicategories.

10.3.2. Full dualisability. We now recall some basic notions concerning adjoints
for 1-morphisms in bicategories and full-dualisability.
Let B be a bicategory.

DEFINITION 10.3.7. A I-morphism f : x — y in B admits a right adjoint if there ezists
a 1-morphism g : y — x, and 2-morphisms € : f og — idy and 7 : id, — go f satisfying
the triangle identities.

Similarly, we have the notion of a left adjoint of a 1-morphism.

An adjunction f - g is a collection (f, g,€,n) such that g is a right adjoint to f via e
and 7. We say that f - g is an adjoint equivalence if € and 7 are invertible 2-morphisms.

The following theorem will be useful in later sections.

THEOREM 10.3.8 (|[Gurl2]). Let B be a bicategory, and let f be an equivalence in B.
Then f is part of an adjoint equivalence f - g.

REMARK 10.3.9. As remarked in [Gurl2], the theorem above guarantees something
stronger than the existence of an adjoint equivalence. Indeed, given an equivalence f :
x — y in B, a (pseudo) inverse g and a 2-isomorphism « : fog ~ id,, there exists a unique
adjoint equivalence (f,g,€,m) with € = .

ExaMpPLE 10.3.10. Let C be a monoidal category. If we regard C as a bicategory with
a single object, then a l-morphism z admits a right (resp. left) adjoint if and only if x
admits a left (resp. right) dual as an object in C.

DEFINITION 10.3.11. A bicategory B is said to admit duals for 1-morphisms if any
1-morphism admits a right and a left adjoint.

In the following we recall the definition of duals in symmetric monoidal bicategories;
see [Sch1l] for details.
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DEFINITION 10.3.12. Let (B,®,1) be a symmetric monoidal bicategory. An object
x € B is dualisable if there exists x* € B and 1-morphisms e : x@x* — 1 andc: 1 — 2*®x
sastisfying the zig-zag identities up to 2-isomorphisms.

REMARK 10.3.13. The statement regarding the zig-zag equations means that for any
dualisable object € B there are isomorphisms

(e ®idy) o (id; ® ¢) ~ id,

316
(316) (idgx ®e) o (¢ ® idg+) =~ idg».

See for instance [Lur09].

DEFINITION 10.3.14. A symmetric monoidal bicategory B is said to admit duals for
objects if any object is dualisable.

We can combine the two requests on a bicategory via the following

DEFINITION 10.3.15. A symmetric monoidal bicategory B is said to be fully dualisable
if it admits duals for objects and 1-morphisms.

Given a symmetric monoidal bicategory B, we denote with B/¢ the maximal sub-
bicategory of B which is fully dualisable. An object in Bf? is called fully dualisable.

We now discuss the fully dualisable part of the (symmetric monoidaﬂ) bicategories
of interest for the present work, namely Alg, and LinCaty; our main reference will be
Appendix A of [BDSV15].

From [Dav1l, [Sch11] it follows that Alggd corresponds to the full sub-bicategory
of Alg, spanned by semi—simpleﬂ (finite-dimensional) k-algebras. Note that any finite-
dimensional module over a semi-simple finite-dimensional algebra is automatically projec-
tive; see Section [10.1}

To discuss the fully dualisable part of LinCaty, we need first the following

DEFINITION 10.3.16. A Kapranov-Voevodsky (KV) vector space is a finite linear cat-
egory which is semi-simple and equivalent to Vecty, for some n.

From [BDSV14] we have that LinCatﬁd is the ful sub-2-category of LinCaty spanned
by KV-vector spaces. For simplicity we use KV to denote LinCatid.
From the fact that Rep is a symmetric monoidal biequivalence one has

ProrosiTiON 10.3.17. The bifunctor Rep induces by restriction an equivalence of bi-
categories between Alggd and KVy.

The proposition above is guaranteed by the fact that any symmetric monoidal bifunctor
Al — B factors uniquely through B7¢, and by the maximality property of fully dualisable
subcategories.

REMARK 10.3.18. The definition of a Kapranov-Voevodsky vector space provided
above is slightly different from that in [KV94]; see Chapter |L1] for comments.

2We will not indulge in the gory details of their symmetric monoidal products.

3Semi-simplicity arises from the assumption that k has characteristic 0; separability is a suitable notion
otherwise.

4Note that any right exact functor between semi-simple abelian categories is automatically left exact.
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In the following, we assume KVy to be equipped with the strict duality involution
induced by taking the opposite category. We note that this operation does not provide
a strict duality involution on LinCaty: the opposite category of a finite linear category
is again a finite linear category, but the opposite of a right exact functor is left exact.
However, morphisms between KV-vector spaces are exact functors, so (—)° is a strict
duality involution on KVy.

10.4. A duality involution on Alggd

In this section we explicitely construct a weak duality involution on the Morita bicat-
egory Alggd. In the next section we will then prove that such a weak duality involution
strictifies to the duality involution (—)°% on KVy.

Consider the pseudofunctor

(317) (—)° : (Algd")™ — Algl?
defined as follows:
e to an object, i.e an algebra A it assigns A° := A, the opposite algebra;
e to a l-morphism, i.e. a bimodule 4 Mp it assigns (4 Mp)° := gor (homp (M, B))Bopﬁ
and
e to a 2-morphism, i.e. an intertwiner f it assigns f° := f*.
In the above definition, f* denotes the adjoint map, namely it is given by the operation

“precompose with f”.
For (—)° to be a pseudofunctor, we need to specify invertible 2-morphisms in Alggd

(318) (aM ®@p Nc)° = (aMp)° @per (BNC)°
and
(319) 19 = 1o

satisfying compatibility diagrams.
First, notice that we have the following isomorphisms of (C, A)-bimodules
home(M ®@p N, C) ~ homp(M, homa (N, C))
~ hom¢ (N, C) @ g homp(M, B)
which is natural in M and N; see Section Notice now that for arbitrary bimodules
AMp, pN¢ and 2S¢, any morphism s M ®p No — a4Sc can be regarded as a morphism

cor N @pop M gop — corSg0r. We then get the isomorphism in (318)).
Consider now the natural isomorphism of algebras

(320)

(321) hom (A, A) = A°P
given by
(322) = f(Q).

It is straightforward to check that the above isomorphism is an isomorphism of (A, A)-
bimodules, where we canonically regard AP equipped with the (A%)% = A left and right
actions. By regarding them both as (A%, A°)-bimodules we obtain the isomorphism
(1319)).

®Here we are taking the (B, A)-bimodule homp (M, B) and viewing it as an as (A°?, B°P)-bimodule.
As mentioned above, we will henceforth perform this operation tacitly without further remark.
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Notice that the required naturality with respect to 2-morphisms of the isomorphism
(318]) and (319) is guaranteed by the naturality of the various isomorphisms of bimodules
involved.

REMARK 10.4.1. The isomorphisms above, in particular (318)), are available because
the objects of Alggd are finite-dimensional semisimple algebras, and hence all bimodules
are projective.

We now proceed to construct the pseudonatural adjoint equivalence 1 and the modi-
fication ¢ required in definition [9.1.2]
For y, which should be a pseudonatural transformation of bifunctors

(323) Lalg, = (=)70 ((=)")%,

we must define its component 1- and 2-morphisms, and exhibit y as part of an adjoint
equivalence (9,9, «,a") in the functor bicategory [Alg,, Alg,]. Given A, we define the
component l-morphism 94 : A — ((4)°)° = A to be the identity bimodule 4A4. Given
a bimodule 4Mpg, the component 2-morphism t);; must be an invertible 2-cell which wit-
nesses the “commutativity” of the square

A" Q

(324) Ml =, lMoo

B — B.
YB

We define yys to be the isomorphism of bimodules (read left to right here) given by
(325)
A(A®4homg(homp(M, B),A))p ~ s(homg(homp(M, B),A))p ~ aAMp ~ A(M ®p B)p

where the middle isomorphism is the (inverse of the) canonical isomorphism gAMp —
A(M°°)p; c.f. Theorem It is straightforward to check that the components of y
satisfy the coherence axioms required by the definition of a transformation of bifunctors.

In order to exhibit n as part of an adjoint equivalence, it is enough to specify an
equivalence (1, n-, a, aD), since then there exists a unique associated adjoint equivalance
obtained by modifying the counit o as necessary (see [Gur12]). We define the transfor-
mation

(326) D= (=)0 ((7)°)° = Ly,
by letting UE : A°° = A — A be the identity bimodule 4 A4, and by letting
(327) Yar : AMp oYz = vp o (aMp)*

be the isomorphism of bimodules (read left to right) given by
(328)
A(A®AM)p ~ aMp ~ g(homa(homp(M, B),A))p ~ a(homy(homp(M, B),A)®p B)p.

For the unit « of the equivalence, which should be an invertible modification
(329) a:ly,, — oy,
we define its component 2-cells to be the canonical isomorphisms

(330) aat (i, )a=a44= a(A®aA)a=("on)a
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We define the counit o : pop? — 1; Algs analogously: we let its components be the
isomorphisms

(331) a% : A(A XA A)A = 4A4.

It is straightforward to check that a and o do indeed defined modifications.
Now we define the invertible modification ¢, which means we need to specify invertible
2-cells

(332) Ca:9a0 = (94)°.

For fixed A, we choose as (4 the inverse of the isomorphism

(333) (04)° = aop(homg (A, A)) gor — a0p A% gor = 940

which already appeared as part of the coherence data for the bifunctor (—)°, namely in
(319). The coherence diagram from the definition of a modification reads, in this case, as

00 (A% @ gop M) gon =22 10y (hom g (A, A) @ 4op M) por

(334) <n*(f>°>Mﬂ ﬂ((ﬂ%nwm

Aop (MO X gop BOp)Bop ﬁ Aop (MO & Bor hOInB(B, B))B"p'

Verifying that this diagram commutes is straightforward yet tedious; we omit the details.
We can now state the following

THEOREM 10.4.2. The bifunctor (—)° together with vy and ¢ defines a weak duality
inwvolution on Alggd.

PRrROOF. We need to verify that  satisfies the compatibility required for a weak duality
involution as stated in [Shul8]. Namely, we need to show that for any A € Alggd we have
the following equality of 2-morphisms

A
A PR A A
(335) AL A oA = V “:R
~_~ T
homaer (477,47 4T 47 e A
A o
hom gop (A°P,A°P)
First, recall that by construction
CAop : A — hom gop (AOp, AOp)
(336)
T Qp:a+—>0a-T

and similarly
Ca: A% — homy (A, A)
T— Gpia—T-a
The LHS of is then given by the isomorphism
idg ® Caor : A®4 A — A®4 homgop (AP, AP)
a®br— a® op.

(337)

(338)

REMARK 10.4.3. In the definitions above, the multiplication is always performed in
A.
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On the other hand, the RHS of (335 is the following composition

(Ca)*

(339) Aa A Ay A EAT 4o homae (AP, AP)

where 94 is given by the 2-morphism defined in (328)), namely it is given by the following
composition

AU A S A= A° S Ay A%

(340)

a®@br—a-b— fup— 1 fu
where
(341) fan(g) == g(ab), Vg & homy(A,A).

Note now that Vx € A°? we have the following

(Ca)*(fav) (@) = fan(Calz))
= fab(¢2)
= ¢z(a-D)
(342) =x-a-b
= ¢p(z - a) = dp(a*x)
= (¢ * a)(w)
= (a- ¢p) (),

where for clarity we use - to denote an A-action, and * to denote an A°P-action. Hence
the isomorphism in (339)) is explicitely given by

(343) a®@br—1®a-gp=a® ¢y, VYa,be A
which agrees with the LHS in (335]). O

REMARK 10.4.4. The weak duality involution (—)° on Alggd can be regarded as an
instance of the procedure outlined in [Shul8l Ex. 2.10]. Our concrete description is
needed in order to prove the main theorem in Section [10.5

REMARK 10.4.5. We find it interesting to notice that the data needed to make (—)°
into a duality involution is entirely produced from the coherence data needed to define
Alg, and the pseudofunctor (—)° itself. A similar remark applies to the duality involution
on KVy, though the coherence data in this case is trivial.

10.5. Rep as a duality pseudofunctor

In this section we show that the bifunctor Rep : Alggd — KVy introduced in Section
can be canonically equipped with the structure of a duality pseudofunctor.
According to Definition [9.1.5] we need to provide a pseudonatural adjoint equivalence
i and a modification 6 satisfying a compatibility diagram.
Definition of i: we need to specify a pseudonatural equivalence of the following form

Re co
(Algghyee =P (KVi)®

(344) rl l()op

Alg)? ——— KVic
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This consists of a family of invertible 1-morphisms in KV
(345) isg: Rep(A)? — Rep(A°), VAe Alggd,
and a family of invertible 2-morphisms
(RepA)°P SEN Rep(A°)
(346) ((-)@AM)DP\L = l(—)@AoMO
(RepB)? —_— Rep(B°)
for every bimodule 4Mp, satisfying the usual pseudonaturality conditions.

Define i4 to be the additive functor which
e to any right A-module V) assigns the right A°P-module V3, := homa(V, A) gop
e to any morphism f : V4 — Wy assigns f*: Vi, = Wys.
Note that 14 is an exact functor, i.e. a 1I-morphism in KVy.
For any bimodule 4 Mp, let i; be the natural isomorphism whose component at V' €
(RepA)°P is given by the canonical isomorphism
(347) (ia0)v : VO @p00 M° =5 (V @4 M)°
obtained by combining the various theoremﬂ in Section We leave to the reader to
check that i, is indeed a natural isomorphism.
LEMMA 10.5.1. The family i := {ia,

formation.

1M}A7MeAlg£d gives rise to a pseudonatural trans-

To make i into a pseudonatural adjoint equivalence, we show that i is an equivalence,
and invoke Theorem [10.3.8] and the subsequent remark.

We define a (pseudo) inverse i, whose component 1-morphisms are

.0 .

(348) iy =%,
and whose component 2-morphisms are
(349) i =i%..
To make i and i” into an equivalence pair, we consider as unit the invertible modification
€ whose component at A is the natural isomorphism
(350) €At LRepayr = i1 014,
the component of which at V' € (RepA)° is the canonical isomorphism
(351) (ea)y : V — ({5 0i4)(V) = hom 4o (hom4(V, A), A°).

provided by Theorem in Section [10.1]

By Theorem[10.3.8] we can consider the unique adjoint equivalence in KV ((Rep®)®), Repo
(—)°) associated to i, i” and e.
Definition of 0: Now we construct a modification 6 whose components are invertible 2-
morphisms in KVy of the following form

(i)

RepA —— Rep(A°)°P
(352) idRepAT “QA \LiAop ) VA S Alggd

RepA m RepA

6Recall that all the bimodules we are considering are automatically projective as left and right modules.
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Namely, 04 is a natural isomorphism between igop 0 (14)? and (—) ®4 A. We choose its
component at V € RepA to be the isomorphism

(353) Ba)y :V° S VLA
obtained as the following composition of canonical isomorphisms
(354) Ve SV SV e,A,

where the first one is the inverse of the isomorphism in (351)).
We following is easily checked.

LEMMA 10.5.2. The family 6 := {HA}AeAlgfd defines a modification.
2
We can now prove our main theorem

THEOREM 10.5.3. The bifunctor Rep : Alggd — KV equipped with the pseudonatural
adjoint equivalence i and the modification 0 is a duality pseudofunctor.

PRrROOF. We need to check that i and 6 satisfy the commutativity diagraml] in [Shul§].
Namely, we need to show that VA € Alggd the 2-morphism

(RepA)°P A, RepA°P
id<\:d>/>id %Xl)"” J’(iAop)op

355 op op
( ) (RepA) W (RepA)

iAl }é: liA
(RepA) g rormomatd. AL PA”

from ig o (igop)? 0ig to (—) ® 400 homy(A, A) 014 must coincide with the 2-morphism

(RepA)°P S SN RepA°P BN (RepA)°P
(356) id X8 id erf/ iAo
(—)®a0p AP
(RepA)? s RepA” — i RepA

(—)®AophOmA(A,A)

where (C4)« denotes the natural transformation induced by (4.
To help the reader in the pasting procedure, one can regard the diagram (355]) to be
of the following globular form

(iaop)°Poin ta
(0, )*pﬂ ° ldﬂ °

(—)@AophOmA(A7A)O iA

"Notice that the diagram in [Shulg| contains a small typo.
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while the diagram (356|) has the following form

ig0 (!Aop)Op

. /D/M\

NN e

( )®AophOmA(A A)
For V' € (RepA)?P, the pasting of the diagram (355 gives rise to the following isomorphism

(03 "v)°
A,

(359) Vo0° (VoA = V@00 A°

where the second isomorphism is provided by the inverse of (347)).
On the other hand, the pasting of the diagram in (356)) gives rise to the following
isomorphism

(360) yooo Gamve, yro g o aor 1964, yo g 1 A0

To see that (359)) and (360|) are equal, notice that the following diagram commutes

-1
yroool?a Jv) V® AP

(361) k ilo ,

where 1y denotes the canonical isomorphism V — V ®4 A, and ¥y denotes the isomor-

phism in Section Theorem [10.1.6, This is due to the fact that 1ye = (/3,)7!, and

that by definition (64)y = 1y o (11/)~!. Similarly, the following diagram commutes
(Vs AP —=— V° R A°

(362) b; Tid@CA

Vo 1—> Vo ®Aop Aop‘
VO
This follows from the definition of the isomorphism in (347). If we combine the two
diagrams we obtain the following commutative diagram

1
VOOO(( V @4 A)° —=— V° @40 A°

(363) N 1 }d@@

Ve e VO @0 AP

The upper composition corresponds to the isomorphism (359)), while the lower composition
corresponds to the isomorphism 1) after we notice that 1y o 1/)‘;2 = (O p0p)yo. (|






CHAPTER 11

A general setting

In this chapter we describe a general setting for the results discussed in the previous
sections. We provide compact definitions of known concepts, and leave the full details of
the various statements to future developments.

11.1. Algebras in finite tensor categories and their Morita bicategory

In the following C denotes a symmetric semisimple finite tensorﬂ category. In other
words, C is a symmetric fusion category; we refer to [EGNO15] for details concerning
finite tensor categories and symmetric monoidal structures. The following definition is
standard.

DEFINITION 11.1.1. An algebrcﬂ A in C is an object equipped with a multiplication
m:ARA— A and a unit u: 1 — A satisfying the appropriate commutative diagrams.

Though an algebra is technically a triple (4, m,u), we refer to A as an algebra. A
morphism of algebras is a morphism in C which is compatible with the multiplication map
and the unit in an obvious manner.

Since C is symmetric monoidal, we can define the opposite algebra A°P.

DEFINITION 11.1.2. Let A be an algebra in C. The opposite algebra AP is given by
equipping A with the following multiplication

OAA

(364) A A5 AA S A
where o4, 4 denotes the braiding isomorphism of A.
We moreover have the notion of a right A-module.

DEFINITION 11.1.3. For an algebra A in C, a right A-module is an object M in C
equipped with a morphism

(365) MoAL M
called a right action of A, which satisfies appropriate commutative diagrams.

A left A-module is defined analogously. Similar to the rest of the chapter, when we
want to emphasize that an object M in C is a right (resp. left) A-module, we use the
notation M4 (resp. a4 M).

For A and B algebras in C, an (A, B)-bimodule M is an object in C which is a left
A-module and a right B-module, and such that the two actions are compatible. We use
AMp to denote (A, B)-bimodules.

The following lemma is standard as well.

We follow the convention in [EGNO15], and assume that the category is rigid.
2 Another appropriate term here is “monoid”. We will follow the convention of using “algebra”.
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LEMMA 11.1.4. Let (M, p) be a right A-module. Then the morphism
(366) Ao M2 Mo AL M
equips M with the structure of a left A°P-module.

Similarly, any left A-module is canonically a right A°P-module.

A morphism between A-modules is naturally defined as a morphism in C which is
compatible with the action p. In particular, right (resp. left) A-modules form a k-linear
category Mod4 (resp. aMod). Moreover, both Mod4 and gMod are k-linear abelian
categories.

ProrosiTION 11.1.5. [EGNO15] Let A be an algebra in a finite tensor category C.
Then Mod 4 is a finite category.

The notion of tensor product of A-modules can be expressed in general terms.

DEFINITION 11.1.6. Let (My, par) and (4N, pn) be A-modules. The tensor product
M ®4 N is defined as the following coequalizer diagram

(367) MoAe N MoN — Moy N
idy PN

Since C is abelian, the coequalizer above is given by the cokernel of the morphism
pm ®idy —idys ® py. Hence tensor products of modules always exist.

One can show that for bimodules 4 Mp and gN¢, the tensor product M ®p N carries
canonically the structure of an (A, C)-bimodule, and that the usual canonical isomor-
phisms are guaranteed. Namely, we have that (M®pN) @c P ~ M®p(N ®c P), and
A®a M ~M ~ MegB. See [EGNO15| for details.

It is natural then to consider the followingﬁ

DEFINITION 11.1.7. The Morita bicategory Algy(C) of algebras in C is the bicategory
where:

e the objects are algebras in C;
e the 1-morphisms are bimodules; and
e the 2-morphisms are morphisms between bimodules.

Composition of 1-morphisms is given by tensoring of bimodules, and the unit 1-morphism
for any algebra A is given by A itself regarded as an (A, A)-bimodule.

Notice that since C is symmetric monoidal, the tensor product A ® B for algebras A
and B in C is canonically an algebra. One can indeed show that the tensor product in C
induces a symmetric monoidal structure on Algy(C). Moreover, every object A in Algy(C)
admits a dual object with respect to this monoidal structure, namely A°P. More precisely,
we have the following

LEMMA 11.1.8. Let A be an algebra in C. Then its dual is given by the opposite algebra
AP and as evaluation and coevaluation we can take A regarded as an (A ® AP 1¢)-
bimodule and an (1¢, A°? ® A)-bimodule, respectively.

In the lemma above, 1¢ denotes the tensor unit in C. We can then consider the fully
dualisable subcategory Alggd(C) of Alg,(C).

3Beware of the different notation as in [Lur09]!
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DEFINITION 11.1.9. An algebra A in C is called separable if the multiplication mor-
phism m : A® A — A splits as a morphism of bimodules.

PRrOPOSITION 11.1.10. An algebra A in C is fully dualisable if and only if it is separable.
PROOF. The proof is obtained by closely mimicing that in [Sch11]. O
REMARK 11.1.11. For C = Vecty, we have that Alg,(C) = Alg,.

REMARK 11.1.12. Notice that the “finite-dimensionality” condition on A is subsumed
by the fact that C is rigid.

The objects of Alggd(C) are then the separable algebras in C, and the 1-morphisms are
bimodules 4 Mp which admit right and left adjoints (4Mp)" and V(4 Mp).
We can now consider the pseudofunctorf]

(368) (-)° : Algy" () — Alg3"(C)
defined as follows:
e to a separable algebra A it assigns AP;
e to a bimodule 4 Mp it assigns 4op MY gop; and
o to fP 1y Mp — sNp it assigns f¥ :go0 MY go» — g00 NV gop
Following the ideas and techniques discussed in the previous sections, we formulate
the following

CONJECTURE 11.1.13. The bifunctor (—)° can be canonically made into a weak duality
involution on Alggd(C).

REMARK 11.1.14. Similar to Section the coherence data for (—)° arise from the
universal properties of adjoints of 1-morphisms in a bicategory.

11.2. Module categories

In this section we introduce a substitute for KV-vector spaces, in order to be able
to construct a bifunctor Rep from Alggd(C). In the following, C is a category satisfying
the same assumptions as in Section Also here, our main references are [EGNO15
DSS19].

DEFINITION 11.2.1. A left C-module category is a locally finite abelian k-linear cate-
gory M equipped with a bilinear functor @™ : C x M — M together with isomorphisms
witnessing the natural conditions for an action.

A right C-module category can be similarly defined.

DEFINITION 11.2.2. A left C-module functor between left C-module categories M and
N is a linear functor F : M — N together with isomorphisms fym : F(x@m) ~ 2Q@F(m)
satisfying the appropriate pentagon and triangle relations.

DEFINITION 11.2.3. A left C-module natural transformation between left C-module func-
tors F and G is a natural transformation n : F — G satisfying the condition (idy @ ny,) o
fz,m = Gz,m © Nz@m-

Right C-module functors and natural transformations can be defined similarly.

Left C-module categories together with left exact C-module functors and C-module
natural transformations form a 2-category Mod(C).

“We work under the tacit assumption that right and left adjoints for 1-morphisms have been chosen.
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EXAMPLE 11.2.4. Let A be an algebra in C. Then Mod 4 is canonically a left C-module
category via the functor

C x Modyg — Mod 4

(369) (x,m) > x®@m

REMARK 11.2.5. In [KV94], 2-vector spaces were introduced as module categories
over Vecty with additional properties.

For M a left C-module category, let End;(M) denote the k-linear monoidal category
of left exact C-module functors from M to M. A useful result concerning C-module
categories is the following [EGINO15|

THEOREM 11.2.6. There is a bijection between structures of a left C-module category
on M and k-linear monoidal functors C — End;(M).

In the following, we assume that all our module categories M are semi-simple as
abelian categories. This is done in view of the following

PrROPOSITION 11.2.7. Let M be a C-module category which is also semi-simple. Then
any left exact C-module functor F : M — M is exact.

For M a semi-simple C-module category, we denote with End(M) the monoidal cate-
gory of exact functors.

LEMMA 11.2.8. For M a semisimple C-module category, End(M) is a tensor category,
where duals are given by adjoints.

Let M be a left (semi-simple) C-module category, and consider the following compo-
sition of monoidal functors

(370) ¢ = End(M) 25 End(M)™ ~ End(MOP)"e

where the first functor is the one given by Theorem and where (—)f, (=)™ and
(—)™P denote taking the right adjoint, taking the monoidally opposite category, and taking
the monoidally opposite opposite category, respectively.

The monoidal functor in canonically provides a monoidal functor C"*¥ — End(M),
and consequentlyﬂ a monoidal functor C — End(M®P). In other words, the composition
above defines a left C-module structure on M. For notational clarity we denote by M°
the C-module category M equipped with the module structure above. Notice that we
have a canonical identification M°° ~ M as left C-module categorieaﬂ

REMARK 11.2.9. Any category M enriched over C as above can be canonically given
the structure of a left C-module structure. Then M° is the left C-module category corre-
sponding to the opposite of M as a C-enriched categoryﬂ

One can argue straightforwardly that for any (exact) C-module functor F : M — N/,
the opposite functor F°P can be given the structure of a C-module functor F° between
M° and N°. The story is similar for natural transformations.

SRecall that C is symmetric monoidal, hence C"*” ~ C.

6This is essentially due to the fact that for any pair of functors F' and G between categories, F' 4 G
implies G°? H F°P.

"Note that the opposite of an enriched category can be defined only if the enriching category is
symmetric monoidal.
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Let Mod®**(C) denote the 2-category of semi-simple left C-module categories, exact
C-module functors and C-module natural transformations.

Consider the pseudofunctor
(371) (=) : Mod®*¥(C)*> — Mod**(C)
defined as follows:

e to a module category M it assigns M°;
e to a module functor F : M — N it assigns F° : M° — N°; and
e ton?: F — G it assigns n° : F° — G°

It is reasonable to expect then that the following is true:

CONJECTURE 11.2.10. The bifunctor (—)° can be canonically made into a weak duality
involution on Mod**(C).

11.3. Representations

Similar to what we have done in the previous sections of this chapter, we can connect
the bicategory Alggd(C) to Mod**(C) via the bifunctor Rep® given by taking modules over
algebras. To this aim, we can use the following results [EGNO15]

PrOPOSITION 11.3.1. Let A be a separable algebra in a fusion category C. Then Mod 4
s a semi-simple left C-module category.

PROPOSITION 11.3.2. Let A and B be algebras in C, and let sMp be an (A, B)-
bimodule. Then the functor

(372) (—) ®a M : Modsy — Modp
s a right exact C-module functor.

We can now consider the following pseudofunctor
(373) Rep® : Alggd(C) — Mod**(C)
defined as follows:
e to a separable algebra A it assigns the semi-simple C-module category Mod 4;
e to a bimodule 4 Mp it assigns (—) ®4 M : Mod4 — Modp; and
e to a morphism f : M — N it assigns the associated natural transformation
(=) ®a M= (-)®aN.
The fact that the above is a pseudofunctor is a corollary of the properties of algebra
bimodules and their tensor product. Indeed, the coherence data can be defined as in
Section 10.4
We conclude with the statement of a result that we believe may be straightforwardly
obtained following the lines of the special case proven in Section [10.5

CONJECTURE 11.3.3. The bifunctor Rep® can be canonically equipped with the data
of a duality pseudofunctor between Alggd(C) and Mod**(C) equipped with their respective
weak duality involutions.
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